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Abstract

This paper considers a population divided into two significantly-sized groups regarding the preferences
its members have about a single public good. The public good equilibrium amount is that of the
majority group in such a way that it is far from the Pareto-efficient one. This allows us to characterize a
social loss function, which depends on the inter-group heterogeneity and the relative size of each
group, parameters which also compound the degree of polarization. Our main conclusion is that, in
general, higher levels of polarization do not imply higher social losses. This happens whenever the
higher polarization is associated with higher inter-group heterogeneity, and the change in the amount of
the public good in equilibrium implied is low enough.
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1 Introduction

As is well known, non-rivalry and high-cost exclusion rule out the working of
the price mechanism for the case of public good allocation. This is why polit-
ical processes may arise as natural mechanisms for solving this heterogeneous-
preferences aggregation problem. The simplest of these mechanisms, equivalent
to markets for the case of private goods (Holcombe, 1989), is the median voter
model posed by Bowen (1943), Downs (1957) and Black (1958). This model
considers a continuum of individuals whose heterogeneity is characterized by
a unimodal distribution of their preferences for a public good. This approach
implicity assumes a moderate or middle ground point of view in public opin-
ion, neglecting the case where such preferences are split or polarized into two
extremes. Nevertheless, there is a broad set of public choice problems in which
the allocation of some type of public good is involved under polarized prefer-
ences. For instance, DiMaggio, Evans and Bryson (1996) and Evans (2003)
study American’s polarized attitudes on political and moral issues as gender,
crime and justice, abortion and sexuality; Sustein (2002) shows evidence where
polarized groups decide in some institutions that allocate public-like goods, such
as courts, juries, political parties, ethnic and religious groups, workplaces, and
families. Moreover, in some of these cases the polarization not only implies the
existence of confronted opinions but also some sort of asymmetry in favour of
a dominant-majority group. For instance, Evans and Need (2002) tackle polar-
ization as a source of majority group prejudice and negative attitudes towards
minority rights in Eastern European countries. From an economic point of view,
such type of polarization involves a given quantity of public-like resource (laws,
rights or customs, for example) which is ruled by a majority, giving rise to a
second-best allocation.

From here on, this paper proposes to study the case of a bimodal distribution
of preferences using the standard model of simple-majority public good alloca-
tion. Hence, our population is gathered into two significantly-sized clusters or
groups, regarding their quasi-linear preferences about a single public good, with
significant intra-group homogeneity and inter-group heterogeneity. Across the
model, we assume majority voting, as the rule aggregating preferences, while
the public good is financed by uniform taxes. As a consequence, since one of the
groups holds the majority, it rules the amount of public good. Of course, this al-
location is far from the Pareto-efficient one, which also considers the preferences
of the minority, such that the political equilibrium yields to a social deadweight
loss. Moreover, this loss depends parametrically on the inter-group heterogene-
ity and the relative size of each group, which are also the parameters of Esteban
and Ray’s (1994) polarization measure. Our main conclusions are, on the one
hand, that when higher polarization is due to a higher relative weight of the mi-
nority, social losses increase. However, when higher polarization is due to higher
inter-group heterogeneity, social losses may increase or decrease, depending on
the magnitude of the change in the amount of public good in equilibrium.

The structure of the paper is the usual one: a second section which describes
the model, the Pareto-efficient allocation and the equilibrium, a third section



which studies the effects on welfare and a fourth section with final remarks.

2 The model

There are two groups of individuals m and n belonging to a normalized pop-
ulation sized 1, where 7 is the measure of group n and 1 — 7 is that of group
m. Within each group, each individual is endowed with the same quantity w;
of numerarie and shows identical quasi-linear preferences on the quantity x; of
private good X and the quantity y of public good Y, so that

ui(xs,y) =z +v(05,y); ©=m,n.

For the sake of simplicity we assume that the surplus function v is equal for each
group and what differs between them is only the parameter 8;, which shows the
preference of each group for the public good. We also assume that 6, > 6,,.
First, second and cross partial derivatives of v are denoted by subindexes and
throughout the paper we assume that vy, > 0,0y, < 0,79, > 0 and vy, > 0.!
The first and second conditions are the usual ones which guarantee the existence
and uniqueness of the equilibrium, and the third and four conditions say that,
given a quantity of public good, an increase in its parameter of preference in-
creases both the consumer surplus and the marginal willingness to pay for it. In
other words, since 6, > 0,,, v(0m,y) > v(0,,y) and vy(Om,y) > vy(0n,y) Yy.
In addition, given the symmetry in the second cross derivative, vyg, = vg,y,
the assumption of the positiveness of this second cross derivative entails that
ve,; (0i,y1) > vo,(0i,90) Yy1 > yo. In other words, the higher the amount of
public good the higher the surplus sensibility to the parameter of preference.
Finally, it is assumed that the public good absorbs C(y) = y units of numerarie
for its production, and 0 < 7 < % That is, more than half of the population
has 6,, as parameter of preference for the public good. Hence, the group m is
the majority and the n one is the minority.?

2.1 Pareto-efficient allocation

Since the preferences of consumers are quasilinear let us consider a Benthamite
social welfare function such that the Pareto-efficient allocation of public good
is given by the solution of

max W —y + 7v(0n,y) + (1 — 7)v(0m, y),
Yy

ISome examples of surplus functions v that fulfil these conditions are: the logarithmic case,

v(0;,y) = 0;Log(y),y > 0; the isoelastic case, v(0;,y) = 97’3/81,/175, B > 0,y > 0; the cases,

1

v(0i,9) = Ay — gyt A>0,0> 0,0 <y < (0A)% ; and v(6;,y) = Oy — otl

(ail) Yy )
a>00<y< Gi, which generates a linear demand function when « = 1; and the case
v(b;,y) =0;(1 — %y)y, 0 <y < 1, which also generates a linear demand function, and will be
used as example in the Section 3.

2If we would assume the opposite, the results across the paper would be symmetrical but
the conclusions would be the same.



where W = 7w, + (1 — 7)wy,. Let y(m,0) be the per-capita efficient allocation
of public good which fulfils the Pareto-efficient condition:

70, (00, y(m,0)) + (1 = 7)0, (610, y (7, 0)) = L. (1)

This characterization of the per-capita efficient allocation of public good
allows us to study its properties with respect to the parameters m and 6 =

(en ) 9771,)'

oy Oy(m,0) . dy(m,0) .
Proposition 1 =35> <0; o0, >0, 1= l,h.
Proof: Deriving the first order condition (1) with respect to m we have

0y (0, y(7,0)) + T0yy (01, y(r, 9))8y(7r ,0)

+ ..

8
(O 7, 00) + (1= )y O, 0) 22—,
and exploiting we have
Oy(m,0) Uy (O, y(m,0)) — vy (0, y(m,0)) <o

om B vay(on, y(ﬂ-’ 9)) + (1 - W)Uyy(amy y(ﬂ-a 0))

For the other partial derivative we derive the first order condition (1) with
respect to 6,,

0 00, 0) 287D 11 Loy O, 0) ZAT ) 0, (B3, 0)

and exploiting we have

6y(ﬂ'7 9) _ _(1 — W)Uy‘?m (amv y(ﬂ-a 0))
00, Tyy (On, y(m,0)) + (1 — T)vyy (Om, y(m, 0))

For the partial derivative with respect 6,, is analogous to the former, obtaining

8y(ﬂ-70) _ —TVy6, (any(ﬂ-70))
90, Ty (0, y(7,0)) + (1 — m)vyy (Om, y(7, 0))

> 0.

>0. N

Therefore, the higher the relative size of the minority the lower the per-capita
efficient allocation of public good. This is because, a higher relative weight of
this group implies lower distance between the average marginal willingness to
pay for the public good and the marginal willingness to pay of the minority.
On the other hand, given 7, the higher the parameter of preference for the
public good of any group, the higher the average willingness to pay for it, and
the higher the per-capita efficient allocation of public good. In this case, the
reasons are similar to the former: a higher parameter of preference for the public
good implies a higher willingness to pay for it, whatever the group, with the
consequence of a higher average willingness to pay for the public good.



2.2 Political equilibrium

We consider the simple majority mechanism where the public good is financed
by a uniform tax T on each individual. Hence, since 0 < 7w < %, the equilibrium
allocation of public good will be that of the majority m, that is

gcna}; Tm + U(Qnu y) S. bt wy =y + T,

where 7T+ (1 — 7)T =y or T = y, thus the above problem becomes

max wy, —y -+ V(Om, y).

Let y(6,,) be the solution of this problem which fulfils its first order condition

vy(emay(gm)) =1 (2)

Since 0,, < 0., it is fairly easy to see, equalling first order conditions (1) and (2),
taking into account the assumptions made about the surplus function, and re-
arranging terms, that y(0,,) > y(m,0) and that lim, o y(7,0) = y(0,,). On the
other hand, we see, unlike with the per-capita efficient allocation of public good,
that the per-capita allocation of public good under the political equilibrium only
depends on the parameter of preference of the majority group, allowing us to
state the following Proposition:

Proposition 2 % > 0.

m

Proof: Deriving the first order condition (2) with respect to 8, we have

Y0,
0 O 0(01)) 0 O (6,0) 20—,
and exploiting we have
82/(9m) _ _Uyem(ewwy(eﬂ )) ~0. ®

That is, the higher the parameter of preference for the public good of the ma-
jority the higher the per-capita allocation of public good in equilibrium.

3 Polarization and social deadweight loss

This section is concerned with the relationship between the degree of polariza-
tion and the amount of social deadweight loss. Let us begin with Esteban and
Ray’s (1994) polarization measure which, applied to our two-point distribution
case, can be written as:

P(r,0) = (m)3(6),



where I'(7) := 717*(1 — 1) + (1 — m)!**7, 0 < @ < 1.6, is the identification
function, and §(0) := 6, — 6,, is the alienation function. I'(w) is increasing in
0<m< %, reaching its maximum when 7 — 1/2, which means that the more
significant the proportion of individuals in the minority group the higher the
degree of polarization. On the other hand, a higher difference 0,, — 0,,, implies
higher heterogeneity, or alienation, across groups and, thus, higher polarization.
Therefore, given a vector of parameters of preference for the public good 0 =
(0;,01), an increase in the alienation function implies an enhancement of the
interval §(0). For the sake of convenience, let df,, > 0 be the marginal increase
in the majority’s alienation, and let df; = —~df;, < 0 be the marginal increase
in the minority’s alienation, where ~ is its relative marginal increase. Then the
marginal increase in the inter-group heterogeneity can be written as:

d6 = (147)db) > 0, (3)

On the other hand, the social deadweight loss function also depends on the
parameters (7, 0) so that,

L(m,0) =V (m,0) — V(m,60,),
where
V(m,0) = W = y(m,0) + 70(0n, y(r,0)) + (1 — m)0(Oyn, y(r, 0)),
is the total surplus evaluated in the Pareto-efficient allocation and
V(T 0m) = W = y(0un) + 700, y(0rm)) + (1 = )00, y(0rm)):
is the total surplus evaluated in the political equilibrium. Thus,

L(m,0) = y(0m) = y(m,0) + 7 [0, y(7,0)) — 00, y(0n))] + o (4)
+(1 - 77) [U(ema y(ﬂ-v 9)) - 1](97”7 y(em))] >
is the social deadweight loss generated in political equilibrium. The following

Propositions map L(7, #) with respect the relative size of the minority, 7, and
the inter-group heterogeneity, d.



oy AL(7,0)
Proposition 3 =5 > 0.

Proof: Deriving (4) with respect to ,

w ~ —ayg;’ ) 4 0(b1,y(m.0) — v(61,5(600)) + w0, (61, 5(m, )

= [0(n,y(7,0)) = v(0n, y(0r))] + (1 = 7)vy (On, y(7,0))

dy(r,0)
or

dy(m,0)

or

+ ...

Taking into account the Pareto-efficient condition (1),

w = U(@l,y(ﬂ', 0)) — U(elay(eh)) - [U(ehay(ﬂ—’ 9)) - U(6h7 y(eh))] )
or M _ /y(eh) [v (0 y) _ (9 y)} dy > 0.1
or y(m,0) v e .

That is, the higher the relative weight of the minority group the higher the
social deadweight loss. This result is consequence of Proposition 1, where the
higher the relative size of the minority group the lower the per-capita efficient
allocation of public good, and the fact that the political equilibrium public
good allocation does not change with changes in 7. Hence, the deadweight loss
generated by a higher 7 is equivalent to the difference between the variation in
consumer surplus of the majority minus that of the minority, when the amount
of public good changes from the efficient one to that of political equilibrium.

(.0) 0y(Om) ~ S (=040, (O 1) —yT0y0,, (6.9 ]dy

. dL
aL(r,0) >
Proposition 4 ===~ =20 whenever 50, TTT= 0y @y @))]

Proof: Total differential of total surplus, taking into account df,, = —vdf,,,
and df,, > 0, can be written as:

dL(m,0) _ OL(m,6)  OL(m,0)
a0, o6, ' o0,

where, taking into account Equation (3)

dL(m,0) 1 [GL(W, 0) OL(m,0)

@ 1+~ 06, o6, | (5)

To assess the sign of Equation (5) let us gauge partial derivatives of Equation
(4) with respect to 0; and 6},

dy(m,0)
00,

OL(m,0) _ 9y(r,0)

00, 06,

+00,, (On, y(m,0)) = 09, (00, y(0n))] + (1 = 7)vy (O, y (. 0))

+ ..

+7 [uy(en,y(w,e))

Oy(m,0)
80n ’




Onl) O] OUED) oy 0,00 25 — 0,00 20 .
0= [0 O) ) 0010, P50 4 0, B (7. 0)) = 0, B (O]

Taking into account Equations (1) and (2), and simplifying

8L(7T79) E— /y(em)
Yy

90, (r.5) Vy6,, (ena y)dy < Oa (6)

OL(m,0) oy(0.m) y(0m)
o = w1 =y 6,y 6] g — (1= ) /yw) og0.. (Omsy)dy. (7)

Substituting (7) and (6) in (5) the statement holds. W

Proposition 4 states that the shape of the social deadweight loss function
with respect the intergroup heterogeneity, depends monotonically on the para-
meters of the model in such a way that, in general, a higher degree of alienation
or inter-group heterogeneity does not imply higher social deadweight loss. To
proof this statement, the marginal enhancement of the inter-group heterogeneity
is split into two parts. On the one hand, the marginal increase in the minority’s
alienation, described by Equation (6), shows that the lower the parameter of
preference for the public good of the minority, the higher the social deadweight
loss. According to Proposition 1, this partial effect is due to the fact that a lower
value of this parameter implies a lower amount of per-capita efficient allocation
of public good. On the other hand, the marginal increase in the majority’s
alienation, described by Equation (7), shows that the higher the parameter of
preference for the public good of the majority, the higher both the per-capita
efficient allocation of public good (Proposition 1) and the per-capita political
equilibrium amount of public good (Proposition 2). The first effect makes the
minority group worse off: a higher amount of public good in equilibrium implies
a fall in this group’s willingness to pay, and the social deadweight loss arises
as the difference between its valuation and the marginal cost times the change
in the amount of public good in equilibrium. The second effect shows how the
higher the preference for the public good of the majority increases both its own
and the average willingness to pay for it, with the result of a fall in the social
deadweight loss. In the end, the sign of the change upon the social deadweight
loss of the marginal enhancement of heterogeneity due to an increase in 6,,,
depends on how the amount of public good in equilibrium changes with respect
to a sized-weighted ratio which measures the increase in the majority surplus
sensibility to its parameter of preference, over the difference between the public
good marginal cost and the minority’s willingness to pay for it. In turn, with
regard to the total effect, that is, when inter-group heterogeneity is enhanced by
its two extremes, the explanation is similar to that of the marginal increase in
the majority’s alienation but, owing the fact that a lower minority’s parameter



of preference shifts inward the average willingness to pay curve, drawing in the
per-capita efficient allocation of public good, the increase in the per-capita po-
litical equilibrium amount of public good induced by such a enhancement is now
constricted by the parameter +. In particular, the condition v < (1;7;)7;y9("5i?$’y)
has to be held to make the right-hand side of the statement of Proposi?cign 4 pos-
itive. The following example shows conditions for which social deadweight loss
decreases as a consequence of an increase in inter-group heterogeneity, according
to Proposition 4, for a fairly common surplus function case.

Example:

For the case v(6;,y) = 6;(1 — %y)y, i =m,n; 0, =1 < 6, there exists
6, > 1 so that,V0,, > 6;,, W < 0 according to Proposition 4. This
threshold determines the least heterogeneity across groups, 6 = 6 — 1, for
which the statement of Proposition 4 occurs. In the Appendix it is shown
that v < 1/3 is a sufficient condition for this result, V& € (O, %) The Table
below illustrates the relationship among the values of the least heterogeneity
across groups, 6", and both the relative weight the minority, 7, and the relative
marginal increase in the minority group’s alienation, v. As seen, both a lower 7
and +, allow a lower heterogeneity across groups for which social losses decrease

according to Proposition 4.

a* y=03 y=02 y=01 y=00
T=04 154 6.1 3.0 24
x=103 10.8 33 3.3 23
=102 8.6 47 31 22
x=01 73 43 29 21

4 Final remarks

This paper studies a simple public good majority-voting allocation model, where
the parameter of preference for the public good of a population of quasilinear-
preference individuals, is distribute in a bimodal way. This feature splits indi-
viduals into two groups. One of the groups is the majority, such that it rules
the equilibrium amount of public good. This equilibrium generates a social
deadweight loss since it is far from the efficient allocation. In this standard
framework, we find that the claim which relates a higher degree of polarization
to a higher level of social deadweight loss, is not true in general. This could
happen whenever the higher polarization comes from a higher degree of alien-
ation or heterogeneity across groups. In this case both the efficient and the
majority voting equilibrium are affected, in such a way that the surplus of both
the minority group and majority one changes. The higher the heterogeneity
the better off the majority group, since it rules the amount of public good in
equilibrium, but the worse off the minority. The final effect on social deadweight

10



loss depends on the balance between these two changes regarding the change
in the amount of public good in equilibrium. A further extension of this model
may be that which considers a multinomial distribution of the parameter of
preference for the public good, a case in which political equilibrium would be
ruled by coalitions of those groups that are closely related, and the casuistic of
polarization would be enriched.

Appendix:

For the case v(6;,y) = 6;(1 — %y)y, i =m,n; 0, =1 < 0,, the condition

W < 0 of Proposition 4 can be written as g1(m, 0,,) < ga2(7, 0, y) where,
g(m,0m) = 2m(1—1/0n),

O

CEN TR b

92(71-3 071’“7) = (1 - (1 + 7)77)

It is fairly easy to see that both g;(w,0,,) and ga(7, 0,,, ) are increasing and
concave with respect to 0, > 1; limg 1 g1(m, 0,) = limg, 1 go(7, 01, y) =
0; and limg,, 00 91(,0,) = 27, limg, oo g2(m,0pm,y) = (1 — (1 +v)m)w(2 —
7)(1—7)~2. Thus, there exists 0, > 1so that,V0,, > 0.,  g1(7,0m) < ga(m, 0m,7),
whenever 27 < (1 — (1 + v)m)7(2 — 7)(1 — m) 2. Solving the inequation yields

the condition 7 < 11__%7, which holds V7 € (0, 3) whenever v < 1/3.
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