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VWUDWHJLF SLJRXYLDQ WD[DWLRQ/ VWRFN

H[WHUQDOLWLHV

DQG SROOXWLQJ QRQ0UHQHZDEOH UHVRXUFHV

Vdqwldjr M1 Uxelr dqg Oxlvd Hvfulfkh

U H V X P H Q

Hvwh wudedmr sursrqh xqd h{whqvlöq gho prghor gh Zluo | Grfnqhu +4<<8,
glvhôdgr sdud dqdol}du od lqwhughshqghqfld elodwhudo d odujr sod}r hqwuh xq
fduwho h{sruwdgru gh xq uhfxuvr | xqd frdolflöq gh jrelhuqrv gh sdðvhv lpsru0
wdgruhv1 Hq sulphu oxjdu/ vh lqfrusrudq orv hihfwrv djrwdplhqwr do dqäolvlv
gh odv surslhgdghv lqwhuwhpsrudohv gh xq lpsxhvwr sljrxyldqr1 Hq vhjxqgr
oxjdu/ vh fdofxodq orv htxloleulrv ihhgedfn* gh Vwdfnhoehuj1 Orv uhvxowdgrv
pxhvwudq txh od glqäplfd gho lpsxhvwr ghshqgh fulwlfdphqwh gho qlyho gho
gdôr phglrdpelhqwdo pdujlqdo1 Dghpäv/ wdpelìq ghpxhvwudq txh ho lp0
sxhvwr gh�qlgr sru ho htxloleulr gh Qdvk shuihfwr gh Pdunry hv xq lpsxhvwr
sljrxyldqr qhxwudo hq ho vhqwlgr txh vöor fruuljh od lqh�flhqfld fdxvdgd sru
od h{whuqdolgdg gh vwrfn1 Vlq hpedujr/ sdud ho htxloleulr ihhgedfn* gh Vwdfn0
hoehuj ho lpsxhvwr hv yhqwdmrvr sdud orv sdðvhv lpsruwdgruhv |d txh od lp0
srvlflöq sljrxyldqd hvwudwìjlfd uhgxfh ho srghu gh phufdgr gho fduwho1

Sdodeudv Fodyh= H{whuqdolgdg gh vwrfn/ lpsrvlflöq sljrxyldqd/ lpsxhvwr
vreuh odv hplvlrqhv gh FR5

Fodvl�fdflöq MHO= G95/ I35/ K56/ T5;/ T7;1

D E V W U D F W

Wklv sdshu h{whqgv Zluo dqg Grfnqhu*v +4<<8, prgho ghvljqhg wr dqdo|}h
wkh orqj0whup elodwhudo lqwhughshqghqfh ehwzhhq d uhvrxufh h{sruwlqj fduwho
dqg d frdolwlrq ri uhvrxufh lpsruwlqj frxqwu| jryhuqphqwv1 Iluvwo|/ ghsohwlrq
h�hfwv duh lqwurgxfhg lqwr wkh dqdo|vlv ri wkh lqwhuwhpsrudo surshuwlhv ri d
sljrxyldq wd{1 Vhfrqgo|/ wkh ihhgedfn Vwdfnhoehuj htxloleuld duh frpsxwhg1
Wkh uhvxowv vkrz wkdw wkh g|qdplfv ri wkh wd{ ghshqgv fulwlfdoo| rq wkh ohyho
ri wkh pdujlqdo hqylurqphqwdo gdpdjh1 Pruhryhu/ wkh| dovr vkrz wkdw wkh
wd{ gh�qhg e| wkh Pdunry0 shuihfw Qdvk htxloleulxp lv d qhxwudo sljrxyldq
wd{ lq wkh vhqvh wkdw lw rqo| fruuhfwv wkh pdunhw lqh!flhqf| fdxvhg e| wkh
vwrfn h{whuqdolw|1 Krzhyhu/ iru wkh ihhgedfn Vwdfnhoehuj htxloleulxp wkh wd{
lv dgydqwdjhrxv iru wkh lpsruwlqj frxqwulhv vlqfh wkh vwudwhjlf sljrxyldq
wd{dwlrq uhgxfhv wkh pdunhw srzhu ri wkh fduwho1

Nh|zrugv= Vwrfn h{whuqdolw|/ sljrxyldq wd{dwlrq/ fduerq wd{
MHO Fodvvl�fdwlrq= G95/ I35/ K56/ T5;/ T7;1
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4 Lqwurgxfwlrq

Uhfhqwo|/ vhyhudo sdshuv kdyh ehhq sxeolvkhg rq wkh lqwhuwhpsrudo surshu0
wlhv ri d fduerq wd{1 Dprqj wkhp zh fdq txrwh Krho +4<<5/ 4<<6,/ Vlqfodlu
+4<<5/ 4<<7,/ Xosk dqg Xosk +4<<7,/ Zluo +4<<7,/ Zluo dqg Grfnqhu +4<<8,/
Wdkyrqhq +4<<8/ 4<<9,/ Idu}lq +4<<9,/ Idu}lq dqg Wdkyrqhq +4<<9, dqg Krho
dqg Nyhuqgrnn +4<<9,1 Wkhvh sdshuv fdq eh fodvvl�hg lq wzr jurxsv ghshqg0
lqj rq wkh dssurdfk iroorzhg e| wkh dxwkruv1 D �uvw jurxs iruphg e| Krho/
Vlqfodlu/ Xosk dqg Xosk/ Idu}lq/ Idu}lq dqg Wdkyrqhq/ dqg Krho dqg Nyhuq0
grnn kdyh irfxvhg rq wkh rswlpdo sulflqj ri d qrq0uhqhzdeoh uhvrxufh zlwk
hqylurqphqwdo vwrfn h{whuqdolwlhv41 Wkhvh sdshuv vkrz wkdw wkh rswlpdo wlph
sdwk ri wkh fduerq wd{ ghshqgv fulwlfdoo| rq wkh vshfl�fdwlrq ri fduerq df0
fxpxodwlrq surfhvv/ dqg lq sduwlfxodu rq wkh luuhyhuvlelolw| ri FR2 hplvvlrqv1
Wkxv/ li wkh hplvvlrqv duh sduwldoo| luuhyhuvleoh/ dv lq Idu}lq dqg Wdkyrqhq
+4<<9,/ ru li uhyhuvlelolw| lv frvwo|/ dv lq Idu}lq +4<<9,/ wkh rswlpdo fduerq wd{
pd| lqfuhdvh prqrwrqlfdoo| ru kdyh d X0vkdshg irup1 Krzhyhu/ li uhyhuvlelo0
lw| lv frvwohvv/ l1h1 li d frqvwdqw udwh ri ghfd| ri wkh fxpxodwlyh hplvvlrqv lv
dvvxphg/ dv Xosk dqg Xosk +4<<7, dqg Krho dqg Nyhuqgrnn +4<<9, sursrvh/
wkh g|qdplfv ri wkh rswlpdo wd{ gl�huv= wkh wd{ vkrxog lqlwldoo| lqfuhdvh/
zkhq wkh lqlwldo vwrfn ri fxpxodwlyh hplvvlrqv lv vpdoo/ exw idoo odwhu rq zkhq
wkh vwrfn ri rlo qhduv h{kdxvwlrq1 Wklv lv txlwh hylghqw zkhq wkh Idu}lq dqg
Wdkyrqhq dqg Krho dqg Nyhuqgrnn sdshuv duh frpsduhg/ vlqfh wkhvh wzr
sdshuv rqo| gl�hu hvvhqwldoo| lq wkh vshfl�fdwlrq ri wkh fxpxodwlyh hplvvlrq
g|qdplfv dqg jlyh gl�huhqw whpsrudo sdwkv iru wkh fduerq wd{1

Wkh vhfrqg jurxs ri dxwkruv iroorzv d vrphzkdw gl�huhqw dssurdfk1 Wkh|
kdyh wulhg wr fdswxuh wkh vwudwhjlf ihdwxuhv ri wkh joredo zduplqj sureohp/
ghyhorslqj d prgho ri orqj0whup elodwhudo vwudwhjlf lqwhudfwlrq ehwzhhq d
uhvrxufh h{sruwlqj fduwho dqg d frdolwlrq ri uhvrxufh lpsruwlqj jryhuqphqwv51
Lq wklv iudphzrun/ wkh| kdyh vwxglhg wkh vwudwhjlf wd{dwlrq ri FR2 hplvvlrqv

e| wkh jryhuqphqwv ri wkh lpsruwlqj frxqwulhv1 Wkhlu prgho lv d joredo

zduplqj gl�huhqwldo jdph zlwk luuhyhuvleoh hplvvlrqv zkhuh wkh frdolwlrq ri

4Zlwklq wklv jurxs zh frxog gl�huhqwldwh Krho*v dssurdfk iurp wkh rqh iroorzhg e| wkh
uhvw ri wkh dxwkruv1 Krho xvhv d g|qdplf srooxwlrq jdph zlwk Q frxqwulhv dqg gh�qhv wkh
rswlpdo fduerq wd{ dv wkh sljrxyldq wd{ wkdw uhsurgxfhv wkh vrfldo rswlpxp1 Zh fdq dovr
lqfoxgh Iruvwhu*v +4<;3, sdshu lq wklv jurxs/ dowkrxjk kh grhv qrw gudz rxw frqvhtxhqfhv
ri klv prgho iru wkh whpsrudo sdwk ri d srooxwlrq wd{1

5Lq idfw/ wkhlu prgho frqvlghuv d vlpsoh vwrfn h{whuqdolw|/ ri zklfk fduerq glr{lgh lv

mxvw wkh prvw glvfxvvhg h{dpsoh1
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jryhuqphqwv fkrrvh wkh fduerq wd{ dqg wkh fduwho wkh sulfh61 Zluo +4<<7,
dqg Zluo dqg Grfnqhu +4<<8, kdyh vkrzq/ iru wkh fdvh ri }hur h{wudfwlrq
frvw/ wkdw wkh wd{ lqfuhdvhv prqrwrqlfdoo| xs wr wkh fkrnh sulfh/ zkhuhdv wkh
sulfh ghfolqhv prqrwrqlfdoo| wr }hur zkhq d Pdunry0shuihfw Qdvk htxloleulxp
lq olqhdu vwudwhjlhv lv frpsxwhg1 Lq Wdkyrqhq +4<<8/ 4<<9, wkh prqrsrolvwlf
h{wudfwlrq lv frpsxwhg dv d ihhgedfn Vwdfnhoehuj htxloleulxp dvvxplqj wkdw
h{wudfwlrq frvwv duh lqghshqghqw ri wkh uhvrxufh ohyho1 Zkhq klv uhvxowv duh
frpsduhg zlwk wkrvh ri Zluo +4<<7, dqg Zluo dqg Grfnqhu +4<<8,/ lw wxuqv
rxw wkdw wkh lqwhuwhpsrudo surshuwlhv ri wkh fduerq wd{ dqg sulfh duh wkh
vdph luuhvshfwlyh ri zkhwkhu zh kdyh d Qdvk ru Vwdfnhoehuj htxloleulxp1

Lq wklv sdshu zh sursrvh dq h{whqvlrq ri wklv dssurdfk lq wzr gluhfwlrqv1
Iluvw/ zh lqwurgxfh ghsohwlrq h�hfwv lqwr wkh dqdo|vlv1 Zh dvvxph wkdw wkh

h{wudfwlrq frvwv ghshqg srvlwlyho| rq wkh h{wudfwlrq udwh dqg fxpxodwlyh h{0

wudfwlrqv1 Vhfrqg/ zh frpsxwh qrw rqo| wkh Pdunry0shuihfw Qdvk htxloleulxp

zlwk ghsohwlrq h�hfwv exw dovr wkh wzr srvvleoh ihhgedfn Vwdfnhoehuj htxloleuld

ri wkh jdph1 Wkhvh wzr htxloleuld dsshdu zkhq rqh ri wkh sod|huv hqmr|v d

vwudwhjlf dgydqwdjh wkdw lq wkh prgho phdqv wkdw kh pryhv �uvw1 Lq wklv

zd|/ zh h{whqg dqg frpsohwh wkh dqdo|vlv ri wkh vwudwhjlf wd{dwlrq ri FR2

hplvvlrqv1

Rxu uhvxowv vkrz krz wkh ghsohwlrq h�hfwv d�hfw wkh whpsrudo sdwk ri wkh

fduerq wd{ dqg zkdw wkh glvwulexwlyh h�hfwv ri vwudwhjlf wd{dwlrq duh/ pdnlqj

pruh suhflvh wkh uhvxowv rewdlqhg e| wkh suhylrxv dxwkruv1 Zh �qg wkdw wkh

wd{ fdq eh ghfuhdvlqj dqg wkh sulfh lqfuhdvlqj li wkh hqylurqphqwdo gdpdjh

lv qrw yhu| kljk/ ru wkdw wkh wd{ dqg surgxfhu sulfh fdq erwk eh lqfuhdvlqj1

Zlwk ghsohwlrq h�hfwv wkh g|qdplfv ri wkh wd{ ghshqgv fulwlfdoo| rq wkh h�hfw

d yduldwlrq lq fxpxodwlyh h{wudfwlrqv kdv rq pdujlqdo hqylurqphqwdo gdpdjh1

Qhyhuwkhohvv/ li wkh pdujlqdo gdpdjh lv kljk hqrxjk/ wkh surgxfhu sulfh

vkrxog eh ghfuhdvlqj/ zkhuhdv wkh wd{ vkrxog eh lqfuhdvlqj1 Ixuwkhupruh/ zh

�qg wkdw wkh wd{ gh�qhg e| wkh Qdvk htxloleulxp lv d qhxwudo sljrxyldq wd{

lq wkh vhqvh wkdw wkh wd{ rqo| fruuhfwv wkh pdunhw lqh!flhqf| fdxvhg e| wkh

vwrfn h{whuqdolw|/ dqg qrw wkh lqh!flhqf| dvvrfldwhg zlwk wkh pdunhw srzhu

ri wkh uhvrxufh fduwho1 Krzhyhu/ li wkh lpsruwlqj frxqwu| jryhuqphqwv kdyh d

vwudwhjlf dgydqwdjh/ zh �qg wkdw wkh wd{ lv dgydqwdjhrxv iru wkh frqvxphuv/

vlqfh wkh vwudwhjlf sljrxyldq wd{dwlrq doorzv lpsruwlqj frxqwulhv wr fdswxuh

d sduw ri wkh fduwho�v sur�wv> dowkrxjk li zh orrn dw wkh djjuhjdwh zhoiduh

zh rewdlq wkdw wkhuh h{lvwv d ghdgzhljkw zhoiduh orvv lq whupv ri wkh suhvhqw

ydoxh ri wkh Pduvkdooldq djjuhjdwh vxusoxv1 Wklv wudqvihu lv wkh uhvxow ri dq

6Lq Vhfwlrq 7 ri Wdkyrqhq*v +4<<9, sdshu/ wkh fdvh ri uhyhuvleoh srooxwlrq zlwk ghsohwlrq
h�hfwv lv vwxglhg1 Exw wkh gl!fxow| ri ghulylqj dq dqdo|wlfdo vroxwlrq ohdgv wkh dxwkru wr
frpsxwh qxphulfdo h{dpsohv1
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lqlwldoo| kljkhu wd{ dqg d orzhu surgxfhu sulfh lq frpsdulvrq zlwk wkh ydoxhv
fruuhvsrqglqj wr wkh Qdvk htxloleulxp1 Zh dovr foduli| wkh uhvxow rewdlqhg
e| Wdkyrqhq vkrzlqj wkdw zkhq wkh uhvrxufh fduwho dfwv dv wkh ohdghu ri wkh
jdph/ wkh ihhgedfn Vwdfnhoehuj htxloleulxp lv lghqwlfdo wr wkh Pdunry0shuihfw
Qdvk htxloleulxp1 Wklv surshuw| lv h{sodlqhg ehfdxvh wkh rswlpdo wd{ iru wkh
jryhuqphqwv lv lqghshqghqw ri wkh surgxfhu sulfh1

Ilqdoo|/ zh zdqw wr srlqw rxw wkdw wkh vxemhfw ri wklv vwxg| lv forvho|
uhodwhg wr wkh olwhudwxuh wkdw dqdo|}hv lpsruw wdul�v dv dq lqvwuxphqw iru
jdlqlqj iurp prqrsvrqlvwlf ghpdqg ru d grplqdqw lpsruwhu srvlwlrq/ dqg
iru fdswxulqj sduwv ri wkh uhvrxufh uhqw iru wkh lpsruwlqj frxqwu|1 Wklv lvvxh
zdv rshqhg e| Ehujvwurp +4<;5, dqg frqwlqxhg/ dprqj rwkhuv/ e| Eudqghu
dqg Gmdmlf +4<;6,/ Ndus +4<;7,/ Pdvnlq dqg Qhzehu| +4<<3, dqg Ndus dqg
Qhzehu| +4<<4/ 4<<5,1 Dprqj wkhvh sdshuv zh zdqw wr hpskdvl}h Ndus*v
+4<;7, frqwulexwlrq/ zkhuh wklv lvvxh lv vwxglhg xvlqj d gl�huhqwldo jdph eh0
wzhhq wkh ex|huv dqg wkh vhoohuv ri d qrq0uhqhzdeoh uhvrxufh1 Wkh ex|huv
frqwuro wkh wdul� dqg wkh vhoohuv wkh udwh ri h{wudfwlrq1 Lq wklv iudphzrun wkh
prqrsvrqlvwlf htxloleulxp kdv ehhq frpsxwhg dv d Vwdfnhoehuj htxloleulxp1
Wklv sdshu lv d fohdu dqwhfhghqw ri Wdkyrqhq*v +4<<8/ 4<<9, sdshuv dqg ri rxu
sdshu1 Qhyhuwkhohvv/ rxu frqwulexwlrq gl�huv qrw rqo| lq wkh vxemhfw/ zkhuh
hqylurqphqwdo gdpdjh lv lqwurgxfhg/ exw dovr lq wkh qdwxuh ri wkh jdph/
vlqfh lw lv dvvxphg wkdw wkh ex|huv duh sulfh0wdnhu/ dqg wkh lqwhudfwlrq lq wkh
pdunhw rffxuv ehwzhhq d uhvrxufh h{sruwlqj fduwho dqg d frdolwlrq ri uhvrxufh
lpsruwlqj frxqwu| jryhuqphqwv1 Lq idfw/ rxu prgho lv forvhu wr Ohzlv/ Olqg0
vh| dqg Zduh*v +4<;9, dssurdfk wkdq wr Ndus*v dssurdfk1 Lq Ohzlv/ Olqgvh|
dqg Zduh*v +4<;9, sdshu wkh lqwhudfwlrq ehwzhhq d uhvrxufh prqrsrolvw dqg
d frdolwlrq ri frqvxphuv lq d vlpsoh pxowlshulrg prgho lv dqdo|}hg1 Wkh vxs0
solhu fkrrvhv h{wudfwlrq zkhuhdv sulfh0wdnhu frqvxphuv dfw froohfwlyho| dqg
xvh wkh udwh ri dgrswlrq ri d vxevwlwxwh wr d�hfw vwudwhjlfdoo| wkh h{wudfwlrq
ehkdylru ri wkh vxssolhu dqg wkh sulfh ri wkh uhvrxufh1 Wkh| frpsxwh wkh
Pdunry0shuihfw Qdvk htxloleulxp dqg wkh wzr rshq0orrs Vwdfnhoehuj htxlole0
uld ri wkh jdph/ dqg vkrz wkh h�hfwv ri frpplwphqw rq wkh udwh ri h{wudfwlrq
dqg wkh udwh ri dgrswlrq ri wkh vxevwlwxwh1

Rxu sdshu lv rujdql}hg dv iroorzv= zh suhvhqw wkh joredo zduplqj gli0
ihuhqwldo jdph zlwk ghsohwlrq h�hfwv lq Vhfwlrq 5> lq Vhfwlrq 6 zh frpsxwh
wkh Pdunry0shuihfw Qdvk htxloleulxp/ dqg lq Vhfwlrq 7 wkh ihhgedfn Vwdfn0
hoehuj htxloleulxp zkhq wkh jryhuqphqwv ri wkh lpsruwlqj frxqwulhv dfw dv
wkh ohdghu ri wkh jdph1 Lq Vhfwlrq 8 zh ghyhors d frpsdudwlyh dqdo|vlv ri
wkh wzr htxloleuld frpsxwhg lq wkh suhylrxv vhfwlrqv1 Vhfwlrq 9 vxppdul}hv
wkh frqfoxvlrqv dqg vxjjhvwv gluhfwlrqv iru dgglwlrqdo uhvhdufk1
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5 Wkh prgho

Lq wklv sdshu zh h{whqg Zluo dqg Grfnqhu*v +4<<8, prgho71 Zh ehjlq e|

ghvfulelqj wkh ghpdqg vlgh ri wkh pdunhw/ dvvxplqj wkdw wkh frqvxphuv ri

wkh lpsruwlqj frxqwulhv dfw dv sulfh0wdnhu djhqwv1 Xqghu wklv dvvxpswlrq/

zh fdq zulwh wkh glvfrxqwhg suhvhqw ydoxh ri wkh frqvxphuv� qhw zhoiduh

dv=
U
"

f
e
3B|i@^E|�� E�*2�^E|�2 � dRE|� n �E|�o^E|� n-E|� � _5E|�2j_|c zkhuh

@^E|� � E�*2�^E|�2 lv wkh frqvxphuv* jurvv vxusoxv/ ^E|� lv wkh dprxqw ri wkh

uhvrxufh erxjkw e| wkh lpsruwlqj frxqwulhv/ RE|� lv wkh surgxfhu sulfh/ �E|�
lv wkh wd{ �{hg e| wkh lpsruwlqj frxqwu| jryhuqphqwv/ -E|� lv dq lqfrph

wudqvihu wkdw wkh frqvxphuv uhfhlyh iurp wkh jryhuqphqw/ dqg _5E|�2 lv wkh

hqylurqphqwdo ru srooxwlrq gdpdjh ixqfwlrq zkhuh 5E|� lv wkh fxpxodwlyh

hplvvlrqv dqg _ lv d srvlwlyh sdudphwhu1 Li zh frqvlghu wkdw joredo zduplqj

lv d fohdu h{dpsoh ri d vwrfn h{whuqdolw| zh kdyh wr hvwdeolvk wkdw frqvxphuv

wdnh dv jlyhq qrw rqo| wkh sulfh ri wkh uhvrxufh exw dovr wkh hyroxwlrq ri

wkh dffxpxodwhg hplvvlrqv dqg/ pruhryhu/ wkh lqfrph wudqvihu/ vlqfh wklv lv

frqwuroohg e| wkh jryhuqphqwv> vr wkdw/ �qdoo|/ wkh uhvrxufh ghpdqg rqo|

ghshqgv rq frqvxphu sulfh= ^E|� ' @ � RE|� � �E|�� Rq wkh rwkhu kdqg/ dv

�E|� uhsuhvhqwv wkh wd{ �{hg e| wkh lpsruwlqj frxqwu| jryhuqphqwv/ zh duh
lpsolflwo| dvvxplqj wkdw wkhuh h{lvwv d frdolwlrq ru vrph nlqg ri frrshud0

wlrq dprqj wkh lpsruwlqj frxqwu| jryhuqphqwv zklfk doorzv xv wr uhsuhvhqw
wkh uhvrxufh pdunhw dv d prgho ri orqj0whup elodwhudo vwudwhjlf lqwhudfwlrq
ehwzhhq d uhvrxufh h{sruwlqj fduwho +RSHF, dqg d frdolwlrq ri uhvrxufh lp0
sruwlqj frxqwu| jryhuqphqwv +wkh Zhvw,1

Wkh jryhuqphqwv duh vxssrvhg wr wd{ hplvvlrqv lq rughu wr pd{lpl}h wkh
glvfrxqwhg suhvhqw ydoxh ri wkh qhw frqvxphuv* vxusoxv1 Zh dovr dvvxph wkdw
wd{ uhfhlswv/ �E|�^E|�c duh frpsohwho| uhixqghg wr wkh frqvxphuv wkurxjk wkh

wudqvihu -E|�� Dv d uhvxow wkh rswlpdo wlph sdwk iru wkh wd{ lv jlyhq e| wkh

vroxwlrq ri wkh iroorzlqj sureohp8
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zkhuh B lv wkh glvfrxqw idfwru1

7Vhh wkdw sdshu iru pruh ghwdlov1 Rxu yhuvlrq ri wkh jdph lv dovr forvho| uhodwhg wr wkh
rqh ghyhorshg lq vhfwlrq 6 ri Wdkyrqhq*v +4<<9, sdshu1 Wkh qryhow| ri rxu dssurdfk lq
wkh vshfl�fdwlrq ri wkh prgho/ zlwk uhvshfw wr wkhvh wzr sdshuv/ lv wkdw zh vxssrvh wkdw
dyhudjh h{wudfwlrq frvwv ghshqg rq fxpxodwlyh h{wudfwlrqv1

8Lq Zluo dqg Grfnqhu +4<<8, d vwxg| lv pdgh ri krz wkh Ohyldwkdq prwlyh ri wkh
jryhuqphqwv prgl�hv wkh whpsrudo sdwk ri wkh wd{ lq d joredo zduplqj gl�huhqwldo jdph
zlwkrxw h{wudfwlrq frvwv1

9



Wkh g|qdplfv ri fxpxodwlyh uhvrxufh frqvxpswlrq ghwhuplqhv vlpxowdqh0

rxvo| wkh g|qdplfv ri wkh FR2 frqfhqwudwlrq lq wkh dwprvskhuh=

�5E|� ' @� RE|�� �E|�c 5Ef� ' 5f � f� +5,

Iroorzlqj Zluo/ Grfnqhu dqg Wdkyrqhq*v dssurdfk zh vxssrvh wkdw wkh
lghqwlw| ehwzhhq uhvrxufh frqvxpswlrq dqg FR2 hplvvlrqv lv qrw fuxfldo dv
orqj dv zh fdq phdvxuh rlo lq whupv ri wkdw xqlw wkdw uhohdvhv rqh wrq ri
fduerq wr wkh dwprvskhuh1 Wklv vlpsol�hg yhuvlrq ri wkh fxpxodwlyh hplvvlrq
g|qdplfv kdv dovr ehhq xvhg e| Krho +4<<5/ 4<<6,91

Ohw xv wxuq wr wkh rwkhu vlgh ri wkh pdunhw1 Zh dvvxph wkdw h{wudf0
wlrq frvwv ghshqg olqhduo| rq wkh udwh ri h{wudfwlrq dqg rq wkh fxpxodwlyh
h{wudfwlrqv/ �E^E|�c 5E|�� ' dS5E|�o^E|�c dqg wkdw wkh remhfwlyh ri fduwhol}hg

surgxfhuv lv wr gh�qh d sulfh vwudwhj| wkdw pd{lpl}hv wkh glvfrxqwhg suhvhqw

ydoxh ri sur�wv:=
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Dowkrxjk zh lqfrusrudwh ghsohwlrq h�hfwv lqwr wkh dqdo|vlv/ zh frqvlghu wkdw
wkh vwrfn h{whuqdolw| lv odujho| luuhohydqw wr wkh zhoiduh ri h{sruwlqj frxqwulhv/
dqg wkdw wkh fxpxodwlyh h{wudfwlrqv duh qrw frqvwudlqhg e| wkh uhvrxufh lq
wkh jurxqg exw e| lwv qhjdwlyh lpsdfw rq h{wudfwlrq frvwv dqg folpdwh1 Pruh0
ryhu/ iroorzlqj Ndus +4<;7,/ zh dvvxph wkdw wkh surgxfhuv jhw qr xwlolw| iurp
frqvxplqj wkh uhvrxufh1 Wklv dvvxpswlrq lv qrw wrr juhdw d ghsduwxuh iurp
uhdolw| vlqfh prvw pdmru uhvrxufh h{sruwhuv frqvxph d qhjoljleoh sruwlrq ri
wkhlu surgxfwlrq1 Wkxv/ zh uhsuhvhqw wkh vwudwhjlf lqwhudfwlrqv lq wkh uhvrxufh
pdunhw dv d gl�huhqwldo jdph ehwzhhq d frdolwlrq ri lpsruwlqj frxqwu| jry0
huqphqwv dqg fduwhol}hg h{sruwhuv ri rlo/ zkhuh wkh frdolwlrq ri jryhuqphqwv
fkrrvh wkh wd{ dqg wkh fduwho wkh sulfh1

6 D qhxwudo sljrxyldq wd{

Lq wklv vhfwlrq zh rewdlq wkh vroxwlrq wr wkh jdph wkurxjk wkh frpsxwdwlrq ri

d Pdunry0shuihfw Qdvk htxloleulxp1 Zh xvh Pdunry vwudwhjlhv ehfdxvh wkhvh

nlqgv ri vwudwhjlhv fdswxuh hvvhqwldo vwudwhjlf lqwhudfwlrqv/ duh dqdo|wlfdoo|

9Jlyhq wklv olqhdu uhodwlrqvkls ehwzhhq uhvrxufh frqvxpswlrq dqg hplvvlrqv/ # frxog

eh lqwhusuhwhg dv zhoo dv d uhvrxufh lpsruw wdul�/ dqg wkh sdshu dv d vwxg| rq lpsruw

wdul�v dqg qrq0uhqhzdeoh uhvrxufhv zlwk vwrfn h{whuqdolwlhv1
:Dv lq rxu prgho wkhuh lv qr xqfhuwdlqw|/ zh fdq hvwdeolvk wkdw lq wkh htxloleulxp

pdunhw uhvrxufh frqvxpswlrq lv htxdo wr h{wudfwlrq udwh dqg/ frqvhtxhqwo|/ fxpxodwlyh

hplvvlrqv htxdo wr fxpxodwlyh h{wudfwlrqv1

:



wudfwdeoh dqg surylgh d vxejdph shuihfw htxloleulxp zklfk lv g|qdplfdoo|

frqvlvwhqw1

Pdunry vwudwhjlhv kdyh wr vdwlvi| wkh iroorzlqj v|vwhp ri Ehoopdq htxd0

wlrqv;=

B`� ' 4@ 

t��
i@E@� R� ���

�

2
E@� R� ��2

�RE@� R� ��� _52 n`
�

�
E@� R� ��jc +7,

B`2 ' 4@ 

tR�
iER� S5�E@� R� �� n`

�

2
E@� R� ��j� +8,

Iurp wkh �uvw rughu frqglwlrqv iru wkh pd{lpl}dwlrq ri wkh u1k1v1 ri wkh
Ehoopdq htxdwlrqv zh jhw wkh uhdfwlrq ixqfwlrqv ri wkh jryhuqphqwv dqg
surgxfhuv=
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Wkhvh uhvxowv hvwdeolvk wkdw wkh rswlpdo wd{ lv lqghshqghqw ri wkh sulfh �{hg
e| wkh surgxfhuv/ dqg wkdw wkh sulfh dqg wd{ duh vwudwhjlf vxevwlwxwhv iru
wkh surgxfhuv<1 Wkxv/ iru wkh jryhuqphqwv ri wkh lpsruwlqj frxqwulhv wkh
rswlpdo srolf| frqvlvwv/ dv zh vkrz ehorz/ ri gh�qlqj d qhxwudo sljrxyldq wd{

htxdo wr wkh xvhu frvw ru vkdgrz sulfh ri fxpxodwlyh hplvvlrqv1 Wklv phdqv
wkdw zkhq wkhuh lv qr vwudwhjlf dgydqwdjh/ l1h1 zkhq wkh wzr sod|huv pryh
vlpxowdqhrxvo|/ wkh lpsruwlqj frxqwulhv fdqqrw xvh wkh wd{ iru uhgxflqj wkh
pdunhw srzhu ri wkh fduwho/ vlqfh wkh rswlpdo wd{ rqo| fruuhfwv wkh pdunhw
lqh!flhqf| fdxvhg e| wkh vwrfn h{whuqdolw|1 Iru wklv uhdvrq zh gh�qh wklv wd{
dv d qhxwudo sljrxyldq wd{ wkdw grhv qrw fruuhfw wkh lqh!flhqf| dvvrfldwhg
zlwk wkh pdunhw vwuxfwxuh1 Qrwlfh dovr wkdw wkh wd{ lv srvlwlyh1 Wklv gli0
ihuv iurp wkh zhoo nqrzq sursrvlwlrq/ vhh Exfkdqdq +4<9<,/ wkdw hvwdeolvkhv
wkdw wkh sljrxyldq lqvwuxphqw xqghu d prqrsro| vkrxog eh d vxevlg|1 Wkh
h{sodqdwlrq ri wklv glyhujhqfh lv/ dv Zluo dqg Grfnqhu +4<<8, kdyh douhdg|
srlqwhg rxw/ wkdw wkh uhvrxufh pdunhw lv glylghg lqwr h{sruwlqj dqg lpsruw0
lqj frxqwulhv/ dqg wkh odwwhu gr qrw wdnh lqwr dffrxqw wkh surgxfhuv* vxusoxv
lq wkhlu remhfwlyh ixqfwlrq1

Dsso|lqj vwdqgdug whfkqltxhv ri rswlpdo frqwuro zh jhw=43
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;Wlph dujxphqwv zloo eh holplqdwhg zkhq qr frqixvlrq dulvhv1
<Vxshuvfulsw Q vwdqgv iru wkh Pdunry0shuihfw Qdvk htxloleulxp1

43Vhh Ndplhq dqg Vfkzduw} +4<<4> Vhfwlrq 56,1

;



Wklv h{suhvvlrq doorzv xv wr suhvhqw dq hfrqrplf lqwhusuhwdwlrq ri wkh xvhu
frvw ru vkdgrz sulfh iru wkh lpsruwlqj frxqwulhv ri dq lqfuhphqw lq rqh xqlw
ri wkh fxpxodwlyh hplvvlrqv dw dq| wlph |1 Wkh �uvw frpsrqhqw dsshduv lq
gl�huhqw sdshuv rq wkh rswlpdo sulflqj ri d qrq0uhqhzdeoh uhvrxufh zlwk hq0
ylurqphqwdo vwrfn h{whuqdolwlhv> vhh/ iru lqvwdqfh/ Idu}lq +4<<9, dqg Idu}lq
dqg Wdkyrqhq +4<<9,> dqg lw lv htxdo wr wkh glvfrxqwhg suhvhqw ydoxh ri wkh
lqfuhphqw lq ixwxuh dqg suhvhqw hqylurqphqwdo gdpdjh fdxvhg e| dq lqfuh0
phqw dw wlph | ri wkh fxpxodwlyh hplvvlrqv1 Krzhyhu/ wkh vhfrqg frpsrqhqw
rqo| dsshduv zkhq wkh lqwhughshqghqfh ehwzhhq wkh h{sruwlqj dqg lpsruw0
lqj frxqwulhv lv wdnhq lqwr dffrxqw> vhh lq wklv fdvh Wdkyrqhq +4<<9,> dqg lw
lv htxdo wr wkh glvfrxqwhg suhvhqw ydoxh ri wkh h�hfw rq ixwxuh dqg suhvhqw
frqvxphuv* zhoiduh fdxvhg e| wkh uhdfwlrq ri wkh h{sruwlqj frxqwulhv wr d
yduldwlrq ri fxpxodwlyh hplvvlrqv dw wlph |� Qrwlfh wkdw wkh vljq ri wklv hi0
ihfw fdq eh srvlwlyh ru qhjdwlyh/ ghshqglqj rq wkh rswlpdo srolf| ru vwudwhj|
dgrswhg e| wkh fduwho1

E| vxevwlwxwlrq ri +9, lq +:, zh jhw wkh vroxwlrq ri wkh sulfh dv d ixqfwlrq
ri wkh �uvw ghulydwlyhv ri wkh ydoxh ixqfwlrqv= R� ' �
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lqfrusrudwlqj wkh rswlpdo vwudwhjlhv lqwr wkh Ehoopdq htxdwlrqv +7, dqg +8,
zh holplqdwh wkh pd{lpl}dwlrq dqg rewdlq/ diwhu vrph fdofxodwlrqv/ d sdlu ri
qrqolqhdu gl�huhqwldo htxdwlrqv=
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Qrwlfh/ wkdw erwk ydoxh ixqfwlrqv ghshqg rq `
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c dqg vr grhv wkh frq0

vxphu sulfh/ Z ' Rn �c dqg wkh udwh ri h{wudfwlrq=
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Wklv uhjxodu rffxuuhqfh ri wkh whup `
�

�
n`
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2
vlpsol�hv wkh vroxwlrq ri wkh

gl�huhqwldo htxdwlrq v|vwhp +;, dqg +<, dqg doorzv/ dv kdsshqv lq Zluo dqg
Grfnqhu*v prgho/ d frpsohwh dqdo|vlv ri wkh dv|pphwulf jdph gh�qhg lq
vhfwlrq 51

Ehiruh suhvhqwlqj wkh Pdunry0shuihfw Qdvk htxloleulxp zh zdqw wr hvwde0
olvk dqg ghprqvwudwh wkh uhvxow zh kdyh phqwlrqhg deryh=

Sursrvlwlrq 4 Wkh Pdunry0shuihfw Qdvk htxloleulxp ri wkh jdph gh�qhv d

qhxwudo sljrxyldq wd{1

<



Surri1 Wklv surri lv txlwh reylrxv li rqh uhdol}hv/ �uvwo|/ wkdw lq wkh pdunhw

wkhuh h{lvw wzr nlqgv ri lqh!flhqflhv/ rqh fdxvhg e| wkh vwrfn h{whuqdolw|

dqg wkh rwkhu e| wkh pdunhw srzhu ri wkh surgxfhuv/ dqg/ vhfrqgo|/ wkdw wkh

rswlpdo wd{ lv htxdo wr wkh xvhu frvw ri wkh fxpxodwlyh hplvvlrqv1 Wkh vwudwhj|

ri wkh surri lv vlpsoh= zh frpsxwh wkh prqrsrolvwlf htxloleulxp zlwkrxw

lqwhuyhqwlrq ri lpsruwlqj frxqwulhv* jryhuqphqwv/ dvvxplqj wkdw frqvxphuv

wdnh lqwr dffrxqw wkh gdpdjh fdxvhg e| wkh fxpxodwlyh FR2 hplvvlrqv/ dqg

wkhq zh fkhfn wkdw wklv htxloleulxp lv lghqwlfdo wr wkh Qdvk htxloleulxp1

Wkh prqrsrolvwlf htxloleulxp lv fdofxodwhg lq wzr vwdjhv1 Lq wkh �uvw vwdjh/

sulfh0wdnhu frqvxphuv ghwhuplqh wkh ghpdqg ixqfwlrq/ dqg/ lq wkh vhfrqg/

wkh fduwho ghflghv wkh sulfh1 Wkhq wkh h{wudfwlrq udwh lv ghwhuplqhg e| wkh

ghpdqg ixqfwlrq1

Wkh Ehoopdq htxdwlrq iru wkh frqvxphuv/ li wkh| lqwhuqdol}h h{whuqdo frvwv

lv=
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Wkh pd{lpl}dwlrq ri wkh uljkw0kdqg vlgh jlyhv xv wkh uhvrxufh ghpdqg ixqf0
wlrq/ ^ ' @ � R � `

�

�
c dqg vxevwlwxwlrq lq wkh surgxfhuv* sur�w ixqfwlrq

|lhogv=

B`2 ' 4@ 
tR�

iER� S5�E@� R�`
�

�
�n`

�

2
E@� R�`

�

�
�j� +46,

Iurp wkh pd{lpl}dwlrq ri wkh uljkw0kdqg vlgh zh rewdlq wkh vdph rswlpdo

vwudwhj| dv lq wkh Qdvk htxloleulxp/ R� ' R
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vxshuvfulswP vwdqgv iru wkh prqrsrolvwlf htxloleulxpzlwkrxw wkh lqh!flhqf|
fdxvhg e| wkh vwrfn h{whuqdolw|1 Wkhq e| vxevwlwxwlrq ri wkh frqwuro yduldeohv
lqwr wkh Ehoopdq htxdwlrqv/ zh jhw wkh vdph v|vwhp ri gl�huhqwldo htxdwlrqv
+;, dqg +<, dqg/ frqvhtxhqwo|/ wkh vdph vroxwlrq1 Wkhuhiruh/ wkh prqrsrolvwlf
htxloleulxp/ zlwkrxw vwrfn h{whuqdolw|/ lv lghqwlfdo wr wkh Qdvk htxloleulxp

dqg zh fdq frqfoxgh wkdw wkh rswlpdo wd{ gh�qhg e| wkh Qdvk htxloleulxp

lv d qhxwudo sljrxyldq wd{ lq wkh vhqvh wkdw lw rqo| fruuhfwv wkh lqh!flhqf|

fdxvhg e| wkh vwrfn h{whuqdolw| dqg ohdyhv wkh fduwho zlwk lwv prqrsrolvwlf

sur�wv1�

Dqrwkhu srvvleoh vroxwlrq iru wkh jdph/ wkdw zh zloo ghyhors h{whqvlyho|

lq wkh qh{w vhfwlrq/ fdq eh fdofxodwhg dsso|lqj wkh ihhgedfn Vwdfnhoehuj

htxloleulxp frqfhsw1 Wklv nlqg ri htxloleulxp lv frpsxwhg vxevwlwxwlqj wkh

uhdfwlrq ixqfwlrq ri wkh iroorzhu lqwr wkh Ehoopdq htxdwlrq ri wkh ohdghu/ dqg

wkhq pd{lpl}lqj wkh uljkw0kdqg vlgh ri wkh Ehoopdq htxdwlrq wr rewdlq wkh

rswlpdo vwudwhj|1 Li zh qrz dvvxph wkdw wkh uhvrxufh fduwho dfwv dv wkh ohdghu

ri wkh jdph/ lw lv hdv| wr ghulyh wkh iroorzlqj uhvxow=

43



Sursrvlwlrq 5 Wkh ihhgedfn Vwdfnhoehuj htxloleulxp/ zkhq wkh uhvrxufh fdu0

who dfwv dv ohdghu/ lv lghqwlfdo wr wkh Pdunry0shuihfw Qdvk htxloleulxp1

Surri1 Wkh surri lv txlwh lpphgldwh1 E| vxevwlwxwlrq ri wkh uhdfwlrq
ixqfwlrq ri wkh jryhuqphqwv lqwr wkh Ehoopdq htxdwlrq ri wkh fduwho zh jhw
+46, dqg wkhq e| pd{lpl}dwlrq R
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wkh vxshuvfulsw V vwdqgv iru wkh ihhgedfn Vwdfnhoehuj htxloleulxp/ vr wkdw
e| vxevwlwxwlrq ri frqwuro yduldeohv lqwr wkh Ehoopdq htxdwlrqv zh kdyh wkh
vdph v|vwhp ri gl�huhqwldo htxdwlrqv +;, dqg +<, dqg/ frqvhtxhqwo|/ wkh vdph
vroxwlrq dv iru wkh Pdunry0shuihfw Qdvk htxloleulxp1�

Wkh uhdvrq h{sodlqlqj wklv uhvxow lv suhww| reylrxv1 Dv wkh uhdfwlrq ixqf0
wlrq ri wkh jryhuqphqwv lv lqghshqghqw ri wkh surgxfhu sulfh/ wkh fduwho fdq0
qrw dfklhyh dq| sur�w iurp lwv vwudwhjlf dgydqwdjh1 Wklv dovr h{sodlqv zk| wkh
ihhgedfn Vwdfnhoehuj htxloleulxp frpsxwhg e| Wdkyrqhq lq klv 4<<9 sdshu
suhvhqwv wkh vdph nlqg ri surshuwlhv dv wkh Pdunry0shuihfw Qdvk htxloleulxp
vroyhg e| Zluo dqg Grfnqhu +4<<8,/ dqg vkduhv vrph ri wkh uhvxowv zh �qg
lq wklv vhfwlrq441

Wkh vroxwlrq wr wkh gl�huhqwldo htxdwlrq v|vwhp +;, dqg +<, doorzv xv wr
fdofxodwh wkh olqhdu Pdunry0shuihfw Qdvk htxloleulxp vwudwhjlhv=

Sursrvlwlrq 6 Ohw
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44Vhh Wdkyrqhq +4<<9/ s1:, dqg sdjh 49 ri wklv sdshu iru d frpsdulvrq ehwzhhq rxu
�qglqjv dqg wkh rqhv ghulyhg e| Zluo dqg Grfnqhu +4<<8, dqg Wdkyrqhq +4<<9,1
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Wkhq ^
�E5� frqvwlwxwhv d joredo dv|pswrwlfdoo| vwdeoh Pdunry0shuihfw Qdvk

htxloleulxp +PSQH, iru wkh lq�qlwh krul}rq gl�huhqwldo jdph xqghu frqvlg0
hudwlrq/ zkhuh 5

�

"
lv wkh fxpxodwlyh hplvvlrq orqj0uxq htxloleulxp dqg 5E|�

lv wkh rswlpdo g|qdplfv ri wkh vwdwh yduldeoh1

Surri1 Vhh Dsshqgl{ D1

Dv zh kdyh mxvw vhhq lq Dsshqgl{ D/ Surs1 6 shuplwv xv wr fdofxodwh
wkh rswlpdo g|qdplfv ri wkh udwh ri h{wudfwlrq/ wkh surgxfhu sulfh/ wkh wd{
dqg wkh frqvxphu sulfh dqg wkh glvfrxqwhg suhvhqw ydoxh ri zhoiduh iru wkh
wzr sod|huv/ surylglqj d frpsohwh dqdo|wlfdo fkdudfwhul}dwlrq ri wkh vroxwlrq
ri wkh jdph1 Wkh orqj0uxq htxloleulxp ydoxh iru fxpxodwlyh hplvvlrqv kdv
ehhq frpsxwhg dv d sduwlfxodu vroxwlrq ri wkh gl�huhqwldo htxdwlrq wkdw gh0
�qhv wkh g|qdplf uhvwulfwlrq ri wkh sureohp1 Krzhyhu/ wklv ydoxh fdq eh
ghulyhg gluhfwo| xvlqj pruh vwudljkwiruzdug hfrqrplf dujxphqwv1 Wkh sur0
gxfhuv h{sorlw wkh uhvrxufh xqwlo wkh ydoxh ixqfwlrq lv }hur1 Wklv lpsolhv
iurp +8, wkdw R � S5 ' �`

�

2
� Rq wkh rwkhu kdqg/ wkh �uvw rughu frqgl0

wlrq zklfk jlyhv wkh uhdfwlrq ixqfwlrq ri wkh surgxfhuv fdq dovr eh zulwwhq dv

R�S5�E@�R��� ' �`
�

2
c vr lw iroorzv lpphgldwho| wkdw @�R�� ' ^

"
' f

dqg @ � R ' �`
�

�
c xvlqj wkh uhdfwlrq ixqfwlrq ri wkh jryhuqphqwv1 Zlwk

^
"
' f wkh frqvxphuv* ydoxh ixqfwlrq lv B`� ' �_5

2

"
dqg �`

�

�
' 2_5

"
*B

dqg e| htxdol}dwlrq zh jhw R ' @ � E2_5
"
*B�� Ilqdoo|/ li zh dvvxph wkdw

h{wudfwlrq ri wkh uhvrxufh frqwlqxhv xqwlo wkh pdujlqdo sur�w lv }hur zh jhw

R ' S5c dqg wkhq zh rewdlq 5
"
' @B*ESBn2_�� Wklv phdqv wkdw wkh h{sorlwd0

wlrq ri wkh uhvrxufh pxvw hqg iru d }hur pdujlqdo sur�w dqg ydoxh ixqfwlrq1

Wkh vroxwlrq lqfoxghv wkh sd|0r�v ri wkh sod|huv/ zklfk duh jlyhq e| wkh

ydoxh ixqfwlrq iru wkh lqlwldo ydoxh ri wkh vwdwh yduldeoh/ 5f� Iru wkh frqvxphuv/

zh kdyh

`
�

�
E5f� '

�

2
k�
�
52
f
n q�

�
5f n >�

�
c +4<,

zkhuh

k
�

�
'

�

B

�
�

e
ES� %

� �2 � 2_

�
c +53,

q�
�
' �

@ES� %
��

eB n �ES� %� �
c +54,

>
�

�
'

�

HB
E@n +��2� +55,

Iru wkh surgxfhuv/ zh kdyh=

`
�

2
E5f� '

�

2
k�
2
52
f
n q�

2
5f n >�

2
c +56,
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zkhuh

k
�

2
'

�

2B
ES� %

� �2c +57,

q�
2
' �

2@ES� %��

eB n �ES� %��
c +58,

>
�

2
'

�

eB
E@n +� �2� +59,

Iurp wkhvh h{suhvvlrqv lw lv hylghqw wkdw=

Fruroodu| 4 Li wkh lqlwldo fxpxodwlyh hplvvlrqv duh }hur/ wkh glvfrxqwhg
suhvhqw ydoxhv ri wkh qhw frqvxphuv* zhoiduh dqg sur�wv duh srvlwlyh dqg htxdo
wr +55, dqg +59,1

Surri1 Vwudljkw iurp +4<, dqg +56,1 Li zh pdnh 5f ' f lq wkh ydoxh

ixqfwlrqv zh kdyh `�Ef� '
�

HB
E@n +��2 dqg `2 '

�

eB
E@n +

� �2��

Krzhyhu/ zh fdqqrw h{wudsrodwh wklv uhvxow iru 5f lq wkh lqwhuydo Efc 5
�

"
�

ehfdxvh/ dv zh kdyh vkrzq deryh/ wkh ydoxh ixqfwlrq iru wkh frqvxphuv lv

vwulfwo| qhjdwlyh iru 5
�

"
� Wklv phdqv wkdw wkh h{wudfwlrq ri wkh uhvrxufh zloo

eh sur�wdeoh rqo| li wkh lqlwldo ydoxh iru wkh fxpxodwlyh h{wudfwlrqv lv qrw

yhu| kljk1 Lq sduwlfxodu/ wkh h{sorlwdwlrq ri wkh uhvrxufh zloo wdnh sodfh li

wkh lqlwldo ydoxh lv lq wkh lqwhuydo dfc 75oc zkhuh 75 lv gh�qhg e| wkh srvlwlyh

urrw ri wkh htxdwlrq `�E5� ' f1 Iru wkh surgxfhuv/ wkh h{wudfwlrq jlyhv d

srvlwlyh sd|0r� surylghg wkdw wkh lqlwldo ydoxh ri wkh vwdwh yduldeoh lv lq wkh

lqwhuydo dfc 5
�

"
�� Krzhyhu/ dv orqj dv wkh frqvxphuv rqo| ghpdqg d srvlwlyh

txdqwlw| ri wkh uhvrxufh zkhq wkh fxpxodwlyh hplvvlrqv duh ehorz wkh xsshu

erxqg/ 75c wkh h{sorlwdwlrq ri wkh uhvrxufh zloo rffxu rqo| zkhq wkh lqlwldo

ydoxh ri fxpxodwlyh hplvvlrqv lv ehorz wklv fulwlfdo ydoxh1 Iurp qrz rq/ zh

zloo dvvxph wkdw 5f ' f� Wklv vlpsol�hv wkh dqdo|vlv hqruprxvo| dqg khosv xv

wr uhgxfh wkh ohqjwk ri wkh sdshu1 Qhyhuwkhohvv/ zh zdqw wr srlqw rxw wkdw

wkh uhvxowv rewdlqhg lq wkh uhvw ri wkh sdshu fdq eh jhqhudol}hg iru 5f lq wkh

lqwhuydo Efc 75��45

Ilqdoo|/ zh frpsxwh wkh g|qdplfv ri wkh udwh ri h{wudfwlrq/ wkh surgxfhu

sulfh/ wkh hplvvlrq wd{ dqg wkh frqvxphu sulfh1 Wr jhw wkh whpsrudo sdwkv

ri wkhvh yduldeohv zh vxevwlwxwh `
�

�
dqg `

�

2
lq wkh olqhdu vwudwhjlhv iru ^c

Rc � dqg Z e| wkh frh!flhqwv ri wkh ydoxh ixqfwlrqv zh kdyh fdofxodwhg lq
Dsshqgl{ D/ dqg wkhq zh uhduudqjh wkh whupv dqg holplqdwh 5c xvlqj +95,=

^
�

' �*2E@n +� � i Ti��*2ES� %� �|jc +5:,

45Wkh jhqhudol}dwlrq ri wkh uhvxowv iru }3 5 +3> �}, lv dydlodeoh iurp wkh dxwkruv1
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R
�

'

@SB

SB n 2_
�

�

2
ESn k

�

�
� k

�

2
�5�
"
i Ti��*2ES� %� �|jc +5;,

�� '

2@_

SB n 2_
n k�

�
5
�

"
i Ti��*2ES� %� �|jc +5<,

Z
�

' @� �*2E@n +�� i Ti��*2ES� %��|j� +63,

Zh fdq qrz vxppdul}h wkh g|qdplfv ri wkh yduldeohv dqg wkh orqj0uxq htxl0
oleulxp ri wkh jdph dv iroorzv=

Sursrvlwlrq 7 Dorqj wkh htxloleulxp sdwk wkh udwh ri h{wudfwlrq ghfuhdvhv
zkloh wkh frqvxphu sulfh lqfuhdvhv1 Wkh surgxfhu sulfh lv lqfuhdvlqj +gh0
fuhdvlqj, li S n k

�

�
� k

�

2
lv srvlwlyh +qhjdwlyh, dqg wkh hplvvlrq wd{ lv lq0

fuhdvlqj +ghfuhdvlqj, li k�
�

lv qhjdwlyh +srvlwlyh,1 Pruhryhu/ wkh pdunhw htxl0
oleulxp dssurdfkhv d orqj0uxq htxloleulxp fkdudfwhul}hg e|= ^

"
' fc Z

"
' @c

R
"
'

@SB

SBn2_
dqg �

"
'

2@_

SBn2_
�

Li zh irfxv rq wkh wd{ g|qdplfv/ zh kdyh mxvw vhhq wkdw wklv ghshqgv rq

wkh vljq ri frh!flhqw k
�

�
c zklfk lv jlyhq e| +53,1 Wklv h{suhvvlrq doorzv xv

wr vwxg| wkh uhodwlrqvkls ehwzhhq wklv frh!flhqw dqg wkh gdpdjh sdudphwhu/
_c dqg khqfh wkh uhodwlrqvkls ehwzhhq wkh srooxwlrq gdpdjh dqg wkh rswlpdo
whpsrudo sdwk ri wkh wd{1 Zh nqrz wkdw k�

�
lv srvlwlyh zkhq _ ' fc vhh +53,1

Qrz/ xvlqj +48, lw lv hdv| wr hvwdeolvk wkdw k
�

�
lv ghfuhdvlqj zlwk uhvshfw wr

_ dqg wkdw wkhuh h{lvwv d srvlwlyh ydoxh/ wkdw zh qdph dv _
�

� c iru zklfk wkh

frh!flhqw ri wkh ydoxh ixqfwlrq`� lv }hur1 Wkxv/ zh jhw wkdw zkhq _ lv orzhu

wkdq _
�

� wkh hplvvlrq wd{ lv ghfuhdvlqj/ dqg zkhq _ lv kljkhu wkdq _
�
� lw lv

lqfuhdvlqj1 Ru/ lq rwkhu zrugv/ li wkh srooxwlrq gdpdjh lv kljk zlwk uhvshfw

wr h{wudfwlrq frvwv wkh rswlpdo wd{ zrxog kdyh wr eh lqfuhdvlqj1

Wkh lqwhusuhwdwlrq ri wklv uhvxow lv txlwh lqwxlwlyh li rqh uhdol}hv wkdw wkh

gl�huhqwldo jdph xqghu frqvlghudwlrq lqwhjudwhv fkdudfwhulvwlfv ri wzr prghov

zlwk gl�huhqw surshuwlhv1 Pdnlqj S ' f zh kdyh Zluo dqg Grfnqhu�v +4<<8,
prgho/ dqg iru _ ' f zh kdyh d yhuvlrq ri Ndus�v +4<;7, prgho zkhuh �

pxvw eh lqwhusuhwhg dv dq lpsruw wdul� dqg wkh lvvxh dgguhvvhg lv zkhwkhu lw lv
dgydqwdjhrxv iru wkh lpsruwlqj frxqwulhv wr �{ d wdul� rq wkh uhvrxufh1 Lq wkh
�uvw fdvh/ zh fdq fkhfn wkdw %� dqg k�

�
duh qhjdwlyh iru dq| srvlwlyh ydoxh ri

sdudphwhu _ dqg wkdw wkh wd{ lv dozd|v lqfuhdvlqj461 Iru S ' f/ +5<, lv zulwwhq
dv �� ' @ n k�

�
5
�

"
i Ti%� |*2j dqg wkhq _��*_| : f� Wklv phdqv wkdw li

wkhuh duh qr ghsohwlrq h�hfwv/ wkh rswlpdo wd{ iru wkh lpsruwlqj frxqwulhv

pxvw ulvh1 Lq wkh vhfrqg fdvh/ lw lv hylghqw wkdw k�
�

lv srvlwlyh dqg wkh wd{

lv ghfuhdvlqj1 Iru _ ' fc+5<, lv zulwwhq dv �� ' k�
�
5
�

"
i Ti��*2ES� %��|j

46Lq idfw/ wkh wd{ lv dovr lqfuhdvlqj zkhq wkh h{wudfwlrq frvwv duh txdgudwlf exw lqgh0
shqghqw ri wkh fxpxodwlyh h{wudfwlrqv/ dv kdv ehhq vkrzq e| Wdkyrqhq +4<<9,1
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dqg wkhq _��*_| 	 fc vlqfh wkh vljq ri S � %
� grhv qrw fkdqjh471 Zh

rewdlq/ lq wklv fdvh/ wkdw/ zkhq wkh hqylurqphqwdo gdpdjh lv }hur dqg wkh

ghsohwlrq h�hfwv duh srvlwlyh/ wkh rswlpdo srolf| iru wkh lpsruwlqj frxqwulhv

lv d ghfuhdvlqj lpsruw wdul�1 Wkxv/ zh kdyh wzr wuhqgv ri rssrvlwh vljq dfwlqj

lq rxu jdph/ dqg zh �qg wkdw zkhq wkh srooxwlrq gdpdjh lv kljk zlwk uhvshfw

wr h{wudfwlrq frvwv/ wkh lqfuhdvlqj wuhqg grplqdwhv/ dqg wkh wd{ lv lqfuhdvlqj1

Krzhyhu/ li rq wkh frqwudu| wkh srooxwlrq gdpdjh lv orz/ wkh ghfuhdvlqj wuhqg

grplqdwhv dqg wkh wd{ lv ghfuhdvlqj1

Li zh irfxv qrz rq wkh whpsrudo sdwk ri wkh surgxfhu sulfh zh jhw wkh

vdph nlqg ri uhvxowv1 Wkh g|qdplfv ri wkh yduldeoh ghshqgv rq wkh vljq ri

wkh iroorzlqj h{suhvvlrq=

Sn k
�

�
� k

�

2
' S�

�

eB
ES� %

��2 �
2_

B
� +64,

Lw lv hdv| wr vkrz wkdw iru _ htxdo wr }hur wklv h{suhvvlrq lv srvlwlyh1 Dv
Snk

�

�
�k

�

2
fdq eh zulwwhq dv S�%

�
n 2k�

�
c zh fdq xvh wklv odvw h{suhvvlrq

iru ghwhuplqlqj wkh vljq ri wkh iruphu1 Iru _ ' f zh kdyh irxqg wkdw k�
�

lv srvlwlyh> wkhq S n k
�

�
� k

�

2
lv srvlwlyh li S � %

� lv srvlwlyh iru _ ' f1 Wr

fdofxodwh S� %
� zh xvh +48,/ |lhoglqj=

S� %
�
'

�

2

+
�

e

�
B n

�
�S

�

�
SB n

B
2

�

���*2,
�

Li zh vxssrvh wkdw S�%
� lv qhjdwlyh ru }hur/ wkh iroorzlqj pxvw eh vdwlv�hg=

�
�S

�

�
SB n

B
2

�

���*2
�

e

�
B�

Wdnlqj wkh vtxduh ri wklv lqhtxdolw| zh jhw �S*�ESB� � f/ zklfk lv d frqwud0

glfwlrq1 Dv d uhvxow zh kdyh wr dffhsw wkdw S � %
� lv srvlwlyh dqg frqfoxgh

wkdw S n k
�

�
� k

�

2
lv srvlwlyh dv zhoo1 Qrz/ dsso|lqj fdofxoxv wr +64, dqg

xvlqj +48, zh fdq hvwdeolvk wkdw S n k
�

�
� k

�

2
lv ghfuhdvlqj zlwk uhvshfw wr

_ dqg wkdw wkhuh h{lvwv d srvlwlyh ydoxh/ wkdw zh uhsuhvhqw e| _
�

R c iru zklfk

wkh surgxfhu sulfh lv frqvwdqw1 Wkxv/ zh jhw wkdw zkhq _ lv orzhu wkdw _�R
wkh sulfh lv lqfuhdvlqj/ zkhuhdv lw lv ghfuhdvlqj li _ lv kljkhu wkdq _�R 1 Ru/ lq

rwkhu zrugv/ li wkh srooxwlrq gdpdjh lv kljk zlwk uhvshfw wr h{wudfwlrq frvwv

wkh rswlpdo surgxfhu sulfh pxvw eh ghfuhdvlqj1 Wklv uhvxow lv dovr mxvwl�hg

e| wkh wzr rssrvlwh wuhqgv zh kdyh irxqg lq rxu prgho1 Iru S ' f zh nqrz

wkdw wkh surgxfhu sulfh lv ghfuhdvlqj/ exw iru _ ' f lw lv lqfuhdvlqj1 Frqvh0

txhqwo|/ zkhq wkhvh wzr sdudphwhuv duh srvlwlyh zh fdq rewdlq erwk w|shv

47Wklv lv vkrzq lq wkh qh{w sdudjudsk1
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ri g|qdplfv ghshqglqj rq wkh ydoxhv ri wkh sdudphwhuv1 Rq wkh rwkhu kdqg/

wkh frpsdwlelolw| ehwzhhq d ghfuhdvlqj txdqwlw| dqg sulfh fdq eh h{sodlqhg

e| uhvruwlqj wr wkh uhdfwlrq ixqfwlrq +:,1 Dffruglqj wr wklv ixqfwlrq wkh sur0
gxfhu sulfh dqg wkh wd{ duh vwudwhjlf vxevwlwxwhv vlqfh wkh wd{ uhgxfhv wkh
pdujlqdo uhyhqxh ri wkh fduwho1 Pruhryhu/ wkh uhdfwlrq ixqfwlrq hvwdeolvkhv
wkdw wkh sulfh lqfuhdvhv/ féwhulv sdulexv/ zlwk wkh frpsohwh pdujlqdo frvw
ri wkh uhvrxufh/ gh�qhg e| wkh pdujlqdo h{wudfwlrq frvw soxv wkh xvhu frvw/
S5�`

�

2
� Wkhq dv wkh wd{ lqfuhdvhv dqg wkh frpsohwh pdujlqdo frvw ghfuhdvhv

dorqj wkh htxloleulxp sdwk/ zkhq wkh srooxwlrq gdpdjh lv kljk hqrxjk/ zh

�qg wkdw wkh g|qdplfv ri wkh surgxfhu sulfh kdyh wr eh ghfuhdvlqj1 Reyl0

rxvo|/ dv wkh h{wudfwlrq udwh lv ghfuhdvlqj/ wkh qhjdwlyh h�hfw ri dq lqfuhdvh ri

wkh wd{ rq wkh txdqwlw| pxvw eh kljkhu wkdq wkh srvlwlyh h�hfw ri d uhgxfwlrq

ri wkh frpsohwh pdujlqdo frvw rq wkh h{wudfwlrq udwh1

Ilqdoo|/ zh fdq ghvfuleh wkh gl�huhqw whpsrudo sdwkv wkdw wkh wd{ dqg

surgxfhu sulfh fdq iroorz/ ghshqglqj rq wkh hqylurqphqwdo gdpdjh1 Iluvw/

zh gh�qh wkh h{lvwlqj uhodwlrqvkls ehwzhhq _
�

� dqg _
�
R � Dv S n k

�

�
� k

�

2
lv

htxdo wr S � %
�
n 2k�

�
c zh jhw wkdw zkhq _ ' _

�

� c S n k�
�
� k

�

2
' S � %

�
c

zklfk lv srvlwlyh iru dq| srvlwlyh ydoxh ri _c dv lv hvwdeolvkhg lq +49,1 Wkxv/
S n k�

�
� k

�

2
lv }hur iru d kljkhu ydoxh wkdq _

�

� c dqg wkhq zh fdq frqfoxgh

wkdw _�� lv orzhu wkdq _�R � Qrz/ zh duh deoh wr suhvhqw wkh gl�huhqw whpsrudo

wudmhfwrulhv ghshqglqj rq wkh ydoxh ri sdudphwhu _� Jlyhq S dqg Bc li _ lv

orzhu wkdq _�� wkh sulfh lv lqfuhdvlqj dqg wkh wd{ lv ghfuhdvlqj> li _ lv lq
wkh lqwhuydo +_�� c_�R � wkh sulfh dqg wd{ duh lqfuhdvlqj> dqg/ �qdoo|/ li _ lv

kljkhu wkdq _
�

R wkh sulfh lv ghfuhdvlqj exw wkh wd{ lv lqfuhdvlqj1 Wklv odvw

uhodwlrqvkls fdq dovr eh suhvhqwhg dv iroorzv=

Fruroodu| 5 Li dq lqfuhdvh lq fxpxodwlyh hplvvlrqv kdv dq h�hfw rq pdujlqdo

gdpdjh kljkhu wkdq 2_
�

R c wkh rswlpdo surgxfhu sulfh lv ghfuhdvlqj zkhuhdv wkh

rswlpdo wd{ lv lqfuhdvlqj1

Qrwlfh wkdw wkh h�hfw ri dq lqfuhdvh lq fxpxodwlyh hplvvlrqv rq pdujlqdo

gdpdjh lv jlyhq e| Y2(*Y52 zklfk lv htxdo wr 2_c vr wkdw lw lv vx!flhqw zlwk

Y2(*Y52 kljkhu wkdq 2_�R wr kdyh dq lqfuhdvlqj wd{ zlwk d ghfuhdvlqj sulfh1
Wklv uhvxow douhdg| dsshduv lq Zluo dqg Grfnqhu +4<<8, dqg Wdkyrqhq*v

+4<<9, sdshuv/ exw dv orqj dv wkh| gr qrw wdnh lqwr dffrxqw wkh ghsohwlrq
h�hfwv rq wkh h{wudfwlrq ri wkh uhvrxufh/ wkh srooxwlrq wd{ lv lqfuhdvlqj dqg
wkh surgxfhu sulfh lv ghfuhdvlqj iru doo _1 Lq wklv sdshu zh frpsohwh wkhlu
dqdo|vlv vkrzlqj wkdw wkh wd{ fdq eh ghfuhdvlqj dqg wkh sulfh lqfuhdvlqj li
wkh srooxwlrq gdpdjh lv qrw yhu| kljk/ ru wkdw wkh wd{ dqg surgxfhu sulfh
fdq erwk eh lqfuhdvlqj1
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7 D ihhgedfn Vwdfnhoehuj htxloleulxp

Lq wklv vhfwlrq zh wxuq wr frqvlghulqj wkh uhvrxufh pdunhw dv d Vwdfnhoehuj

jdph zkhuh wkh jryhuqphqwv ri wkh lpsruwlqj frxqwulhv dfw dv wkh ohdghu ri

wkh jdph1 Lq wklv zd|/ zh pdnh d vhfrqg h{whqvlrq ri wkh gl�huhqwldo jdph
ghvljqhg e| Zluo dqg Grfnqhu +4<<8, wr dqdo|}h wkh orqj0whup elodwhudo lq0
whughshqghqfh ehwzhhq d uhvrxufh h{sruwlqj fduwho dqg d frdolwlrq ri uhvrxufh
lpsruwlqj frxqwu| jryhuqphqwv1 Zh duh qrz lqwhuhvwhg lq vwxg|lqj krz wkh
vroxwlrq ri wkh jdph fkdqjhv zkhq wkh frdolwlrq ri lpsruwlqj frxqwulhv kdv
d vwudwhjlf dgydqwdjh1

Wr vwxg| wklv fdvh zh dvvxph wkdw zh kdyh d uhshdwhg wzr vwdjh jdph
zkhuh wkh ohdghu pryhv �uvw1 Wr �qg wkh ohdghu�v rswlpdo srolf| zh surfhhg
e| edfnzdug lqgxfwlrq vxevwlwxwlqj wkh uhdfwlrq ixqfwlrq ri wkh iroorzhu lq
wkh Ehoopdq htxdwlrq ri wkh ohdghu/ dqg frpsxwlqj wkh rswlpdo vwudwhj| e|
pd{lpl}dwlrq ri wkh uljkw0kdqg vlgh ri wklv htxdwlrq1 Wklv surfhgxuh vhohfwv
rqo| wkh wlph0frqvlvwhqw vwudwhjlhv1 Wkh uhvxowlqj rxwfrph lv d ihhgedfn
Vwdfnhoehuj vroxwlrq zklfk lv d Pdunry0shuihfw htxloleulxp1

Wkh vxevwlwxwlrq ri wkh uhdfwlrq ixqfwlrq +:, lq Ehoopdq htxdwlrq +7,
|lhogv=

B`� ' 4@ 

t��

�
�

e
E@n � � S5 n`

�

2
�E@� � � S5 n`

�

2
�

n
�

2
E@� � � S5 n`

�

2
�`

�

�

�

�

H
E@� � � S5 n`

�

2
�2 � _5

2

�
� +65,

Pd{lpl}lqj wkh u1k1v1 zh rewdlq wkh rswlpdo srolf| ru vwudwhj| iru wkh wd{/
dqg xvlqj djdlq wkh uhdfwlrq ixqfwlrq ri wkh uhvrxufh fduwho wkh rswlpdo srolf|
iru wkh surgxfhu sulfh=
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E| vxevwlwxwlrq ri wkh rswlpdo wd{ lqwr wkh Ehoopdq htxdwlrq ri wkh lp0
sruwlqj frxqwu| jryhuqphqwv +65, dqg ri wkh wd{ dqg surgxfhu sulfh lqwr
wkh Ehoopdq htxdwlrq ri wkh uhvrxufh fduwho +8, zh holplqdwh wkh pd{lpl}d0
wlrq dqg rewdlq/ diwhu vrph pdqlsxodwlrqv/ wkh iroorzlqj sdlu ri qrqolqhdu
gl�huhqwldo htxdwlrqv=
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Qrwlfh/ wkdw djdlq erwk ydoxh ixqfwlrqv ghshqg rq `
�

�
n`

�

2
dqg vr gr wkh

frqvxphu sulfh dqg wkh udwh ri h{wudfwlrq=
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Wkh vroxwlrq wr wkh gl�huhqwldo htxdwlrq v|vwhp zh kdyh mxvw gh�qhg doorzv
xv wr rewdlq wkh olqhdu ihhgedfn Vwdfnhoehuj htxloleulxp vwudwhjlhv=

Sursrvlwlrq 8 Ohw
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Wkhq ^
7E5� frqvwlwxwhv d joredo dv|pswrwlfdoo| vwdeoh ihhgedfn Vwdfnhoehuj

htxloleulxp +IVH, iru wkh lq�qlwh gl�huhqwldo jdph xqghu frqvlghudwlrq/ zkhuh
5
7

"
lv wkh fxpxodwlyh hplvvlrqv orqj0uxq htxloleulxp1

Surri1 Wkh surri iroorzv vwhs e| vwhs wkh rqh ri Surs1 61 Iru wklv uhdvrq

zh rplw lw1

Wklv sursrvlwlrq hvwdeolvkhv wkdw wkh orqj0uxq htxloleulxp iru wkh fxpx0

odwlyh hplvvlrqv lv wkh vdph dv lq wkh PSQH ri wkh jdph1 Lq idfw/ lw lv hdv| wr

fkhfn wkdw wkh orqj0uxq htxloleulxp ydoxhv duh wkh vdph iru doo wkh yduldeohv1

Wkh h{sodqdwlrq ri wklv uhvxow lv suhww| reylrxv/ li rqh uhphpehuv krz wkh
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fxpxodwlyh hplvvlrq orqj0uxq htxloleulxp ydoxh kdv ehhq ghulyhg lq Vhfwlrq

6 iurp wkh Ehoopdq htxdwlrqv dqg wkh �uvw rughu frqglwlrqv dvvrfldwhg zlwk

wkhvh htxdwlrqv1 Wkh srlqw lv wkdw wkh zd| ri vroylqj wkh jdph grhv qrw

fkdqjh wkh frqglwlrqv wkdw gh�qh wkh orqj0uxq htxloleulxp ri wkh jdph1 Wr

rewdlq 5
"

lq Vhfwlrq 6 zh kdyh xvhg wkh Ehoopdq htxdwlrq dqg wkh uhdfwlrq

ixqfwlrq ri wkh surgxfhuv dqg wkh Ehoopdq htxdwlrq ri wkh jryhuqphqwv1 Qrz/

dv zh xvh wkh vdph uhdfwlrq ixqfwlrq ri wkh surgxfhuv wr vroyh wkh ihhgedfn

Vwdfnhoehuj htxloleulxp/ zh ghulyh wkh orqj0uxq htxloleulxp uhvruwlqj wr wkh

vdph htxdwlrqv dqg wkh vdph frqglwlrqv= wkh surgxfhuv h{sorlw wkh uhvrxufh

xqwlo wkh ydoxh ixqfwlrq dqg wkh pdujlqdo sur�w duh }hur/ dqg/ frqvhtxhqwo|/

zh jhw wkh vdph ydoxh dqg wkh vdph orqj0uxq htxloleulxp1 Wklv grhv qrw

phdq wkdw wkh jdph kdv dq lghqwlfdo vroxwlrq lq erwk fdvhv/ vlqfh wkh zd| ri

vroylqj wkh jdph d�hfwv wkh dssurdfk sdwkv wr wkh orqj0uxq htxloleulxp1

Wkh vroxwlrq lqfoxghv/ dv iru wkh PSQH/ wkh sd|0r�v iru wkh sod|huv/ zklfk

duh jlyhq iru wkh ydoxh ixqfwlrq iru wkh lqlwldo ydoxh ri wkh vwdwh yduldeoh/
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Zh �qg djdlq wkdw li wkh lqlwldo fxpxodwlyh hplvvlrqv duh }hur/ wkh glvfrxqwhg
suhvhqw ydoxhv ri wkh qhw frqvxphuv* zhoiduh dqg sur�wv duh srvlwlyh1

Iroorzlqj wkh vdph surfhgxuh wkdq zh xvhg wr frpsxwh wkh PSQH/ zh
fdq ghulyh wkh g|qdplfv ri wkh udwh ri h{wudfwlrq/ wkh surgxfhu sulfh/ wkh
hplvvlrq wd{ dqg wkh frqvxphu sulfh1
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Zh fdq qrz vxppdul}h wkh g|qdplfv ri wkh yduldeohv dqg wkh orqj0uxq htxl0
oleulxp ri wkh jdph dv iroorzv=

Sursrvlwlrq 9 Dorqj wkh htxloleulxp sdwk wkh udwh ri h{wudfwlrq ghfuhdvhv
zkloh wkh frqvxphu sulfh lqfuhdvhv1 Wkh surgxfhu sulfh lv lqfuhdvlqj +ghfuhdv0
lqj, li 2ES�k7

2
�nk7

�
lv srvlwlyh +qhjdwlyh,/ dqg wkh hplvvlrq wd{ lv lqfuhdvlqj

+ghfuhdvlqj, li Sn2k7
�
�k

7

2
lv qhjdwlyh +srvlwlyh,1 Pruhryhu/ wkh pdunhw htxl0

oleulxp dssurdfkhv d orqj0uxq htxloleulxp fkdudfwhul}hg e|= ^
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E| frpsdulvrq ri wkh wzr vroxwlrqv zh fdq fkhfn wkdw wkh ghwhuplqdqwv

ri wkh wd{ dqg surgxfhu sulfh g|qdplfv dqg wkh mxvwl�fdwlrq ri wkh uhvxowv

rewdlqhg duh wkh vdph dv lq wkh PSQH1 Iru wkh IVH/ wkhuh duh rqo| fkdqjhv

lq wkh fulwlfdo ydoxh ri wkh sdudphwhu _c zklfk ghwhuplqhv zkhwkhu wkh wd{

dqg surgxfhu sulfh duh lqfuhdvlqj ru ghfuhdvlqj1

Lq rughu wr qrw eh uhshwlwlyh zh rqo| suhvhqw khuh wkh h{suhvvlrqv zklfk

h{sodlq wkh g|qdplfv ri wkh wd{ dqg surgxfhu sulfh=
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Iurp wkhvh h{suhvvlrqv/ xvlqj +73,/ zh rewdlq wkh fulwlfdo ydoxhv _7� dqg _
7
R c

gh�qhg dv wkh ydoxhv iru zklfk wkh wd{ dqg wkh surgxfhu sulfh duh frqvwdqw/
l1h1 wkh ydoxhv iru zklfk Sn 2k7
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� k

7

2
dqg 2ES� k

7

2
�n k

7

�
duh }hur1

Ilqdoo|/ zh fdq ghvfuleh wkh gl�huhqw whpsrudo sdwkv wkdw wkh wd{ dqg

surgxfhu sulfh fdq iroorz/ ghshqglqj rq wkh srooxwlrq gdpdjh1 Iluvw/ zh

rewdlq wkh uhodwlrqvkls h{lvwlqj ehwzhhq _
7

� dqg _
7
R � Dv Sn 2k7

�
�k

7

2
lv htxdo

wr S�%
7
n�k7

�
c dqg 2ES�k

7

2
�nk7

�
lv htxdo wr 5+S�%

7�n�k7
�
c zh nqrz wkdw

zkhq _ ' _
7

�c S�%
7
n�k7

�
' f dqg/ frqvhtxhqwo|/ 5+S�%

7�n�k7
�
lv srvlwlyh/

vr wkdw wklv odvw h{suhvvlrq lv }hur iru d ydoxh kljkhu wkdq _
7

�c dqg zh fdq

frqfoxgh wkdw _7� lv orzhu wkdq _7R � Hvwdeolvkhg wkh frpsdulvrq ehwzhhq _7�
dqg _7�(zh fdq fkdudfwhul}h wkh whpsrudo wudmhfwrulhv ri wkh wd{ dqg surgxfhu

sulfh/ ghshqglqj rq wkh ydoxh ri sdudphwhu _� Jlyhq S dqg Bc li _ lv orzhu

wkdq _7� wkh sulfh lv lqfuhdvlqj dqg wkh wd{ lv ghfuhdvlqj/ li _ lv lq wkh lqwhuydo
+_7�c_

7
R � wkh sulfh dqg wd{ duh lqfuhdvlqj dqg/ �qdoo|/ li _ lv kljkhu wkdq _

7

R

wkh sulfh lv ghfuhdvlqj dqg wkh wd{ lv lqfuhdvlqj1 Wklv odvw uhodwlrqvkls fdq

dovr eh suhvhqwhg dv iroorzv=

Fruroodu| 6 Li dq lqfuhdvh lq fxpxodwlyh hplvvlrqv kdv dq h�hfw rq pdujlqdo

gdpdjh kljkhu wkdq 2_
7

R c wkh rswlpdo surgxfhu sulfh lv ghfuhdvlqj zkhuhdv wkh

rswlpdo wd{ lv lqfuhdvlqj1

Uhphpehu wkdw wkh h�hfw ri dq lqfuhdvh lq fxpxodwlyh hplvvlrqv rqpdujlqdo

gdpdjh lv jlyhq e| Y2(*Y52 zklfk lv htxdo wr 2_c dqg wkhuhiruh lw lv d vxi0

�flhqw frqglwlrq wkdw Y2(*Y52 wr eh kljkhu wkdq 2_7R wr kdyh dq lqfuhdvlqj

wd{ zlwk d ghfuhdvlqj sulfh1

8 Dq dgydqwdjhrxv sljrxyldq wd{

Lq wklv vhfwlrq zh ghyhors wkh frpsdulvrq ehwzhhq wkh wzr htxloleuld frp0

sxwhg lq wkh suhylrxv vhfwlrqv1 Iluvw/ zh irfxv rq wkh sod|huv* sd|0r�v1 Iurp
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wklv frpsdulvrq zh rewdlq wkdw zkhq wkh jryhuqphqwv fdq �{ wkh wd{ eh0

iruh wkh surgxfhuv �{ wkh sulfh/ wkh wd{ doorzv wkhp wr lqfuhdvh wkh zhoiduh

ri wkh frqvxphuv1 Lq wklv vhqvh/ zh vd| wkdw wkh wd{ lv dgydqwdjhrxv iru

wkh frqvxphuv ri uhvrxufh lpsruwlqj frxqwulhv/ vlqfh wkh vwudwhjlf sljrxyldq

wd{dwlrq ri FR2 hplvvlrqv vxssrvhv d wudqvihu iurp wkh fduwho wr wkh frq0

vxphuv1 Krzhyhu/ li zh orrn dw wkh djjuhjdwh zhoiduh/ zh �qg wkdw wkhuh lv d

ghdgzhljkw zhoiduh orvv lq whupv ri glvfrxqwhg suhvhqw ydoxh ri Pduvkdooldq

djjuhjdwh vxusoxv1 Khqfh/ dowkrxjk wkh wd{ lv dgydqwdjhrxv iru wkh lpsruw0

lqj frxqwulhv zkhq wkh jryhuqphqwv pryh �uvw/ wkh h!flhqf| ri wkh pdunhw

ghfuhdvhv1 Wkh iroorzlqj sursrvlwlrq vxppdul}hv wkhvh uhvxowv=

Sursrvlwlrq : Zkhq wkh lpsruwlqj frxqwu| jryhuqphqwv kdyh d vwudwhjlf

dgydqwdjh wkh frqvxphuv* zhoiduh lqfuhdvhv/ dqg wkh surgxfhuv* sur�wv dqg

djjuhjdwh zhoiduh ghfuhdvh zlwk uhvshfw wr Pdunry0shuihfw Qdvk htxloleulxp1

Surri1 Vhh Dsshqgl{ E1

Lq wklv iudphzrun/ wkh uhvrxufh fduwho frxog eh lqwhuhvwhg lq qhjrwldwlqj

zlwk wkh frdolwlrq ri lpsruwlqj frxqwu| jryhuqphqwv d froodwhudo sd|phqw lq

rughu wr uhgxfh wkh qhjdwlyh h�hfw ri wkh jryhuqphqwv* vwudwhjlf dgydqwdjh

rq lwv sur�wv1 Dv orqj dv wkh djjuhjdwh sd|0r�v duh kljkhu iru wkh PSQH/

wkh uhvrxufh fduwho frxog wudqvihu wr wkh lpsruwlqj frxqwulhv d sduw ri lwv

sur�wv lq h{fkdqjh iru d Qdvk wd{lqj vwudwhj|1 Hyhq lq vxfk d vlwxdwlrq wkh

fduwho frxog vwloo jhw d sd|0r� kljkhu wkdq lq wkh IVH1 Wklv rshqv xs wkh

dqdo|vlv ri wkh vwudwhjlf lqwhudfwlrq ehwzhhq d uhvrxufh fduwho dqg d frdolwlrq

ri uhvrxufh lpsruwlqj frxqwu| jryhuqphqwv wr wkh dssolfdwlrq ri frrshudwlyh

jdph wkhru|1

Lq wkh vhfrqg sodfh/ zh frpsduh wkh rswlpdo vwudwhjlhv dqg wkh lqlwldo

ydoxhv ri wkh wd{ dqg surgxfhu sulfh1 Zh fdq vxppdul}h wkh �qglqjv dv

iroorzv=

Sursrvlwlrq ; Wkh IVH lv pruh frqvhuydwlyh wkdq wkh PSQH/ l1h1/ jlyhq

dq| uhvrxufh vwrfn ohyho/ wkh Qdvk h{wudfwlrq udwh h{fhhgv wkh Vwdfnhoehuj h{0

wudfwlrq udwh1 Pruhryhu/ wkh lqlwldo ydoxh iru wkh wd{ lq wkh PSQH lv orzhu

wkdq lq wkh IVH/ zkhuhdv wklv uhodwlrqvkls uhyhuvhv iru wkh surgxfhu sulfh1

Surri1 Vhh Dsshqgl{ F1

Qrwlfh wkdw wkhvh uhvxowv duh lqghshqghqw ri wkh sdudphwhu ydoxhv1 Wkh
vwudwhjlf dgydqwdjh ri wkh lpsruwlqj frxqwu| jryhuqphqwv wudqvodwhv lqwr d
kljkhu lqlwldo ydoxh iru wkh hplvvlrq wd{ dqg d orzhu ydoxh iru wkh surgxfhu
sulfh/ wkxv fdxvlqj d wudqvihu ri uhqwv iurp surgxfhuv wr frqvxphuv1 Lq wklv
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iudphzrun/ wkh dssolfdwlrq ri d wd{ lq wkh lpsruwlqj frxqwulhv lv dgydqwd0

jhrxv iru wkh frqvxphuv/ zkr sd| d orzhu surgxfhu sulfh1 Revhuyh wkdw iru
wkh frqvxphuv* zhoiduh wklv lv wkh uhohydqw yduldeoh/ dv fdq eh vhhq lq h{suhv0
vlrq +4,/ vlqfh zh kdyh dvvxphg wkdw wkh jryhuqphqw frpsohwho| uhlpexuvhv
wkurxjk dq lqfrph wudqvihu wkh wd{ froohfwhg iurp wkh frqvxphuv481

Lw fdq eh dovr hvwdeolvkhg wkdw li wkh hqylurqphqwdo gdpdjh lv orz hqrxjk/
wkh PSQH wd{ lv dozd|v orzhu wkdq wkh IVH wd{1 Krzhyhu/ li wkh frqwudu|
rffxuv/ l1h1/ li wkh hqylurqphqwdo gdpdjh lv qrw orz hqrxjk/ wkh hplvvlrq
wd{ iru wkh PSQH lv �uvw ehorz exw odwhu deryh wkh hplvvlrq wd{ iru wkh

IVH1 Vrphwklqj vlplodu kdsshqv wr wkh surgxfhu sulfh1 Li wkh hqylurqphqwdo

gdpdjh lv orz hqrxjk/ wkh PSQH surgxfhu sulfh lv dozd|v kljkhu wkdq wkh

IVH surgxfhu sulfh1 Li wklv lv qrw wkh fdvh wkh whpsrudo sdwkv lqwhuvhfw

rqfh1 Qhyhuwkhohvv/ hyhq lq wklv fdvh/ wkh qhw h�hfw rq frqvxphuv* zhoiduh lv

srvlwlyh/ dv zh kdyh douhdg| vkrzq lq Surs1 :1 Wklv lv ehwwhu xqghuvwrrg li

lw lv uhphpehuhg wkdw wkh glvfrxqw h�hfw jlyhv juhdwhu zhljkw wr wkh sd|0r�v

forvhu wr wkh suhvhqw1 Dqg wr frqfoxgh/ zh frpsduh wkh dssurdfk sdwkv lq

pruh ghwdlo=

Sursrvlwlrq < Wkh fxpxodwlyh h{wudfwlrqv iru wkh PSQH duh kljkhu wkdq

iru wkh IVH iru doo | 5 Efc4�� Krzhyhu/ wklv yduldeoh frqyhujhv dv|pswrwlfdoo|

wr wkh vdph ydoxh lq erwk fdvhv1 Wkh udwh ri h{wudfwlrq iru wkh PSQH lv �uvw

deryh exw odwhu ehorz wkh IVH udwh ri h{wudfwlrq1 Wklv uhodwlrqvkls uhyhuvhv iru

wkh frqvxphu sulfh1 Pruhryhu/ li wkh hqylurqphqwdo gdpdjh lv kljk hqrxjk/

wkh hplvvlrq wd{ iru wkh PSQH lv �uvw ehorz exw odwhu deryh wkh IVH hplvvlrq

wd{1 Wklv uhodwlrqvkls uhyhuvhv iru wkh surgxfhu sulfh1

Surri1 Vhh Dsshqgl{ G1

9 Frqfoxvlrqv

Zh kdyh h{dplqhg wkh vwudwhjlf sljrxyldq wd{dwlrq ri FR2 hplvvlrqv lq wkh

iudphzrun ri d joredo zduplqj gl�huhqwldo jdph zlwk ghsohwlrq h�hfwv eh0

wzhhq d uhvrxufh h{sruwlqj fduwho dqg d frdolwlrq ri uhvrxufh lpsruwlqj frxq0

wu| jryhuqphqwv1 Zh kdyh ghwhuplqhg wkh lqwhuwhpsrudo surshuwlhv ri wkh

fduerq wd{ vkrzlqj wkdw wkhvh ghshqg rq wkh lpsruwdqfh ri hqylurqphqwdo

gdpdjh lq frpsdulvrq zlwk ghsohwlrq h�hfwv1 Qhyhuwkhohvv/ zh kdyh irxqg

wkdw li hqylurqphqwdo gdpdjh lv kljk hqrxjk wkh wd{ vkrxog eh lqfuhdvlqj

48Vhh Zluo dqg Grfnqhu +4<<8, iru d vwxg| ri krz wkh Ohyldwkdq prwlyh ri wkh jryhuq0
phqwv d�hfwv wkh PSQH ri d joredo zduplqj gl�huhqwldo jdph zlwkrxw h{wudfwlrq frvwv1
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dqg wkh surgxfhu sulfh ghfuhdvlqj1 Ehvlghv/ zh kdyh vkrzq wkdw li wkh jryhuq0

phqwv gr qrw kdyh dq| vwudwhjlf dgydqwdjh/ wkh sljrxyldq wd{ rqo| fruuhfwv

wkh pdunhw lqh!flhqf| fdxvhg e| wkh vwrfn h{whuqdolw| dqg wkdw/ lq wkdw fdvh/

wkh vwudwhjlf wd{dwlrq ri hplvvlrqv grhv qrw d�hfw wkh prqrsrolvwlf srzhu ri

wkh fduwho1 Li wkh jryhuqphqwv dfw dv wkh ohdghu ri wkh jdph/ wkh frqvxphuv

jhw d kljkhu zhoiduh/ exw/ wkh pdunhw h!flhqf| ghfuhdvhv zlwk uhvshfw wr wkh

Pdunry0shuihfw Qdvk htxloleulxp1 Lq wklv fdvh wkh wd{ lv dgydqwdjhrxv iru wkh

lpsruwlqj frxqwulhv exw lw fdxvhv d zhoiduh orvv lq whupv ri wkh Pduvkdooldq

djjuhjdwh vxusoxv suhvhqw ydoxh lq frpsdulvrq zlwk wkh Pdunry0shuihfw Qdvk

htxloleulxp1 Pruhryhu/ dowkrxjk wkh IVH vwudwhj| lv pruh frqvhuydwlrqlvw/

lwv h�hfw lv rqo| wudqvlhqw ehfdxvh wkh orqj0uxq htxloleulxp lv wkh vdph/ vlqfh

wkh pdunhw dssurdfkhv wkh vdph vwrfn ri fxpxodwlyh hplvvlrqv lq erwk fdvhv1

Wkh uhvxow lv wkdw qhlwkhu iurp dq hqylurqphqwdo srlqw ri ylhz qru iurp dq

hfrqrplf shuvshfwlyh lv lw dgydqwdjhrxv wkdw d frxqwu| ru uhjlrq pryhv �uvw1

Krzhyhu/ li wklv grhv rffxu/ zh kdyh vkrzq wkdw wkh uhvrxufh lpsruwlqj frxq0

wu| fdq xvh dq hplvvlrq wd{ wr lqfuhdvh wkh zhoiduh wkdw frqvxphuv rewdlq

iurp frqvxpswlrq ri wkh uhvrxufh1

Wkh vfrsh ri rxu uhvxowv lv olplwhg e| wkh vshfl�fdwlrq ri wkh jdph dqg wkh

luuhyhuvlelolw| dvvxpswlrq iru wkh hplvvlrqv1 Krzhyhu/ wklv dssurdfk vhhpv wr

xv/ iru wkh prphqw/ lqhylwdeoh wr pdnh wkh dqdo|vlv wudfwdeoh491 Reylrxvo|/

wkhvh olplwdwlrqv srlqw rxw gluhfwlrqv iru dgglwlrqdo uhvhdufk/ dowkrxjk lq wkh

iudphzrun ri wkh prgho ghyhorshg lq wklv sdshu vrph dgglwlrqdo h{whqvlrqv

frxog eh frqvlghuhg1 Zh kdyh vxssrvhg wkdw wkh vwrfn h{whuqdolw| lv odujho|

luuhohydqw wr wkh zhoiduh ri h{sruwlqj frxqwulhv1 Krzhyhu/ wklv uhgxfhv wkh

joredo fkdudfwhu ri wkh juhhqkrxvh h�hfw1 Iru wklv uhdvrq lw zrxog eh lqwhuhvw0

lqj wr lqwurgxfh lqwr wkh dqdo|vlv hqylurqphqwdo gdpdjh dorqj zlwk grphvwlf

hqhuj| frqvxpswlrq lq wkh h{sruwlqj frxqwulhv/ dqg wr vwxg| wkh lvvxh ri wkh

xqlodwhudo wd{dwlrq ri FR2 hplvvlrqv1 Dqrwkhu h{whqvlrq frxog eh wr lqfuhdvh

wkh qxpehu ri wkh lpsruwlqj frxqwulhv wr dqdo|}h wkh lvvxh ri frrshudwlrq

dprqj wkh lpsruwlqj frxqwulhv wr frqwuro wkh joredo zduplqj sureohp1 Il0

qdoo|/ frrshudwlyh jdph wkhru| frxog eh dssolhg zkhq wkh lpsruwlqj frxqwu|

jryhuqphqwv kdyh vrph vwudwhjlf dgydqwdjh/ vlqfh lq wklv fdvh frrshudwlrq

frxog lqfuhdvh wkh sd|0r�v ri wkh wzr sod|huv1

49Qrwlfh wkdw wkh luuhyhuvlelolw| ri hplvvlrqv doorzv xv wr zrun zlwk d xqltxh vwdwh
yduldeoh1 Vhh Wdkyrqhq +4<<9,/ Vhfwlrq 7 wr jhw dq lghd ri wkh gl!fxowlhv wkdw dsshdu
zkhq wzr vwdwh yduldeohv duh frqvlghuhg1
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D Ghulydwlrq ri olqhdu Pdunry0shuihfw Qdvk

htxloleulxp vwudwhjlhv

Wkh olqhdu vwudwhjlhv fdq eh ghwhuplqhg e| sursrvlqj txdgudwlf vroxwlrqv iru

wkh ydoxh ixqfwlrqv=

`�E5� '
�

2
k�
�
52 n q�

�
5 n >�

�
c

`2E5� '
�

2
k�
2
52 n q�

2
5 n >�

2
�

Vxevwlwxwlqj wkh ydoxh ixqfwlrqv dqg wkhlu �uvw ghulydwlyhv lqwr wkh Ehoopdq

htxdwlrqv dqg htxdwlqj frh!flhqwv |lhogv wkh iroorzlqj v|vwhp ri htxdwlrqv4:

B

2
k� '

�

H
ES� k� � k2�

2
� _c +85,

Bq
�
' �

�

e
E@n q

�
n q

2
�ES� k� � k2�c +86,

B>
�
'

�

H
E@n q

�
n q

2
�2c +87,

B

2
k2 '

�

e
ES� k� � k2�

2
c +88,

Bq
2
' �

�

2
E@n q

�
n q

2
�ES� k� � k2�c +89,

B>
2
'

�

e
E@n q

�
n q

2
�2� +8:,

Hyhq wkrxjk wklv v|vwhp ri htxdwlrqv suhvhqwv d uhfxuvlyh vwuxfwxuh lwv vrox0

wlrq lv txlwh orqj dqg frpsoh{1 Krzhyhu/ d vlpsoh wudqvirupdwlrq hqruprxvo|

vlpsol�hv lwv vroxwlrq1 Zh gh�qh % ' k�nk2 dqg + ' q
�
nq

2
dqg dgg htxd0

wlrqv +85, dqg +88, dqg htxdwlrqv +86, dqg +89,/ rewdlqlqj d vlpsol�hg v|vwhp
ri htxdwlrqv lq wkh qhz yduldeohv=

B% '

�

e
ES� %�2 � 2_c +8;,

B+ ' �

�

e
E@n +�ES� %�� +8<,

Lq wkh oljkw ri wkhvh wzr htxdwlrqv dqg wkh gl�huhqwldo htxdwlrqv +;, dqg
+<,/ lw dsshduv wkdw wkh vroxwlrq fruuhvsrqgv wr dq djjuhjdwh ydoxh ixqfwlrq
T ' `� n `2 '

�

2
%52 n +5 n � zkrvh frh!flhqwv pxvw vdwlvi| htxdwlrq=

BT ' �*HE@� S5 n T
�

�2 � _5
2
� Htxdwlrq +8;, kdv wzr uhdo urrwv1 Zh fkrrvh

4:Wkh vxshuvfulsw Q zloo eh rplwwhg zkhq qr frqixvlrq dulvhv1
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wkh rqh zklfk vdwlv�hv wkh vwdelolw| frqglwlrq= _ �5*_5 	 f1 Wr dsso| wklv
frqglwlrq/ zh zulwh wkh udwh ri h{wudfwlrq +44, lq whupv ri frh!flhqwv % dqg
+/ uhvxowlqj lq ^ ' �*2d@ n + � ES � %�5oc dqg wkhq dv �5 ' ^ zh kdyh wkdw

_ �5*_5 ' ��*2ES � %� 	 fc zklfk uhtxluhv wkdw S � % : f� H{suhvvlrq +48,
lv wkh urrw wkdw vdwlv�hv wklv frqglwlrq1 Jlyhq wkh ydoxh ri %c +8<, |lhogv
wkh ydoxh ri wkh frh!flhqw +( vhh +49,1 Nqrzohgjh ri wkhvh wzr frh!flhqwv
lv vx!flhqw iru wkh frpsxwdwlrq ri wkh udwh ri h{wudfwlrq/ dv fdq eh vhhq
deryh/ dqg wkh frqvxphu sulfh Z� Wr rewdlq wkh surgxfhu sulfh dqg wkh wd{
vwudwhjlhv/ zh qhhg wr vroyh +D2�/ +86,/ +88, dqg +89,/ xvlqj +8;, dqg +8<,/ wr
rewdlq k�cq�

c k2 dqg q
2
1

Ilqdoo|/ zh vroyh wkh �uvw rughu gl�huhqwldo htxdwlrq �5 ' �*2d@n +� ES�
%�5o wr rewdlq wkh orqj0uxq fxpxodwlyh h{wudfwlrq htxloleulxp1 Wkh vroxwlrq

wr wklv htxdwlrq lv=

5 ' � i Ti��*2ES� %�|jn
@n +

S� %
c +93,

zkhuh E@n +�*ES�%� lv wkh sduwlfxodu vroxwlrq �5 ' f dqg � lv dq lqwhjudwlrq

frqvwdqw1 Wkhq/ dv S�% lv srvlwlyh/ wkh orqj0uxq htxloleulxp lv wkh sduwlfxodu

vroxwlrq1 Li zh vxevwlwxwh @n + lq wkh orqj0uxq htxloleulxp ydoxh zh jhw=

5
"
'

e@B

eSB � eB%n �ES� %�2
c

zklfk fdq eh uhzulwwhq dv=

5
"
'

e@B

eSB n H_
'

@B

SB n 2_
c +94,

wdnlqj lqwr dffrxqw wkdw �eB% n �ES � %�2 ' H_c dffruglqj wr +8;,1 Wkhq
xvlqj wkh lqlwldo frqglwlrq/ 5fc wr holplqdwh wkh lqwhjudwlrq frqvwdqw zh jhw
wkh rswlpdo g|qdplfv ri wkh vwdwh yduldeoh ri wkh jdph=

5 ' E5f � 5
"
� i Ti��*2ES� %�|jn 5

"
c +95,

dqg e| vxevwlwxwlrq lq wkh olqhdu vwudwhjlhv wkh g|qdplfv ri wkh uhvw ri wkh
yduldeohv ri wkh prgho/ dfklhylqj d frpsohwh dqdo|wlfdo fkdudfwhul}dwlrq ri
wkh Pdunry0shuihfw Qdvk htxloleulxp1

E Surri ri Sursrvlwlrq :

Iluvw/ zh frpsduh wkh sod|huv* sd|0r�v1 Iru wkh frqvxphuv wkh h�hfw ri
wkh lpsruwlqj frxqwu| jryhuqphqwv* vwudwhjlf dgydqwdjh rq wkh glvfrxqwhg
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suhvhqw ydoxh wkh| jhw iurp frqvxpswlrq ri wkh uhvrxufh/ lv jlyhq e| wkh
gl�huhqfh ehwzhhq`�

�
Ef� dqg`7

�
Ef�1 Li zh orrn dw wkhvh wzr h{suhvvlrqv/ lw

lv hdv| wr fkhfn wkdw wkh uhodwlrqvkls h{lvwlqj ehwzhhq wkh sd|0r�v ghshqgv rq

wkh uhodwlrqvkls ehwzhhq +
� dqg +

7
� Wr hvwdeolvk wkh vljq ri wklv uhodwlrqvkls/

ohw*v vxssrvh wkdw +
7 � +

�
� Wklv lpsolhv wkdw=

�
D@ES� %

7�

bB n DES� %7�
� �

�@ES� %
� �

eB n �ES � %� �
�

Pxowlso|lqj wkh qxphudwruv e| wkh ghqrplqdwruv dqg wkh uhvxowlqj h{suhvvlrq

e| 04/ zh rewdlq=

2.ES� %
�� � 2fES � %

7�c +96,

zkhuh

S � %
�
'

�

2

+
�

e

�
B n

�
�S

�

�
SB n

B
2

�
n 2_

���*2,
c +97,

S� %
7
'

�

2

+
�

b

D
B n

�
b

D

�
eSB n

bB
2

D
n H_

���*2,
� +98,

Vxevwlwxwlqj wkhvh wzr h{suhvvlrqv lq +96, zh jhw=

2.

�
�S

�

�
SB n

B
2

�
n 2_

���*2
� 2f

�
b

D

�
eSB n

bB
2

D
n H_

���*2
c

dqg udlvlqj wr vtxduh dqg vlpsoli|lqj zh jhw d frqwudglfwlrq= �ffHSB n

2f�S_ � fc dqg zh pxvw dgplw wkdw +
� 	 +7 c dqg khqfh wkdw `�

�
Ef� 	

`
7

2
Ef�� Dv rqh zrxog h{shfw/ wkh vwudwhjlf dgydqwdjh ri lpsruwlqj frxqwu|

jryhuqphqwv kdv d srvlwlyh h�hfw rq wkh frqvxphuv* zhoiduh1

Iru wkh h{sruwlqj frxqwulhv wkh sd|0r� gl�huhqfh lv jlyhq e| wkh gl�huhqfh

ehwzhhq `�

2
Ef� dqg `

7

2
Ef�1 Zh kdyh mxvw rewdlqhg wkdw +

� 	 +7 c exw dv

�*bB 	 �*eB zh fdqqrw gluhfwo| hvwdeolvk wkh frpsdulvrq1 Ohw*v vxssrvh wkdw

`
�

2
Ef� � ` 7

2
Ef�� Wklv lqhtxdolw| lpsolhv wkdw=

�E@n +
�� � 2E@n +

7�c

zkhuh

@n +� '
e@B

eB n �ES� %
� �

c +99,

@n +7 '
b@B

bB n DES� %
7�

� +9:,
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Pxowlso|lqj wkh qxphudwruv e| wkh ghqrplqdwruv dqg uhduudqjlqj whupv zh
rewdlq=

SB n �fES� %
7� � bES� %

��c +9;,

dqg vxevwlwxwlqj +97, dqg +98, |lhogv=

SB n �f

�
b

D

�
eSB n

bB
2

D
n H_

���*2

� b

�
�S

�

�
SB n

B
2

�
n 2_

���*2
�

Ilqdoo|/ udlvlqj wr vtxduh zh jhw=

2�SB
2
n 2HHSB n D.S_n �2fB

�
b

D

�
eSB n

bB
2

D
n H_

���*2
� fc

zklfk lv d frqwudglfwlrq/ dqg zh frqfoxgh wkdw wkh surgxfhuv rewdlq d orzhu

sd|0r� zkhq wkh lpsruwlqj frxqwu| jryhuqphqwv pryh �uvw1

Wr frpsohwh wkh dqdo|vlv zh frpsxwh wkh yduldwlrq lq wkh djjuhjdwh sd|0

r�v/ zklfk lv jlyhq e| wkh gl�huhqfh ehwzhhq=

T � Ef� ' `�

�
Ef� n`�

2
Ef� '

�

HB
E@n +� �2c +9<,

dqg

T
7Ef� ' ` 7

�
Ef� n`7

2
Ef� '

D

�HB
E@n +7�2� +:3,

Ohw*v vxssrvh wkdw T � Ef� � T
7Ef�( wkhq

2.E@n +
� �2 � 2fE@n +

7�2c

vxevwlwxwlqj +99, dqg +9:, iru @n +
�

dqg @n +
7
zh rewdlq=

e
�
bB n DES� %

7�
�2
� �D

�
eB n �ES� %

� �
�2

�

Ghyhorslqj wkh vtxduhv |lhogv=

HeB
2
n �SfBES� %

7� n �ffES� %
7�2

� �SfBES� %
� � n ��DES� %

��2�

5:



Qrz vxevwlwxwlqj +97, dqg +98, iru S� %
� dqg S� %

7 zh jhw=

e2B n bf

�
b

D

�
eSB n

bB
2

D
n H_

���*2

� bf

�
�S

�

�
SB n

B
2

�
n 2_

���*2
�

Ilqdoo|/ udlvlqj wr vtxduh dqg vlpsoli|lqj whupv/ zh rewdlq wkh iroorzlqj

frqwudglfwlrq=

f � �D�2fB n ��SfHB
2
n �f2ef_

n.DSfB

�
b

D

�
eSB n

bB
2

D
n H_

���*2
�

Wkh vljq ri wklv lqhtxdolw| ohdgv xv wr frqfoxgh wkdw wkh djjuhjdwh sd|0r�v

ghfuhdvh zkhq wkh jryhuqphqwv hqmr| d vwudwhjlf dgydqwdjh4;1

F Surri ri Sursrvlwlrq ;

Lq wklv surri zh frpsduh wkh rswlpdo olqhdu vwudwhjlhv dqg wkh lqlwldo ydoxhv

ri wkh wd{ dqg wkh surgxfhu sulfh1 Li zh wdnh lqwr dffrxqw wkdw wkh vwudwhjlhv

duh olqhdu dqg gh�qhv wkh vdph udwh ri h{wudfwlrq iru wkh vdph orqj0uxq

htxloleulxp ydoxh ri wkh fxpxodwlyh hplvvlrqv/ lw lv vx!flhqw wr nqrz wkh

uhodwlyh srvlwlrq ri wkh lqghshqghqw whupv wr pdnh wkh frpsdulvrq1 Iurp wkh

frpsdulvrq ehwzhhq wkh surgxfhu sd|0r�v/ zh nqrz wkdw ` 7

2
Ef� ' �*bBE@n

+7�2 	 `�

2
Ef� ' �*eBE@n +� �2c zklfk lpsolhv wkdw �*�E@n +7� 	 �*2E@n

+� �c dqg wkdw wkh lqghshqghqw whup iru wkh PSQH vwudwhj| lv kljkhu wkdq

wkh rqh iru wkh IVH vwudwhj|1 Wkxv/ jlyhq dq| uhvrxufh vwrfn ohyho/ wkh Qdvk

h{wudfwlrq udwh h{fhhgv wkh Vwdfnhoehuj h{wudfwlrq udwh1 Ixuwkhupruh/ wdnlqj

lqwr dffrxqw wkh uhodwlrq ehwzhhq wkh lqghshqghqw whupv/ wkh frpsdulvrq

ehwzhhq wkh vorsh ri wkh vwudwhjlhv lv lpphgldwh1 Dv orqj dv ^
�

"
' ^

7

"
dqg

5
�

"
' 5

7

"
' 5

"
zh kdyh wkdw
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2
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�
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ES� %
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wkdw fdq eh uhzulwwhq dv
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�
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�

4;Wkhvh uhvxowv fdq dovr eh rewdlqhg iru }3 9@ 3> surylghg wkh h{sorlwdwlrq ri wkh uhvrxufh

lv sur�wdeoh1 Krzhyhu/ dv zh lqglfdwhg lq Vhfwlrq 6/ zh zloo qrw ghyhors khuh wkh frpsohwh

dqdo|vlv ri wklv lvvxh1 Ghwdlov duh dydlodeoh iurp wkh dxwkruv1

5;



Wkhq/ dv wkh gl�huhqfh lq wkh o1k1v1 lv srvlwlyh/ zh kdyh wkdw

�*�ES� %7� 	 �*2ES� %���

Qrz/ zh irfxv rq wkh frpsdulvrq ehwzhhq wkh lqlwldo ydoxhv ri wkh wd{ dqg

surgxfhu sulfh1 Iru | ' fc zh nqrz iurp +5<, dqg +7;, wkdw �� Ef���7Ef� '
dk�

�
� �*�ESn2k7
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�
��*�ES�%7� dqg dv S�%

7 lv srvlwlyh/ wkh vljq ri

wkh gl�huhqfh ehwzhhq wkh lqlwldo ydoxhv ri wkh wd{ ghshqgv rq wkh vljq ri wkh

gl�huhqfh ehwzhhq wkh sdudphwhuv=k�
�
� k

7

�
c zkhuh k�

�
lv jlyhq e| +53, dqg

k
7

�
lv rewdlqhg lq wkh vdph zd| dv k�

�
dqg lv htxdo wr �*Bd�*�ES� %7�2� 2_o�

Vr zh fdq zulwh=
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� k
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�

eB
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ES� %

7�2c

zkhuh zh fdq revhuyh wkdw wkh vljq ri wklv gl�huhqfh ghshqgv rq wkh uhod0

wlrqvkls ehwzhhq %
� dqg %

7
� Ohw*v vxssrvh wkdw %

� � %
7
� Xvlqj +48, iurp

Surs1 6 dqg +73, iurp Surs1 8 |lhogv=
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dqg udlvlqj wr vtxduh/ zh jhw=
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dqg udlvlqj wr vtxduh djdlq zh kdyh wkh iroorzlqj frqwudglfwlrq= ESB�2 n
eS_B n e_ � f� Wklv frqwudglfwlrq doorzv xv wr hvwdeolvk wkdw %7 	 %

� zklfk

lpsolhv wkdw S�%
�
	 S�%

7
dqg wkdw k

�

�
�k

7

�
	 fc zlwk wkh �qdo uhvxow wkdw

�� Ef� 	 �7Ef�� Iru wkh frpsdulvrq ri wkh lqlwldo surgxfhu sulfh zh rewdlq

wkdw R
� Ef� � R
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c xvlqj
+5;, dqg +7:, iru | ' fc zkhuh �*�E2ES � k7
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k
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n2*�ES�%7���*2ES�%� � lv srvlwlyh/ vlqfh zh kdyh mxvw frqfoxghg

wkdw S�%
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lv ohvv wkdq S�%
7
dqg k

�

�
lv ohvv wkdq k7

�
� Wkxv/ zh fdq frqfoxgh

wkdw R7Ef� 	 R�Ef��

G Surri ri Sursrvlwlrq <

Zh ehjlq frpsdulqj wkh whpsrudo sdwkv ri fxpxodwlyh h{wudfwlrqv1 Iru wkh
PSQH wkh g|qdplfv ri wklv yduldeoh lv jlyhq e| +95, wkdw/ iru 5f ' fc fdq
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eh zulwwhq dv 5
�
' 5

"
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� � i Ti��*2ES� %� �|j

�
� Iru wkh IVH/ iroorzlqj

wkh vdph vwhsv dv zh kdyh suhvhqwhg lq Dsshqgl{ D iru wkh frpsxwdwlrq ri

wkh PSQH/ zh jhw 5
7
' 5

"

�
�� i Ti��*�ES� %7�|j

�
c vr wkdw wkh gl�huhqfh

ehwzhhq wkh whpsrudo sdwkv lv=

5
�
� 5

7
' 5

"
di Ti��*�ES� %7�|j� i Ti��*2ES� %� �|joc

zklfk lv srvlwlyh iru doo | 5 Efc4� vlqfh �*�ES � %7� 	 �*2ES � %� �c dv zh
kdyh vkrzq lq wkh surri ri Surs1 ;1 Iru wkh frpsdulvrq ri wkh h{wudfwlrq
udwh whpsrudo sdwkv zh xvh +5:, dqg +79,1 Lq wklv fdvh wkh gl�huhqfh ehwzhhq
wkh wzr whpsrudo sdwkv lv jlyhq e| wkh iroorzlqj h{suhvvlrq=
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��*�E@n +7� i Ti��*�iS � %7�|j�

Iru | ' f zh nqrz wkdw wkh gl�huhqfh ^� Ef��^
7Ef� lv srvlwlyh/ vlqfh �*2E@n

+� � : �*�E@n+7�c dv zh hvwdeolvkhg lq wkh frpsdulvrq ri wkh olqhdu vwudwhjlhv

ri wkh wzr htxloleuld> vhh dovr suhylrxv surri1 Iru | 9' f zh fdq �qg wkh

qxpehu ri lqwhuvhfwlrq srlqwv iurp wkh htxdwlrq ^
7
� ^

�
' f� Wklv htxdwlrq

fdq eh zulwwhq dv=

�*�E@n +7�

�*2E@n +��
' i Ti�*�ES� %7�|� �*2ES� %� �|jc +:4,

zkhuh wkh o1k1v1 lv d srvlwlyh frqvwdqw ohvv wkdq rqh dqg wkh u1k1v1 lv d
ghfuhdvlqj dqg frqyh{ ixqfwlrq zklfk wdnhv wkh ydoxh rqh iru | ' fc dqg
whqgv wr }hur zkhq | whqgv wr lq�qlw|1 Wklv vkrzv xv wkdw wkh whpsrudo
sdwkv fxw hdfk rwkhu rqfh lq wkh lqwhuydo dfc4�c dqg/ frqvhtxhqwo|/ zh fdq

hvwdeolvk wkdw iru f � | 	 |
�

c zkhuh |
� lv wkh vroxwlrq wr htxdwlrq +:4,/ wkh

PSQH h{wudfwlrq udwh lv kljkhu wkdq wkh IVH h{wudfwlrq udwh/ zkhuhdv iru
|
�

	 | wkh uhodwlrqvkls ehwzhhq wkh wzr whpsrudo wudmhfwrulhv lv wkh frqwudu|1
Li zh qrz frpsduh wkh whpsrudo wudmhfwrulhv iru wkh frqvxphu sulfh gh�qhg
e| +63, dqg +7<,/ lw lv hylghqw wkdw wkh uhodwlrqvkls ehwzhhq wkh sulfhv lv wkh
lqyhuvh ri wkh rqh zh kdyh mxvw hvwdeolvkhg iru wkh txdqwlwlhv/ dqg wkdw wkh
lqwhuvhfwlrq srlqw lv wkh vdph iru wkh sulfhv dv iru wkh txdqwlwlhv1

Wkh frpsdulvrq ehwzhhq wkh hplvvlrq wd{ dqg surgxfhu sulfh uhtxluhv
wkh dqdo|vlv ri wkh �yh srvvleoh frpelqdwlrqv ri wkh gl�huhqw wudmhfwrulhv wkh
yduldeohv fdq wdnh/ dffruglqj wr zkdw wkh ydoxhv ri wkh sdudphwhuv duh1 Krz0
hyhu/ lq rughu wr dyrlg dq h{fhvvlyho| orqj frpsdudwlyh dqdo|vlv/ zh uhvwulfw
rxuvhoyhv lq wklv dsshqgl{ wr wkh fdvh ri dq lqfuhdvlqj wd{ dqg d ghfuhdvlqj
sulfh/ zklfk fruuhvsrqgv zlwk wkh fdvh ri d gdpdjh sdudphwhu deryh wkh
fulwlfdo ydoxhv/ _�� c _�R c _
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zh suhvhqw ehorz/ lq d vxppdul}hg irup/ d frpsohwh frpsdulvrq iru wkhvh
wzr yduldeohv1

Zh ehjlq zlwk wkh wd{1 Xvlqj +5<, dqg +7;, zh rewdlq wkh gl�huhqfh
ehwzhhq wkh wzr htxloleuld iru wkh whpsrudo sdwk ri wkh wd{=
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Zh kdyh douhdg| hvwdeolvkhg lq Surs1 ; wkdw ��Ef� 	 �7Ef�� Qrz zh vwxg|

li wkhuh h{lvwv d srlqw ri lqwhuvhfwlrq ri wkh wudmhfwrulhv1 Li wklv lv wkh fdvh/

wkh htxdwlrq �M � �7 ' f pxvw kdyh d vroxwlrq jlyhq e|
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Iurp wkh surri ri Surs1 ; zh nqrz wkdw k�
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zh dvvxph wkdw wkh wzr wudmhfwrulhv duh lqfuhdvlqj zh kdyh pruhryhu wkdw
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� 	 f� Iru wklv uhdvrq wkh o1k1v ri +:5, lv d srvlwlyh

frqvwdqw ohvv wkdq xqlw|/ zkhuhdv wkh u1k1v lv wkh vdph h{suhvvlrq dv dsshduv
rq wkh u1k1v ri +:4,/ vr wkdw htxdwlrq +:5, dovr kdv d xqltxh vroxwlrq dqg
zh fdq frqfoxgh wkdw wkh PSQH wd{ lv �uvw ehorz wkh IVH wd{ exw wkdw
odwhu wklv uhodwlrqvkls uhyhuvhv dqg wkh IVH wd{ lv deryh wkh PSQH wd{1
Iru wkh rwkhu srvvleoh fdvhv/ wkdw duh gh�qhg rq wkh edvlv ri wkh iroorzlqj
lqhtxdolwlhv= k�
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� +�� dqg �7 ghfuhdvlqj,/ lw lv hdv| wr vkrz wkdw wkh IVH

wd{ lv kljkhu wkdq wkh PSQH wd{ iru doo | 5 dfc4�� Lq doo wkhvh fdvhv wkh

vwudwhjlf dgydqwdjh ri wkh lpsruwlqj frxqwu| jryhuqphqwv lpsolhv wkdw wkh
hplvvlrq wd{ iru wkh IVH zrxog dozd|v eh deryh wkh wd{ iru wkh PQSH4<1

Ilqdoo|/ zh frpsduh wkh surgxfhu sulfh1 Iurp +5;, dqg +7:, zh �qg wkdw
wkh gl�huhqfh ehwzhhq wkh surgxfhu sulfhv lv=
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Zh kdyh douhdg| hvwdeolvkhg lq Surs1 ; wkdw R
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wkh htxdwlrq iru |c R� � R7 ' fc dqg vkrz wkdw wklv htxdwlrq kdv dq xqltxh

lqwhuvhfwlrq srlqw/ gh�qhg e| wkh vroxwlrq wr=

�*�E2ES� k
7

2
� n k

7

�
�

�*2ESn k�
�
� k

�

2
�

' i Ti�*�ES� %7�|� �*2ES� %� �|j� +:6,

4<
Qrwlfh dovr wkdw #

Q fdqqrw eh ghfuhdvlqj li #V lv lqfuhdvlqj1

64



Wkh u1k1v1 lv wkh vdph dv lq htxdwlrqv +:4, dqg +:5, dqg kdv/ wkhuhiruh/
wkh vdph surshuwlhv1 Pruhryhu/ zh nqrz iurp wkh surri ri Surs1 ; wkdw
�*2ES n k�
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� 	 f dqg/ frqvhtxhqwo|/ wkdw wkh o1k1v lv d srvlwlyh frqvwdqw

orzhu wkdq xqlw|/ uhvxowlqj lq wkh vdph nlqg ri htxdwlrq dv zh rewdlqhg iru wkh
udwh ri h{wudfwlrq dqg wd{/ dqg dv lq wkhvh fdvhv zh �qg d xqltxh vroxwlrq iru
wkh htxdwlrq1 Wklv uhvxow doorzv xv wr frqfoxgh wkdw wkh IVH surgxfhu sulfh
lv lqlwldoo| orzhu wkdq wkh PSQH surgxfhu sulfh dqg wkdw wklv uhodwlrqvkls
shuvlvwv xqwlo |

�c gh�qhg e| htxdwlrq +:6,/ dqg iurp wkdw prphqw fkdqjhv
vxfk wkdw wkh IVH surgxfhu sulfh lv deryh wkh PSQH1

Iru wkh rwkhu srvvleoh sur�ohv ri wkh sulfh wudmhfwrulhv/ zklfk duh ghwhu0
plqhg e| wkh iroorzlqj lqhtxdolwlhv= �*2ESnk�
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� +erwk sulfhv lqfuhdvlqj,/ wkh IVH sulfh lv irxqg wr eh ohvv wkdq wkh

PQSH sulfh iru doo | 5 dfc4�53�

Uhihuhqfhv

^4` Ehujvwurp/ W1F1 +4<;5,/ cRq fdswxulqj rlo uhqwv zlwk d qdwlrqdo h{flvh
wd{*/ Dphulfdq Hfrqrplf Uhylhz :5=4<705341

^5` Eudqghu/ M1 dqg Gmdmlf/ V1 +4<;6,/ cUhqw0h{wudfwlqj wdul�v dqg wkh
pdqdjhphqw ri h{kdxvwleoh uhvrxufhv*/ Fdqdgldq Mrxuqdo ri Hfrqrplfv

49=5;;05<;1

^6` Exfkdqdq/ M1P1 +4<9<,/ cH{whuqdo glvhfrqrplhv dqg fruuhfwlyh wd{hv dqg
pdunhw vwuxfwxuh*/ Dphulfdq Hfrqrplf Uhylhz 8<=4:704::1

^7` Idu}lq/ \1K1 +4<<9,/ cRswlpdo sulflqj ri hqylurqphqwdo dqg qdwxudo uh0
vrxufh xvh zlwk vwrfn h{whuqdolwlhv*/ Mrxuqdo ri Sxeolf Hfrqrplfv 95=640
8:1

^8` Idu}lq/ \1K1 dqg Wdkyrqhq/ R1 +4<<9,/ cJoredo fduerq f|foh dqg wkh
rswlpdo wlph sdwk ri d fduerq wd{*/ R{irug Hfrqrplf Sdshuv 7;=8480
8691

^9` Iruvwhu/ E1D1 +4<;3,/ cRswlpdo hqhuj| xvh lq d srooxwhg hqylurqphqw*/

Mrxuqdo ri Hqylurqphqwdo Hfrqrplfv dqg Pdqdjhphqw :=65406661
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^:` Krho/ P1 +4<<5,/ cHplvvlrq wd{hv lq d g|qdplf lqwhuqdwlrqdo jdph ri FR2

hplvvlrqv*/ lq U1 Shwklj +hg1,/ Frq lfwv dqg frrshudwlrq lq pdqdjlqj

hqylurqphqwdo uhvrxufhv/ Ehuolq=Vsulqjhu0Yhuodj/ Fk1 51

^;` Krho/ P1 +4<<6,/ cLqwhuwhpsrudo surshuwlhv ri dq lqwhuqdwlrqdo fduerq
wd{*/ Uhvrxufh dqg Hqhuj| Hfrqrplfv 48=840:31

^<` Krho/ P1 dqg Nyhuqgrnn/ V1 +4<<9,/ cGhsohwlrq ri irvvlo ixhov dqg wkh
lpsdfwv ri joredo zduplqj*/ Uhvrxufh dqg Hqhuj| Hfrqrplfv 4;=4480
4691

^43` Ndplhq/ P1L1 dqg Vfkzduw}/ Q1 +4<<4,/ G|qdplf rswlpl}dwlrq1 Wkh fdo0

fxoxv ri yduldwlrqv dqg rswlpdo frqwuro lq hfrqrplfv dqg pdqdjhphqw/
5qg hg1/ Dpvwhugdp=Qruwk0Kroodqg1

^44` Ndus/ O1 +4<;7,/ cRswlpdolw| dqg frqvlvwhqf| lq d gl�huhqwldo jdph zlwk
qrq0uhqhzdeoh uhvrxufhv*/ Mrxuqdo ri Hfrqrplf G|qdplfv dqg Frqwuro

;=:60<:1

^45` Ndus/ O1 dqg Qhzehu|/ G1P1 +4<<4,/ cRswlpdo wdul�v rq h{kdxvwleoh
uhvrxufhv*/ Mrxuqdo ri Lqwhuqdwlrqdo Hfrqrplfv 63=5;805<<1

^46` Ndus/ O1 dqg Qhzehu|/ G1P1 +4<<5,/ cG|qdplfdoo| frqvlvwhqw rlo lpsruw
wdul�v*/ Fdqdgldq Mrxuqdo ri Hfrqrplfv 58=40541

^47` Ohzlv/ W1/ Olqgvh|/ U1 dqg Zduh/ U1 +4<;9,/ cOrqj0whup elodwhudo
prqrsro|= Wkh fdvh ri dq h{kdxvwleoh uhvrxufh*/ Udqg Mrxuqdo ri Hfr0

qrplfv 4:=;<04371

^48` Pdvnlq/ H1 dqg Qhzehu|/ G1P1 +4<<3,/ cGlvdgydqwdjhrxv rlo wdul�v dqg
g|qdplf frqvlvwhqf|*/ Dphulfdq Hfrqrplf Uhylhz ;3=47604891

^49` Vlqfodlu/ S1 +4<<5,/ cKljk grhv qrwklqj dqg ulvlqj lv zruvh= Fduerq
wd{hv vkrxog nhhs ghfolqlqj wr fxw kdupixo hplvvlrqv*/Pdqfkhvwhu Vfkrro

93=740851

^4:` Vlqfodlu/ S1 +4<<7,/ cRq wkh wuhqg ri irvvlo ixho wd{dwlrq*/ R{irug Hfr0

qrplf Sdshuv 79=;9<0;::1

^4;` Wdkyrqhq/ R1 +4<<8,/ cLqwhuqdwlrqdo FR2 wd{dwlrq dqg wkh g|qdplfv ri

irvvlo ixho pdunhwv*/ Lqwhuqdwlrqdo Wd{ dqg Sxeolf Ilqdqfh 5=59405:;1

^4<` Wdkyrqhq/ R1 +4<<9,/ cWudgh zlwk srooxwlqj qrquhqhzdeoh uhvrxufhv*/
Mrxuqdo ri Hqylurqphqwdo Hfrqrplfv dqg Pdqdjhphqw 63=404:1
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^53` Xosk/ D1 dqg Xosk/ G1 +4<<7,/ cWkh rswlpdo wlph sdwk ri d fduerq wd{*/
R{irug Hfrqrplf Sdshuv 79=;8:0;9;1

^54` Zluo/ I1 +4<<7,/ cSljrxyldq wd{dwlrq ri hqhuj| iru  rz dqg vwrfn h{whu0
qdolwlhv dqg vwudwhjlf/ qrqfrpshwlwlyh hqhuj| sulflqj*/ Mrxuqdo ri Hqyl0
urqphqwdo Hfrqrplfv dqg Pdqdjhphqw 59=404;1

^55` Zluo/ I1 dqg Grfnqhu/ H1 +4<<8,/ cOhyldwkdq jryhuqphqwv dqg fdu0
erq wd{hv= Frvwv dqg srwhqwldo ehqh�wv*/ Hxurshdq Hfrqrplf Uhylhz

6<=4548045691
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