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VHTXHQWLDO GHFLVLRQV LQ WKH FROOHJH DGPLVVLRQV

SUREOHP

Mrvì Dofdogh dqg Dqwrqlr Urphur0Phglqd

DEVWUDFW

Wklv sdshu vwxglhv vhtxhqwldo phfkdqlvpv zklfk plplf pdwfklqj surfhgxuhv

iru pdq|0wr0rqh uhdo0olih pdwfklqj pdunhwv1 Zh surylgh d idplo| ri phfkdqlvpv

lpsohphqwlqj wkh vwxghqw* rswlpdo doorfdwlrq lq Vxejdph Shuihfw Htxloleulxp1

Nh|zrugv= Pdwfklqj> Lpsohphqwdwlrq> Phfkdqlvp Ghvljq
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41 Lqwurgxfwlrq

Wkh froohjh dgplvvlrqv sureohp prghov d frqwudfwxdo surfhvv lq elodwhudo pdu0
nhwv zkhuh prqhwdu| wudqvihuv duh qrw uhohydqw ru fdq eh hperglhg lq djhqwv*
suhihuhqfhv1 Lq wklv sdshu zh dqdo|}h d phfkdqlvp zkrvh uxohv duh lqvsluhg e|
uhdo0olih doorfdwlrq surfhvv1 Lq sduwlfxodu/ wkh rqh xvhg e| Vsdqlvk Xqlyhuvlwlhv lq
wkhlu dgplvvlrqv dqg wkh doorfdwlrq ri flylo vhuydqwv e| Vsdqlvk Sxeolf Dgplqlv0
wudwlrq1 Zh zloo vkrz krz wkh rqo| pdwfklqj vxssruwhg e| dq| Vxejdph Shuihfw
Qdvk Htxloleulxp lv wkh vwdeoh pdwfklqj wkdw lv Sduhwr rswlpdo iurp wkh vwxghqwv*
srlqw ri ylhz1

Hduo| zrun/ lq sduwlfxodu Dofdogh dqg Eduehuã ^5`/ kdyh vkrzq wkh jhqhulf
qrq0h{lvwhqfh ri vwudwhj|0surri phfkdqlvpv vhohfwlqj doorfdwlrqv wr vdwlvi| Sduhwr
h!flhqf| dqg lqglylgxdo udwlrqdolw|1 Wkh ghvljq ri vwudwhj|0surri phfkdqlvpv
vhohfwlqj Sduhwr h!flhqw doorfdwlrqv fdq eh vroyhg lq d wulyldo zd| xvlqj �klhudufklf
glfwdwruvklsv1� Iru lqvwdqfh/ frqvlghu wkdw hdfk froohjh kdv d �{hg qxpehu ri
ydfdqw srvlwlrqv/ dqg wkh vwxghqwv duh udqnhg lq vrph +h{rjhqrxv, vshfl�f rughu1
Wkh �uvw vwxghqw lv dgplwwhg wr wkh ehvw froohjh +dffruglqj wr khu suhihuhqfhv,
wkdw kdv d ydfdqw srvlwlrq1 Wkh vhfrqg vwxghqw lv dgplwwhg wr wkh ehvw froohjh
+dffruglqj wr khu suhihuhqfhv, wkdw kdv d ydfdqw srvlwlrq/ surylghg wkdw wkh �uvw
vwxghqw kdv douhdg| ehhq doorfdwhg/ dqg vr rq1 Zh fdq frqvlghu wkh vwxghqwv*
udqnlqj dv d glfwdwruvkls klhudufk|1

Wklv surfhgxuh lv fohduo| vwudwhj|0surri1 Wklv lv ehfdxvh +l, froohjhv kdyh qr
srvvlelolw| ri uhmhfwlqj vwxghqwv dqg +ll, hdfk vwxghqw rewdlqv d srvlwlrq lq khu
ehvw froohjh dprqj wkh rqhv kdylqj d ydfdqf| zkhq vkh kdv wr ghflgh1 Wklv uxoh
dovr vhohfwv doorfdwlrqv wkdw duh lqglylgxdoo| udwlrqdo iurp wkh srlqw ri ylhz ri
vwxghqwv/ l1h1/ qr vwxghqw lv doorfdwhg wr d froohjh vkh frqvlghuv wr eh zruvh wkdq
wkh srvvlelolw| ri uhpdlqlqj xqpdwfkhg1 Qhyhuwkhohvv/ vlqfh froohjhv/ zkhq idfhg
zlwk wklv phfkdqlvp kdyh qr srvvlelolw| ri uhmhfwlqj vwxghqwv/ lw idlov wr vdwlvi|
lqglylgxdo udwlrqdolw| iurp wkh froohjhv* srlqw ri ylhz1 D zd| wr uhfryhu wklv
surshuw| lv e| doorzlqj froohjhv wr uhmhfw xqghvluhg vwxghqwv1 Wkhvh duh wkh w|shv
ri phfkdqlvpv wklv sdshu ghdov zlwk1

Iroorzlqj Dofdogh dqg Eduehuã ^5`/ wklv phfkdqlvp kdv wr idlo lq vhohfwlqj
Sduhwr h!flhqw doorfdwlrqv dqg2ru lw kdv wr eh pdqlsxodeoh e| vrph djhqw1 Xq0
iruwxqdwho|/ erwk qhjdwlyh surshuwlhv duh vdwlv�hg e| wkh phfkdqlvp1 Qhyhuwkh0
ohvv/ wkh pdwfklqj uxoh zh kdyh ghvfulehg deryh vdwlv�hv wzr lqwhuhvwlqj surshuwlhv/
zklfk ohdgv xv wr uhfrpphqg lwv dssolfdwlrq lq vrph pdwfklqj sureohpv1 Wkh �uvw
surshuw| lv wkdw lwv ghvfulswlrq lv yhu| vlpsoh dqg plplfv vrph uhdo0olih pdwfk0
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lqj surfhgxuhv1 Lq idfw/ wkh dgplvvlrqv v|vwhp iru Vsdqlvk Xqlyhuvlwlhv lv txlwh
vlplodu wr wkh uxoh zh ghvfulehg +vhh Urphur0Phglqd ^;`,/ dqg wkh doorfdwlrq ri
flylo vhuydqwv lq wkh Vsdqlvk Sxeolf Dgplqlvwudwlrq lv grqh iroorzlqj d uxoh vlplodu
wr wkh rqh ghvfulehg deryh1 Wkh vhfrqg rqh lv wkdw wkh phfkdqlvp lpsohphqwv
d vxevhohfwlrq ri wkh fruh fruuhvsrqghqfh1 Lq idfw/ dv zh zloo vhh +Wkhruhp 614,
wkh rqo| pdwfklqj vxssruwhg e| dq| Vxejdph Shuihfw Qdvk htxloleulxp lv wkh
+rqo|, vwdeoh pdwfklqj wkdw lv Sduhwr rswlpdo iurp wkh vwxghqwv* srlqw ri ylhz1
Pruhryhu/ rxu uhvxow lv lqghshqghqw iurp wkh rughu lq zklfk vwxghqwv duh udqnhg1
Wklv surshuw| kljkoljkwv wkh urexvwqhvv ri rxu phfkdqlvp1

Jlyhq wkh v|pphwu| wkdw krogv rq erwk vlghv ri wkh pdunhw/ zh dovr lqyhvwljdwh
wkh srvvlelolw| ri kdylqj d uhvxow vlplodu wr wkdw ri rxu Wkhruhp 614/ zkhq wkh
urohv sod|hg e| vwxghqwv dqg froohjhv duh h{fkdqjhg1 Wklv vlplodulw| krogv lq vrph
pdwfklqj phfkdqlvpv1 Iru lqvwdqfh/ Dofdogh dqg Urphur0Phglqd ^7` vkrz wkdw/
lq wzr0vwdjh jdph irupv/ lq zklfk doo wkh djhqwv rq d jlyhq vlgh ri wkh pdunhw
sod| vlpxowdqhrxvo|/ wkh fruh fruuhvsrqghqfh lv lpsohphqwhg lq Vxejdph Shuihfw
Qdvk Htxloleulxp/ uhjdugohvv ri zkhwkhu wkh �uvw djhqwv wr sod| duh wkh froohjhv ru
wkh vwxghqwv1 Vlplodu uhvxowv kdyh ehhq surylghg e| Dofdogh/ Sìuh}0Fdvwuloor dqg
Urphur0Phglqd ^6` iru mre pdunhwv1 Lq wklv sdshu/ zh vkrz wkdw wklv v|pphwu|
grhv qrw krog li wkh �uvw djhqwv wr sod| gr vr vhtxhqwldoo|1 Lq idfw/ wkh surshuwlhv
vdwlv�hg e| wkh phfkdqlvp duh qrw |hw vdwlv�hg li wkh sursrvdov duh pdgh e| wkh
froohjhv1 Lq idfw/ +l, wkh pdwfklqj vxssruwhg e| Vxejdph Shuihfw Qdvk Htxloleuld
ghshqgv rq wkh rughu lq zklfk froohjhv vhohfw wkhlu vwudwhjlhv dqg/ frqvhtxhqwo|
+ll, wkh htxloleulxp pdwfklqj lv qrw qhfhvvdulo| Sduhwr h!flhqw iurp wkh froohjhv*
srlqw ri ylhz1

Wkh uhvw ri wkh sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 5 lqwurgxfhv wkh edvlf
prgho1 Vhfwlrq 6 suhvhqwv dqg dqdo|}hv wkh phfkdqlvp/ fdoohg khuh wkh �vwxghqwv0
vhtxhqwldoo|0sursrvh0dqg0froohjhv0fkrrvh� phfkdqlvp1 Frqfoxvlrqv duh suhvhqwhg
lq Vhfwlrq 71

51 Wkh prgho

Zh frqvlghu d froohjh dgplvvlrqv sureohpzlwk ? froohjhv dqg6 vwxghqwv1 Ohw � '

iS�c ���c S?j dqg 7 ' ir�c ���c r6j eh wkh vhw ri froohjhv dqg vwxghqwv/ uhvshfwlyho|1

Hdfk froohjh kdv suhihuhqfhv � ES� ryhu wkh vhw ri jurxsv ri vwxghqwv1 � ES� lv

dvvxphg wr eh d olqhdu rughu rq 27 1 Hdfk vwxghqw*v suhihuhqfhv � Er� lv ghvfulehg

e| d olqhdu rughu rq � ^ irj � D froohjh dgplvvlrqv sureohp lv ixoo| ghvfulehg
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e| d wulsohw

�
�c7(�

y

�
/ zkhuh �

y

' i� ES�� c ���c � ES?� c � Er�� c ���c � Er6�j lv d olvw

frqwdlqlqj d ixoo ghvfulswlrq ri wkh djhqwv* suhihuhqfhv dqg lv fdoohg d sur�oh1

Dq doorfdwlrq iru vxfk d sureohp/ ru pdwfklqj/ lv d pdsslqj > iurp � ^7 lqwr

2
7
^ � vdwlvi|lqj

+l, iru doo S 5 �/ >ES� 5 27/

+ll, iru doo r 5 7/ >Er� 5 � ^ irj/ dqg

+lll, iru hdfk sdlu ESc r� 5 � � 7/ d>Er� ' S+, r 5 >ES�o1

Iurp khuh rq zh zloo frqvlghu � dqg 7 wr eh �{hg vhwv/ wkxv zh fdq lghqwli|

d froohjh dgplvvlrqv sureohp

�
�c7(�

y

�
zlwk wkh suhihuhqfh sur�oh �

y

14 Ohw P

eh wkh vhw ri doo srvvleoh pdwfklqjv >1 Ilqdoo|/ S
y

ghqrwhv wkh vhw ri +srwhqwldo,

pdwfklqj pdunhwv1
Ohw �

y

eh d pdwfklqj pdunhw1 Jlyhq d vhw ri vwxghqwv � � 7/ zh ghqrwh e|

��SE�� wkh pd{lpdo hohphqw rq 2� xqghu wkh olqhdu rughu � ES�1

Gh�qlwlrq 5141 D pdwfklqj > lv vdlg wr eh lqglylgxdoo| udwlrqdo iru �
y

l�

+l, ��SE>ES�� ' >ES� iru doo S 5 �c dqg

+ll, iru doo r 5 7/ S 5 � dr� Er�S ', r *5 >ES�o�

Gh�qlwlrq 5151 Ohw > eh d pdwfklqj iru �
y

1 Zh vd| wkdw > lv eorfnhg e| d sdlu

ESc r� 5 � � 7 l�

+l, S � Er� >Er�c dqg

+ll, r 5 ��S E>ES� ^ irj� �

D sdlu ESc r� zklfk vdwlv�hv wkh deryh wzr frqglwlrqv lv fdoohg d eorfnlqj sdlu

iru >1

4Iru wkh vdnh ri vlpsolflw|/ zh zloo hpsor| wkh vdph qrwdwlrq iru d suhihuhqfh sur�oh dqg wkh

uhodwhg froohjh dgplvvlrqv sureohp1 Wkh frqwh{w zloo eh pdgh suhflvh li S
y

ghqrwhv d pdwfklqj

sureohp ru vlpso| d suhihuhqfh sur�oh1
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Gh�qlwlrq 5161 Ohw > eh d pdwfklqj iru �
y

1 Zh vd| wkdw > lv +sdlu0zlvh, vwdeoh

li lw lv lqglylgxdoo| udwlrqdo dqg wkhuh lv qr sdlu eorfnlqj lw1

Ilqdoo|/ zh dvvxph wkdw froohjhv* suhihuhqfhv/ zlwk uhjdug wr jurxsv ri vwx0

ghqwv/ duh vxevwlwxwlyh1 Wkdw lv/ iru dq| wzr vwxghqwv r 9' r
� li r ehorqjv wr

��SE��/ wkhq vkh zloo dovr ehorqj wr ��SE� q ir�j�1 Wklv dvvxpswlrq lv xvxdo lq
wkh olwhudwxuh dqg jxdudqwhhv qrq0hpswlqhvv ri wkh vhw ri vwdeoh doorfdwlrqv1 +Vhh
Wkhruhp 918 lq ^43`,1 Qrwh wkdw zkhq froohjhv* suhihuhqfhv duh vxevwlwxwlyh/ wkh
vhw ri +sdlu0zlvh, vwdeoh doorfdwlrqv frlqflghv zlwk wkh fruh ri wkh uhodwhg froohjh
dgplvvlrqv sureohp15 Wkdw lv/ jlyhq d vwdeoh doorfdwlrq/ qr jurxs ri djhqwv fdq
�qg d pdwfklqj wr lpsuryh wkh xwlolw| ri doo lwv phpehuv zlwkrxw ehlqj pdwfkhg
zlwk djhqwv rxwvlgh wklv jurxs1 Ixuwkhupruh/ li froohjhv* suhihuhqfhv vdwlvi| vxe0
vwlwxwdelolw|/ wkh vhw ri vwdeoh doorfdwlrqv kdv d odwwlfldo vwuxfwxuh1 Wklv surshuw|
jxdudqwhhv +l, wkh h{lvwhqfh ri d vlqjoh vwdeoh doorfdwlrq zklfk lv Sduhwr rswlpdo
iurp wkh srlqw ri ylhz ri vwxghqwv dqg/ +ll, wkh h{lvwhqfh ri d vlqjoh doorfdwlrq
zklfk lv Sduhwr rswlpdo iurp wkh srlqw ri ylhz ri froohjhv +zkhq uhvwulfwhg wr wkh
vhw ri vwdeoh pdwfklqjv,1

Wkh frqfhsw ri lpsohphqwdwlrq wkdw zh duh jrlqj wr xvh wkurxjkrxw wkh sdshu
lv zhoo0nqrzq lq wkh olwhudwxuh1 Zh qh{w irupdol}h wklv iru wkh Vxejdph Shu0
ihfw Qdvk Htxloleulxp +VSH,1 Ohw H& eh wkh vhw ri vwudwhjlhv iru djhqw & dqg ohw

H ' �
%M��7

H% eh wkh vhw ri vwudwhj| sur�ohv1 Dvvrfldwhg zlwk hdfk vwudwhj| sur�oh

�e 5 H zh fdq gh�qh d phvvdjh sur�oh 6 E�e�/ ru vlpso| �6/ zklfk ghvfulehv wkh

dfwlrq wdnhq e| hdfk lqglylgxdo zkhq wkh djhqwv fkrrvh vxfk vwudwhjlhv1 D pdwfk0

lqj phfkdqlvp lv ghvfulehg e| wkh vhw ri vwudwhjlhv doorzhg wr hdfk djhqw/ dqg dq

rxwfrph ixqfwlrq � wkdw dvvljqv d pdwfklqj wr hdfk sur�oh ri phvvdjhv1 Zh vd|

wkdw d pdwfklqj phfkdqlvp lpsohphqwv d vroxwlrq frqfhsw/ vd| �/ lq Vxejdph
Shuihfw Qdvk Htxloleuld li +l, iru dq| �e/ Vxejdph Shuihfw Htxloleulxp ri wkh jdph

K G'

�
�c7(�

y

(�

�
/ � E6 E�e�� ehorqjv wr �

�
�
y

�
dqg +ll, iru hdfk > lq �

�
�
y

�
wkhuh

h{lvwv d VSH iru K/ vd| �e�/ vxfk wkdw � E6 E�e��� ' >1

5Sursrvlwlrq 917 lq Urwk dqg Vrwrpd|ru ^43` hvwdeolvkhv wkdw vwdelolw| dqg sdlu0zlvh vwdelolw|
duh htxlydohqw frqfhswv lq froohjh dgplvvlrqv sureohpv zlwk vxevwlwxwlyh suhihuhqfhv1
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61 Wkh �vwxghqwv0vhtxhqwldoo|0sursrvh0dqg0froohjhv0fkrrvh�

phfkdqlvp

Zh vkdoo qrz lqwurgxfh wkh phfkdqlvp1 Exw �uvw/ zh vkdoo �{ wkh rughu lq zklfk

wkh vwxghqwv zloo sod|1 Zlwkrxw orvv ri jhqhudolw|/ ohw xv dvvxph wkdw r� lv wkh

�uvw wr sod|/ r2 lv wkh vhfrqg dqg vr rq1 Ohw xv gh�qh wkh iroorzlqj 6n � vwdjh

jdph irup1 Dw vwdjh �/ � ' �c � � � c6c vwxghqw r� vhohfwv d froohjh1 Wkxv/ hdfk
vwxghqw*v phvvdjh vsdfh frlqflghv zlwk wkh vhw ri froohjhv +dqg khu rswlrq ri ehlqj
xqpdwfkhg,1 Dw vwdjh 6n�/ wkh odvw vwdjh/ froohjhv vlpxowdqhrxvo| vhohfw wkh vhw

ri vwxghqwv wkh| zdqw wr dgplw/ rqh vhw ri vwxghqwv iru hdfk froohjh1 Wkxv/ hdfk

froohjh phvvdjh vsdfh frlqflghv zlwk 271 Ilqdoo|/ wkh rxwfrph ixqfwlrq/ ghqrwhg

e| x7r�/ vhohfwv wkh pdwfklqj gh�qhg dv iroorzv=

x7r� E �6� ' >
�6
/ zkhuh iru dq| r lq 7/

>
�6
Er� '

�
6Er� li r 5 6E6Er��
r rwkhuzlvh

dqg/ iru hdfk S lq �/

>
�6
ES� ' ir 5 6 ES� m S ' 6 Er�j

zkhuh �6 lv d olvw frqwdlqlqj d ixoo ghvfulswlrq ri djhqwv* phvvdjhv1

Wkhruhp 614 vkrzv wkdw rxu phfkdqlvp |lhogv wr vwdeoh rxwfrphv1 Exw rqo|

rqh vwdeoh rxwfrph fdq eh uhdfkhg e| d Vxejdph Shuihfw Htxloleulxp ri wklv

phfkdqlvp1 Wklv lv wkh rswlpdo vwdeoh pdwfklqj iurp wkh srlqw ri ylhz ri vwxghqwv1

Qh{w/ zh zloo qrwh wkdw wkh vwxghqwv0vhtxhqwldoo|0sursrvh0dqg0froohjhv0fkrrvh

phfkdqlvp lpsohphqwv/ lq VSH/ wkh vwdeoh vroxwlrq zklfk lv rswlpdo iurp wkh

vwxghqwv* srlqw ri ylhz1

Wkhruhp 6141 Ohw �e eh d VSH iru K7r� G'

�
�c7(�

y

(x7r�

�
/ dqg �6 eh wkh yhfwru

ri phvvdjhv wkdw djhqwv vwdwh lq �e1 Wkhq x7r� E �6� ' >7
�
�
y

�
/ wkh rswlpdo vwdeoh

doorfdwlrq iurp wkh vwxghqwv* srlqw ri ylhz1

Surri1 Zh vkdoo qrz vkrz wklv uhvxow lq d frqvwuxfwlyh zd|1 Iluvw/ zh suhvhqw

vrph surshuwlhv wkdw dq| VSH kdv wr vdwlvi|1 Wkhq zh zloo dujxh wkdw djhqwv*

phvvdjhv zloo ohdg wr wkh vwxghqwv* rswlpdo vwdeoh pdwfklqj1

:



Lq rughu wr fkdudfwhul}h wkh vhw ri VSH/ zh zloo dsso| edfnzdug lqgxfwlrq1 Dw

vwdjh 6 n �/ jlyhq wkh vwxghqwv* phvvdjhv/ hdfk froohjh S kdv d ehvw uhvsrqvh/

qdpho|/ 6W ES� ' @h}4@ � ES� rq ir m 6 Er� ' Sj1

6 Dw vwdjh 6/ jlyhq phvvdjhv

iru vwxghqwv rwkhu wkdq r6/ E 76 Er�� c � � � c 76 Er63���/ dqg nqrzlqj wkh froohjhv*

ehkdylru/ wklv djhqw*v ehvw uhso| lv7

6
W Er6� ' @h}4@ � Er6� rq

iS m r6 5 ��S Eir 5 7q ir6j m 76 Er� ' Sj ^ ir6j�j �

Qrwlfh wkdw vxfk d phvvdjh frlqflghv zlwk >
7

�
r6( �

y

6

�
/ wkh r6 pdwh dw wkh

vwxghqwv* rswlpdo vwdeoh pdwfklqj iru pdunhw �
y

6
/ zkhuh �6 ES� ' � ES�/ iru dq|

froohjh S> �6 Er6� ' � Er6�> dqg �
6 Er�� ' 6Er�� iru dq| vwxghqw r� lq 7q ir6j

8
1

Lq rughu wr dsso| dq lqgxfwlyh dujxphqw/ ohw*v dvvxph wkdw r& phvvdjh/ 6
W Er&�

frlqflghv zlwk r&*v pdwh dw wkh vwxghqwv* rswlpdo vwdeoh pdwfklqj iru pdunhw �
y

&3�
/

zkhuh � &3� ES� ' � ES�/ iru dq| froohjh S> � � Er�� ' � Er�� iru dq| � � &> dqg

�
� Er�� ' 6Er�� iru dq| iru dq| � 	 &1 Qrwh wkdw >7

�
r&( �

y

&3�

�
frlqflghv zlwk

>
7

�
r&( �

y

&3�
�

�
iru dq| sur�oh �

y

&3�
zkhuh �

&3�
�

ES� ' �
&3�

ES� iru dq| froohjh/

dqg �
&3�

�

Er� 5
�
�

&3� Er� c � Er�
�

iru hdfk vwxghqw r1 Wkhuhiruh/ wkh phvvdjh ri

vwxghqw r&3� vkrxog frlqflgh zlwk >
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&32

�
/ zkhuh � &32 ES� ' � ES� iru

dq| froohjh S> � &32 Er�� ' 6 Er�� iru doo � 	 & � �> dqg �
&32 Er�� ' � Er�� iru

hdfk � � & � �1

Ilqdoo|/ jlyhq wkdw wkh phvvdjhv ri vwxghqwv rwkhu wkdq r� kdyh wr eh 6
W Er�� '

>7

�
r�(�

y

�
/ vkh zloo vhohfw wkh ehvw froohjh vkh fdq/ surylghg wkh dfwlrqv vkh h{0

6Qrwlfh wkdw vxfk d vwudwhj| lv qrw wkh xqltxh ehvw uhvsrqvh1 Lq idfw/ dq| ehvw uhvsrqvh iru

froohjh f fdq eh h{suhvvhg e| wkh xqlrq ri vxfk d vhw zlwk dq| vhw ri vwxghqwv V
3
vxfk wkdw

f 9@p +v3, iru doo v
3
lq V

31 Qhyhuwkhohvv/ doo wkhvh phvvdjhv duh vwudwhjlfdoo| htxlydohqw1 Vlqfh zh

duh lqwhuhvwhg lq htxloleulxp sd|r�v udwkhu wkdq htxloleuld vwudwhjlhv/ zh gr qrw sd| dwwhqwlrq

wr wkhvh vwudwhjlhv1
7Qrwh wkdw/ zkhq p� +vp, @ vp/ vxfk d vwudwhj| lv htxlydohqw wr ghfodulqj dq| froohjh f vxfk

wkdw fS +vp, vp1 Qhyhuwkhohvv/ vlqfh wklv froohjh zloo qrw vhohfw wkdw vwxghqw/ erwk phvvdjhv

duh vwudwhjlfdoo| htxlydohqw1 Lq rughu wr surylgh d vlpsoh surri ri rxu uhvxow/ zh dvvxph wkdw/

zkhqhyhu p� +vp, @ vp/ wklv vwxghqw*v phvvdjh zloo eh khu �vwd| xqpdwfkhg� rswlrq1
8Iru vlpsolflw|/ zh lghqwli| vwxghqw vl*v suhihuhqfh zlwk froohjh fm/ l1h1 S +vl, @ fm/ zkhqhyhu

wklv froohjh lv wkh rqo| rqh iru zklfk fmS +vl,vl krogv1

;



shfwhg iurp rwkhuv vwxghqwv1 Vlqfh >7
�
�
y

�
lv wkh rqo| vwdeoh pdwfklqj zklfk lv

Sduhwr rswlpdo iurp wkh vwxghqwv* srlqw ri ylhz/ dqg wdnlqj lqwr dffrxqw khu fro0

ohdjxhv* ehvw uhvsrqvhv/ khu ghflvlrq vkrxog eh wr vhohfw khu pdwh lq wkh vwxghqwv*

rswlpdo vwdeoh pdwfklqj/ >7
�
r�(�

y

�
1

Frqvhtxhqwo|/ lq htxloleulxp/ hdfk vwxghqw*v phvvdjh zloo frlqflgh zlwk khu

pdwh lq wkh vwxghqwv* rswlpdo vwdeoh pdwfklqj1

71 Ilqdo Uhpdunv

Wklv sdshu lqwurgxfhv d phfkdqlvp wkdw lpsohphqwv d sduwlfxodu vhohfwlrq iurp
wkh fruh/ qdpho| wkh vwxghqwv* rswlpdo vwdeoh pdwfklqj1 Wkxv/ zh surylgh d
srvlwlyh dqvzhu wr wkh lpsohphqwdelolw| ri d vhohfwlrq iurp wkh fruh lq pdwfklqj
pdunhwv1 Qrwlfh wkdw Ndud dqg Vùqph} ^:` vkrz wkdw qr vhohfwlrq ri wkh fruh fdq
eh lpsohphqwhg lq Qdvk Htxloleulxp1

Lq wkh sduwlfxodu fdvh ri pduuldjh pdunhwv +froohjhv kdyh rqo| rqh srvlwlrq
hdfk,/ d v|pphwulfdo uhvxow iru Wkhruhp 614 fdq eh vwdwhg e| h{fkdqjlqj wkh uroh
ri vwxghqwv dqg froohjhv1 Lq wkh pdq|0wr0rqh pdwfklqj sureohp/ wkh iudphzrun
wklv sdshu ghdov zlwk/ Dofdogh dqg Urphur0Phglqd ^7` vkrz wkdw zkhq vwxghqwv
sod| vlpxowdqhrxvo|/ wkh uroh sod|hg e| froohjhv dqg vwxghqwv fdq eh h{fkdqjhg
zlwkrxw d�hfwlqj wkh uhvxowv1 Wkh| lpsohphqw wkh fruh fruuhvsrqghqfh/ qr pdwwhu
zkhwkhu lw lv wkh froohjhv ru wkh vwxghqwv zkr pdgh wkh r�huv +l1h1 sod| dw wkh
�uvw vwdjh,1 Qhyhuwkhohvv/ d vlplodu uhvxow fdq qrw eh hvwdeolvkhg li r�huv duh pdgh
vhtxhqwldoo|1 Zh vkdoo qrz frqfoxgh wklv sdshu e| surylglqj dq h{dpsoh wkdw
vkrzv wkh deryh0phqwlrqhg dv|pphwu|1

H{dpsoh 7141 Ohw
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eh d wkuhh froohjhv0irxu vwxghqwv pdunhw1 Wkh

iroorzlqj wdeoh vxppdul}hv djhqwv* suhihuhqfhv1
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Ohw xv frqvlghu wkh �froohjhv0vhtxhqwldoo|0sursrvh0dqg0vwxghqwv0fkrrvh� phfk0

dqlvp/ K�r71 Wklv lv d v|pphwulfdo yhuvlrq ri K7r� lq zklfk lw lv wkh froohjhv zkr

duh wr pdnh sursrvdov lq d vhtxhqwldo zd|1 Zh zloo vhh wkdw wzr lqwhuhvwlqj ihd0

wxuhv zklfk duh vdwlv�hg e| wkh idplo| ri phfkdqlvpv K7r� duh qrw vdwlv�hg e| d

phfkdqlvp lq K�r71 Iluvw/ vrph VSH rxwfrphv fdq eh xqvwdeoh/ uhodwlyh wr djhqwv*

suhihuhqfhv1 Lq rughu wr vkrz wklv/ ohw xv vxssrvh wkdw wkh rughu lq zklfk froohjhv

vhtxhqwldoo| ghflgh lv S� / S2 dqg S�1 Wkhuh lv d VSH zlwk phvvdjhv6 ES�� ' Er�r2�/
6 ES2� ' Ere�/ 6 ES�� ' Er��/ 6 Er�� ' ES��/ 6 Er2� ' ES��/ 6 Er�� ' ES�� dqg

6 Ere� ' ES2�1 Qrwlfh wkdw K�r7 E �6� lv xqvwdeoh ehfdxvh wkh sdlu iS�r�j eorfnv

lw1 Vhfrqgo|/ wkh VSH rxwfrphv vhw ghshqgv rq wkh rughu lq zklfk froohjhv pdnh

wkhlu ghflvlrqv1 Lqghhg/ ohw xv frqvlghu wkh rughu iru froohjhv lq zklfk S2 sursrvhv

�uvw/ wkhq S�/ dqg �qdoo| S� lv wkh odvw wr pdnh d sursrvdo1 Lq vxfk d fdvh wkh rqo|

VSH rxwfrph lv > ES�� ' Er�r2�/ > ES2� ' Er�� dqg > ES�� ' Ere�/ zklfk lv gl�huhqw

iurp wkh VSH rxwfrph zkhq froohjh S� lv wkh �uvw wr sod|1
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