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Zh ghyhors d vlpsoh prgho lq zklfk lqglylgxdov pljudwh iuhho| dprqj
uhjlrqv1 Lq hdfk uhjlrq wkhuh lv d pdmrulw| yrwlqj surfhgxuh wkdw ghwhuplqhv d
sursruwlrqdo wd{dwlrq rq hduqlqjv zklfk �qdqfhv d xqlirup wudqvihu iru hdfk ri
wkh djhqwv1 Htxloleulxp uhtxluhv wkdw qr rqh zlvkhv wr pljudwh dqg wkdw wkh
wd{dwlrq srolf| eh wkh uhvxow ri pdmrulw| yrwlqj lq hdfk uhjlrq1

Lq wklv vhwwlqj Fdsolq dqg Qdohex� +4<<:, vkrz wkdw wkhuh lv qr htxloleulxp/
vlqfh doo wkh djhqwv zdqw wr olyh lq d uhjlrq zkhuh wkhlu lqfrph lv ehorz wkh phdq
lqfrph1

Ixuwkhupruh/ zh dvvxph wkdw lq hdfk uhjlrq wkhuh lv d frpshwlwlyh oderu pdunhw
wkdw hqgrjhqrxvo| ghwhuplqhv wkh zdjhv1 Wkhq/ li wkh djhqwv zkhq pljudwlqj wdnh
lqwr dffrxqw wkh wd{dwlrq dqg wkh zdjhv ri hdfk uhjlrq/ zh �qg wkdw htxloleulxp
h{lvwv1 Wklv uhvxow lv rewdlqhg iru wzr gl�huhqw nlqgv ri djhqwv* udwlrqdolw|= p|rslf
dqg vrsklvwlfdwhg djhqwv1

Nh|zrugv= Wlherxw Prgho> Uhglvwulexwlrq> Srolf|0Edvhg Htxloleulxp>
Phpehuvkls0Edvhg Htxloleulxp1
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41 LQWURGXFWLRQ

Wkh sdshu zh suhvhqw lv edvhg rq wkh zhoo0nqrzq prgho ri Wlherxw +4<89,1
Wlherxw srlqwv rxw wkdw wkh sur�w iurp d sxeolf jrrg lv olplwhg wr shrsoh zkr olyh
lq d vpdoo jhrjudsklf duhd1 Rqh fdq vxssrvh wkdw shrsoh pryh dprqj gl�huhqw
uhjlrqv zlwkrxw dq| uhvwulfwlrq/ orrnlqj iru wkh vfkhphv ri wd{hv dqg sxeolf jrrgv
wkdw ehvw vxlwv wkhlu suhihuhqfhv dqg wkhlu ohyho ri hduqlqjv +ru lqfrph,1 Dggl0
wlrqdo olwhudwxuh lq wklv duhd lv gxh wr Zhvwkr� +4<::,/ Hssoh/ Ilolprq dqg Urphu
+4<;7,/ Urvh0Dfnhupdq +4<:<, dprqj rwkhuv1 Lq wkh vdph vslulw dv Wlherxw/ zh
vkdoo frqvlghu lq wklv sdshu uhglvwulexwlyh wd{dwlrq1 Lq wkh olwhudwxuh/ zh �qg
vhyhudo sdshuv dqdo|}lqj wkh txhvwlrq ri zkhwkhu prelolw| dqg uhglvwulexwlrq duh
frpsdwleoh +vhh Fuhphu hw do1 +4<<:, iru d vxuyh| ri wklv olwhudwxuh,1

Oderu prelolw| lv jhqhudoo| frqvlghuhg wr uhvwulfw wkh jryhuqphqw*v delolw| wr
lpsohphqw uhglvwulexwlyh srolflhv1 Li zh frqvlghu wkh fdvh ri d uhjlrq zlwk vnloohg
djhqwv dqg qrq0vnloohg djhqwv/ uhglvwulexwlrq lq zklfk vnloohg djhqwv sd| wd{hv
dqg ohvv vnloohg djhqwv uhfhlyh d wudqvihu lv qrw srvvleoh dv wkh vnloohg djhqwv zrxog
kdyh d vwurqj lqfhqwlyh wr pljudwh wr uhjlrqv zkhuh wkh wd{ udwh lv orzhu1 Vwljohu
+4<8:,/ Pxvjudyh +4<9<, dqg Rdwhv +4<:5,/ kdyh vkrzq wkdw wkh iuhh prelolw| ri
idfwruv ghfuhdvhv wkh jryhuqphqw*v delolw| wr lpsohphqw d uhglvwulexwlyh srolf|1
Wkh uhdvrq iru wklv lv wkdw vxfk d srolf| zrxog dwwudfw lqglylgxdov zkr zlvk wr
uhfhlyh ehqh�wv iurp wkh srolf| zkhuhdv lqglylgxdov zlwk kljk ohyhov ri lqfrph
zrxog zdqw wr ohdyh1

Hssoh dqg Urphu +4<<4, suhvhqw d prgho lq zklfk wkh sulfh ri krxvlqj lv
vxemhfw wr d wd{ dqg wkh surfhhgv duh glvwulexwhg xqlirupo| dprqj wkh uhvlghqwv
ri wkh flw|1 Wkh| vkrz wkdw lq wklv fdvh/ prelolw| zrxog qrw suhyhqw wkh h{lvwhqfh
ri gl�huhqw uhglvwulexwlyh wd{dwlrqv lq hdfk ri wkh uhjlrqv1 Krzhyhu/ gl�huhqw
sulfhv ri krxvlqj suhyhqw iurp d uhvxow zkhuh doo djhqwv duh zloolqj wr pljudwh wr
wkh vdph uhjlrq wr dyrlg wd{dwlrq1

Rq wkh rwkhu kdqg/ Kdqvhq dqg Nhvvohu +4<<9, ghvfuleh d prgho lq zklfk
wkhuh lv d wd{ rq oderu*v lqfrph wkdw �qdqfhv d xqlirup wudqvihu wr wkh djhqwv
lq wkdw uhjlrq1 Wkh| jhw wkh uhvxow wkdw/ lq htxloleuld/ doo wkh uhjlrqv kdyh wkh
vdph wd{dwlrq srolf| dqg doo wkh uhjlrqv duh htxdo lq wkh vhqvh wkdw wkh| kdyh
wkh vdph wd{ udwh dqg wkh vdph wudqvihu dv zhoo1 Wkh| dovr ghgxfh wkdw xqghu
vrph dvvxpswlrqv rq wkh djhqwv* udwlrqdolw|/ lw lv qrw srvvleoh/ lq htxloleulxp/ wr
�qg uhjlrqv zlwk d srvlwlyh wd{ udwh1 Wkh| wkhuhiruh vkrz zkdw zh kdyh douhdg|
phqwlrqhg prelolw| dqg uhglvwulexwlrq duh qrw frpsdwleoh1

Lq wklv sdshu/ zh ghyhors d vlpsoh prgho zlwk d frqwlqxxp ri lqglylgxdov wkdw
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gl�hu lq wkhlu vnloo dqg wkdw duh iuhh wr pljudwh dprqj uhjlrqv1 Lq hdfk uhjlrq
wkhuh lv d srolwlfdo surfhvv wkdw ghwhuplqhv d sursruwlrqdo wd{dwlrq rq hduqlqjv
zklfk �qdqfhv d xqlirup wudqvihu iru hdfk ri wkh djhqwv1 Htxloleulxp uhtxluhv
wkdw qr rqh zlvkhv wr pljudwh +h{whuqdo htxloleulxp, dqg wkdw wkh wd{dwlrq udwh lq
hdfk uhjlrq eh wkh uhvxow ri pdmrulw| yrwlqj lq wkdw uhjlrq +lqwhuqdo htxloleulxp,1

Lq wklv vhwwlqj/ Fdsolq dqg Qdohex� +4<<:,/ Kdqvhq dqg Nhvvohu +4<<9, vkrz
wkdw wkhuh lv qr htxloleulxp lq zklfk gl�huhqw uhjlrqv kdyh gl�huhqw uhglvwulexwlyh
srolflhv/ vlqfh doo wkh djhqwv zrxog zdqw wr olyh lq d uhjlrq zkhuh wkhlu lqfrphv
duh ehorz wkh phdq lqfrph1

Zh dvvxph dgglwlrqdoo|/ wkdw lq hdfk uhjlrq wkhuh lv d frpshwlwlyh oderu pdunhw
wkdw ghwhuplqhv wkh zdjhv1 Zh frqvlghu wkdw oderu lv vxssolhg lqhodvwlfdoo| dqg
wkdw oderu ghpdqg lv ghwhuplqhg e| wkh whfkqrorj| ri hdfk uhjlrq1 D vlplodu
dvvxpswlrq lv dovr lqwurgxfhg e| Zlogdvlq +4<<4,1 Kh srlqwv rxw wkh idfw wkdw
oderu0pdunhw frqglwlrqv duh yhu| lpsruwdqw ghwhuplqdqwv ri orfdwlrq1 Kh frqvlghuv
d frpprq oderu pdunhw iru doo wkh mxulvglfwlrqv +uhjlrqv lq rxu prgho,1 Krzhyhu/
lq rxu prgho/ zh frqvlghu vhsdudwhg oderu pdunhwv wkdw ghwhuplqh hdfk uhjlrq*
zdjh41 Vlqfh hdfk uhjlrq* zdjh dgmxvwv lq uhvsrqvh wr fkdqjhv lq oderu vxsso|/ wkh
zdjhv dgmxvwphqwv vhuyh wr htxloleudwh pljudwlrq  rzv1 D edvlf gl�huhqfh ehwzhhq
rxu prgho dqg wkdw ri Zlogdvlq lv wkdw kh frqvlghuv wkdw uhglvwulexwlrq lv mxvwl�hg
e| dowuxlvp iurp wkh ulfk wr wkh srru1 Zkhuhdv lq rxu prgho/ uhglvwulexwlyh
wd{dwlrq lv d srolwlfdo ghflvlrq1

Iroorzlqj Fdsolq dqg Qdohex� +4<<:,/ zh duh jrlqj wr vwxg| rxu prgho iru wzr
gl�huhqw nlqgv ri djhqwv* udwlrqdolw|= p|rslf djhqwv dqg vrsklvwlfdwhg djhqwv1 E|
vrsklvwlfdwhg djhqwv zh phdq wkrvh zkr dqwlflsdwh wkh pljudwlrq  rzv lqgxfhg
e| wkh wd{ udwhv +wklv fdvh lv frqvlghuhg e| Hssoh dqg Urphu +4<<4,,1 Khqfh/ wkh
vrsklvwlfdwhg djhqwv frqvlghu wkdw hdfk uhjlrq*v srsxodwlrq ghshqgv rq wkh wd{
udwh ri khu rzq uhjlrq dv zhoo dv wkrvh ri wkh rwkhu uhjlrqv1 Zkhq djhqwv wdnh wkh
srsxodwlrq ri hdfk uhjlrq dv jlyhq/ zh frqvlghu wkdw djhqwv duh p|rslf1

Lq wklv sdshu zh vkrz wkdw= d, zkhq hdfk uhjlrq* whfkqrorj| glvsod|v frqvwdqw
uhwxuqv wr vfdoh/ dq htxloleulxp zkhuh wkh uhjlrqv kdyh gl�huhqw wd{dwlrq srolflhv
lv qrw vxvwdlqdeoh1 +wkh vdph uhvxow dv Fdsolq dqg Qdohex� +4<<:,/ Kdqvhq dqg
Nhvvohu +4<<9,,/ e, zkhq wkh whfkqrorj| glvsod|v vwulfwo| ghfuhdvlqj uhwxuqv wr
vfdoh/ wkh sulfh ri oderu ghshqgv rq hdfk uhjlrq* oderu vxsso| +wkdw lv/ wkh wrwdo
srsxodwlrq zkr ghflghv wr olyh lq wkdw uhjlrq, zh �qg wkdw/ lq htxloleulxp/ lw lv
vxvwdlqdeoh wr kdyh uhjlrqv zlwk gl�huhqw wd{dwlrq srolflhv1 Ixuwkhupruh/ zh suryh
wkdw wklv uhvxow krogv wr zkhwkhu zh frqvlghu p|rslf ru vrsklvwlfdwhg djhqwv1 Zh

4Wklv dvvxpswlrq lv mxvwl�hg rq wkh edvlv wkdw oderu ghpdqg lv qrw preloh1
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vkrz/ wkdw lq wkrvh htxloleuld zkhuh wkh uhjlrqv kdyh gl�huhqw wd{dwlrq srolflhv/
wkhuh lv d fxwwlqj vnloo djhqw vxfk wkdw doo wkh djhqwv zlwk orzhu vnloo olyh lq d
uhjlrq wkdw lv pruh uhglvwulexwlyh dqg wkh djhqwv zlwk kljkhu vnloo olyh lq rwkhu
uhjlrq wkdw lv ohvv uhglvwulexwlyh dqg zkhuh wkh| rewdlq d juhdwhu qhw lqfrph1

Zh qh{w jlyh wkh pdlq lqwxlwlrq ri rxu uhvxow edvhg rq d wzr0uhjlrq prgho1
Ohw xv vxssrvh wkdw wkh pljudwlrq  rzv vwrs dw d srlqw zkhuh djhqwv zlwk vnloo

ehorz wkh fxwwlqj srlqw kdyh jrqh wr uhjlrq 4/ dqg wkh uhvw kdyh pryhg wr uhjlrq 51
Wkhq/ li lq uhjlrq 4 wkh sulfh ri oderu lv juhdwhu +wkdw lv/ wkh oderu vxsso| lv orzhu,
dqg wkh wd{dwlrq srolf| lv pruh uhglvwulexwlyh/ zh �qg wkdw htxloleulxp h{lvwv1
Wkh h{sodqdwlrq lv dv iroorzv= rq wkh rqh kdqg/ wkh qhw orvhuv ri wkh uhglvwulexwlyh
wd{dwlrq lq uhjlrq 4 kdyh qr lqfhqwlyh wr pljudwh vlqfh wkh sulfh ri oderu lq uhjlrq
5 lv wrr orz1 Rq wkh rwkhu kdqg/ wkh djhqwv olylqj lq uhjlrq 5/ dowkrxjk wkh|
revhuyh d kljkhu sulfh ri oderu lq uhjlrq 4/ gr qrw pljudwh ehfdxvh ri wkh kljkhu
wd{dwlrq srolf|1 Pruhryhu/ zh vkdoo vkrz wkdw wkh ghvfulehg wd{dwlrq vfkhphv/ duh
rewdlqhg dv d uhvxow ri wkh srolwlfdo surfhvv ri hdfk uhjlrq/ iru wkh wzr yhuvlrqv ri
djhqwv* udwlrqdolw|= p|rslf/ ru vrsklvwlfdwhg djhqwv1

Wkh sdshu lv rujdql}hg dv iroorzv= Lq vhfwlrq 5/ zh lqwurgxfh wkh prgho1 Lq
vhfwlrq 6/ zh surylgh wkh surshuwlhv wkdw fkdudfwhul}h wkh h{whuqdo htxloleuld1 Lq
vhfwlrq 7 zh vkrz wkdw zkhq wkh sulfh ri oderu lv �{hg dqg htxdo dfurvv uhjlrqv/
wkhuh lv qr htxloleulxp zkhuh dw ohdvw wzr uhjlrqv duh gl�huhqw1 Lq vhfwlrq 8/ zh
surylgh wkh frqglwlrqv wkdw jxdudqwhh wkdw htxloleulxp h{lvwv iru wkh wzr yhuvlrqv
ri djhqwv* udwlrqdolw|1 Wkhuh/ vrph h{dpsohv looxvwudwh wkh h{lvwhqfh ri htxloleulxp1
Ilqdoo| lq vhfwlrq 9 zh vxppdul}h wkh uhvxowv dqg zh frpsduh wkhp zlwk wkh
forvho| uhodwhg olwhudwxuh1

51 WKH PRGHO

Zh frqvlghu dq hfrqrp| wkdw frqvlvwv ri d frqwlqxxp ri djhqwv lq wkh vhw � '
dfc �o c ghqrwhg e| � 5 dfc �o/ wkdw duh iuhh wr pljudwh dprqj g uhjlrqv1 Hdfk

uhjlrq lv lqgh{hg e| d qxpehu & lq i�c 2c ���cgj dqg �& lv wkh vhw ri djhqwv olylqj

lq uhjlrq &1

Wkh uhjlrqv=

Lq hdfk uhjlrq wkhuh lv d pdmrulw| yrwlqj surfhgxuh wkdw ghwhuplqhv d sursru0

wlrqdo lqfrph wd{ |& 5 dfc �o � Wklv wd{dwlrq �qdqfhv d xqlirup wudqvihu dprqj wkh

djhqwv lq �&1

Zh dvvxph wkdw hdfk uhjlrq kdv d frpshwlwlyh oderu pdunhw wkdw ghwhuplqhv
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wkh htxloleulxp sulfh ri oderu �&c dqg zh frqvlghu wkdw hdfk djhqw* oderu vxsso|

lv lqhodvwlf/ dqg vr/ lq hdfk uhjlrq wkh wrwdo oderu vxsso| u& lv lqhodvwlf1

Wkh surgxfwlrq whfkqrorj| ri hdfk uhjlrq pd| eh htxdo ru gl�huhqw dprqj

uhjlrqv/ dqg lv ghvfulehg e| d ixqfwlrq A& G Un $ Un wkdw xvhv krprjhqrxv oderu

u dv dq lqsxw1 Zh dvvxph wkdw A& lv lqfuhdvlqj/ frqfdyh/ dqg wzlfh frqwlqxrxvo|

gl�huhqwldeoh1 Wkh oderu ghpdqg lq hdfk uhjlrq lv ghwhuplqhg e| wkh pdujlqdo

surgxfwlylw| ri oderu1 Frqvhtxhqwo|/ wkh htxloleulxp sulfh ri oderu �& lv jlyhq e|

�& ' A
�

&
Eu&� �

Zh frqvlghu wkdw wkh ehqh�wv ri wkh surgxfwlrq surfhvv duh vkduhg dprqj d

vpdoo jurxs ri djhqwv zklfk pd| ru pd| qrw olyh lq wkdw uhjlrq1 Zh dvvxph wkdw

wklv jurxs ri djhqwv lv vx!flhqwo| vpdoo vr wkdw wkh| fdq qrw lq xhqfh wkh uhjlrq*v

srolf| ghflvlrq zlwk wkhlu dfwlrq1 Zh dvvxph wkdw wkh ehqh�wv duh qrw wd{hg1

Wkh djhqwv=

Zh frqvlghu wkdw djhqwv ri wklv hfrqrp| gl�hu lq wkhlu vnloov b1 Hdfk djhqw �c

lv hqgrzhg zlwk b� xqlwv ri h!flhqw krprjhqrxv oderu wkdw lv hqwluho| ghyrwhg wr

zrun1 Vnloo b� pd| dovr eh lqwhusuhwhg dv wkh txdol�fdwlrq dfklhyhg e| hdfk djhqw

�1 Zh frqvlghu wkdw b lv glvwulexwhg e| phdqv ri d frqwlqxrxv dqg vwulfwo| srvlwlyh

ghqvlw| ixqfwlrq s rq b zlwk udqjh d�c fo �
Khqfh/ iru d jlyhq wd{ yhfwru | ' E|�c ���c |g� dqg oderu sulfh �&c zhoiduh ohyho

ri djhqw � li kh fkrrvhv wr olyh lq uhjlrq &c lv jlyhq e| wkh qhw lqfrph=

t& Eb�c |� ' �&b� E� � |&� n |& 7�&c

zkhuh 7�& lv wkh phdq oderu hduqlqjv lq uhjlrq &1 Wkxv/ 7�& '
7b& �& zkhuh 7b& lv

wkh phdq vnloo lq uhjlrq & dqg |& 7�& lv wkh xqlirup wudqvihu iru hdfk djhqw olylqj

lq uhjlrq &1

Ilqdoo|/ zh dvvxph wkdw pljudwlrq lv frvwohvv1 Dq djhqw � pljudwhv iurp uhjlrq

& wr uhjlrq � zkhq kh vwulfwo| lqfuhdvhv klv qhw lqfrph/ l1h1 zkhq t& Eb�c |� 	

t� Eb�c |� � Ixuwkhupruh/ zh dvvxph wkdw zkhq dq djhqw ghflghv wr pljudwh kh

wdnhv wkh rwkhu uhjlrqv* sulfh ri oderu dv �{hg1

Wkh ghvfulswlrq ri dq hfrqrp| wkdw vdwlv�hv doo wkh dvvxpswlrqv olvwhg deryh

lv ghqrwhg e| . zkhuh . ' igcAc sj c A lv d olvw ri whfkqrorjlhv A ' EA�c ���c Ag� �

Wkh Htxloleulxp Qrwlrq

Iroorzlqj Zhvwkr� +4<::,/ Hssoh hw do1 +4<;7,/ Hssoh dqg Urphu +4<<4, rxu
gh�qlwlrq ri htxloleulxp wdnhv wkh pljudwlrq  rzv dprqj uhjlrqv dqg wkh srolwlfdo
surfhvv zlwklq hdfk uhjlrq lqwr dffrxqw1
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Gh�qlwlrq 5141 Dq htxloleulxp iru wkh hfrqrp| . ' igcAc sj lv d sdlu i|c �j
zkhuh | ' E|�c ���c |g� lv d yhfwru ri wd{ srolflhv dqg � ' i��c ���c �gj lv d sduwlwlrq
ri wkh srsxodwlrq vdwlvi|lqj=
l, +Lqwhuqdo Htxloleulxp, Hdfk |&c zkhuh & 5 i�c ���cgj lv wkh uhvxow ri uhjlrq &*v

pdmrulw| yrwlqj surfhgxuh1
ll, +H{whuqdo Htxloleulxp, Qr djhqw zdqwv wr pljudwh wr dqrwkhu uhjlrq/ l1h1 iru
hyhu| &c � 5 i�c ���cgj dqg hyhu| � 5 �&c t& Eb�c |� � t� Eb�c |� �

Sduw l, dqg sduw ll, ri wkh htxloleulxp �w zkdw Hssoh hw do1 +4<;7, dqg Hssoh
dqg Urphu +4<<4, fdoo lqwhuqdo dqg h{whuqdo htxloleulxp uhvshfwlyho|1

Dxwkruv olnh Zhvwkr� +4<::,/ Hssoh hw do +4<;7,/ Hssoh dqg Urphu +4<<4,/
Urvh0Dfnhupdq +4<:<,/ Kdqvhq dqg Nhvvohu +4<<9,/ xvh pdmrulw| uxoh zlwklq hdfk
uhjlrq wr ghwhuplqh wkh lqwhuqdo htxloleulxp1 Lq rughu wr dsso| pdmrulw| yrwlqj
uxoh/ zh uhtxluh d srvlwlyh pdvv ri srsxodwlrq lq hyhu| uhjlrq1 Frqvhtxhqwo|/ lq
htxloleulxp/ doo wkh uhjlrqv pxvw eh lqkdelwhg1

Uhjduglqj lqwhuqdo htxloleulxp zh vkdoo vwxg| wzr gl�huhqw nlqgv ri djhqwv*
udwlrqdolw|= vrsklvwlfdwhg djhqwv dqg p|rslf djhqwv1 Zkhq wkh djhqwv ghflgh
rq wkhlu prvw suhihuuhg wd{ udwh zh frqvlghu wkhp wr eh vrsklvwlfdwhg li wkh|
dqwlflsdwh wkh pljudwlrq  rzv lqgxfhg e| wkh wd{ udwhv1 Khqfh/ wkh vrsklvwlfdwhg
djhqwv xqghuvwdqg wkdw hdfk uhjlrq*v srsxodwlrq ghshqgv rq wkh wd{ udwh ri wkdw
uhjlrq dv zhoo dv wkdw ri wkh rwkhu uhjlrqv1 Zkhq wkh djhqwv gr qrw dqwlflsdwh wkh
pljudwlrq  rzv zh frqvlghu wkhp wr eh p|rslf djhqwv1 Wkxv/ zkhq wkh| ghflgh
rq wkhlu prvw suhihuuhg wd{ udwh/ wkh| frqvlghu wkh srsxodwlrq ri hdfk uhjlrq dv
�{hg151

Lq wkh whuplqrorj| ri Fdsolq dqg Qdohex� +4<<:,/ zh vkdoo uhihu wrphpehuvkls0

edvhg htxloleulxp +wkh srsxodwlrq lv dvvxphg wr eh �{hg, zkhq zh frqvlghu
wkh djhqwv wr eh p|rslf dqg wr srolf|0edvhg htxloleulxp zkhq zh frqvlghu wkh
djhqwv wr eh vrsklvwlfdwhg1

61 WKH H[WHUQDO HTXLOLEULXP

Lq wklv vhfwlrq zh surylgh d fkdudfwhul}dwlrq ri wkh sdluv i|c �j wkdw txdoli| dv

h{whuqdo htxloleuld1 Lw lv lpsruwdqw wr srlqw rxw wkdw wkh fkdudfwhul}dwlrq ri wkh

5D glvfxvvlrq rq djhqw*v udwlrqdolw| dqg wlph vwuxfwxuh lv surylghg e| Hssoh dqg Urphu
+4<<4/ s1 ;6:,/ Fdsolq dqg Qdohex� +4<<:/ s1 649,1 Wkh iruphu dxwkruv ghihqg wkh dvvxpswlrq
ri vrsklvwlfdwhg djhqwv rq wkh edvlv wkdw wklv lv pruh zlgho| dssolfdeoh1 Rq wkh rwkhu kdqg/ wkh
odwwhu dxwkruv gr qrw vkduh wkh vdph srlqw ri ylhz dqg dujxh wkdw dvvxplqj wkdw wkh djhqwv duh
p|rslf lv pruh zlgho| dssolfdeoh1

:



h{whuqdo htxloleuld lv lqghshqghqw ri wkh djhqwv* udwlrqdolw| wkdw zh frqvlghu1
Lq wkh vdph vslulw wkdq Zhvwkr� +4<::, dqg Hssoh dqg Urphu +4<<4,/ lq rxu

prgho wkh djhqw*v qhw lqfrph fdq eh rughuhg dffruglqj wr wkh vnloo ri wkh djhqwv1
Dv zh qh{w vkrz/ lw jhqhudwhv frqvlghudeoh vwuxfwxuh rq wkh htxloleulxp*v sduwlwlrq
ri wkh srsxodwlrq1 Lq rughu wr ghwhuplqh wkh htxloleulxp vwuxfwxuh/ zh frqvlghu
wkh iroorzlqj surshuwlhv rq i|c �j �

Vwudwl�fdwlrq +V,G hdfk uhjlrq*v srsxodwlrq ehorqjv wr d vlqjoh lqwhuydo ri vnloo

vr wkdw li b� 	 b�� dqg erwk djhqwv �c �� olyh lq wkh vdph uhjlrq/ hyhu| djhqw ��� zlwk

vnloo b��� 5 Eb�c b��� dovr olyhv lq wkdw uhjlrq1

Erxqgdu| Lqgl�huhqfh +EL,= uhjlrqv fdq eh rughuhg iurp wkh orzhvw wr wkh

kljkhvw vnloo ohyhov dqg zkhq wkh| duh rughuhg lq wklv zd|/ ehwzhhq hdfk wzr

dgmdfhqw uhjlrqv/ wkhuh lv d erxqgdu| djhqw zlwk vnloo 	b zkr lv lqgl�huhqw ehwzhhq
wkhp1
Lqfuhdvlqj Qhw Oderu Sulfhv +LQOS,= ohw 7b&c 7b� eh wkh phdq vnloo ri uhjlrq &

dqg � uhvshfwlyho| dqg 7b& 	
7b� wkhq/ �& E�� |&� � ��E�� |���

Lq wkh vhtxho/ zh vkdoo dvvxph wkdw wkh erxqgdu| vnloohg djhqw olyhv lq wkh

uhjlrq zkhuh wkh phdq vnloo lv orzhu1

Lq rxu dqdo|vlv zh irfxv dwwhqwlrq rq htxloleuld zkhuh vrph uhjlrqv gl�hu1

Gh�qlwlrq 6141 Zh vd| wkdw wzr uhjlrqv gl�hu zkhq lq htxloleulxp hlwkhu wkh

qhw sulfh ri oderu �& E� � |&� ru wkh wudqvihu |& 7�& gl�hu dfurvv wkhvh wzr uhjlrqv1

Ohw xv qh{w vkrz wkdw wkh phqwlrqhg surshuwlhv duh lq vrph fdvhv qhfhvvdu|

dqg vx!flhqw frqglwlrqv iru dq h{whuqdo htxloleulxp1

Sursrvlwlrq 6151 Ohw . ' igcAc sj c wkhq/
L, V/ EL dqg LQOS duh qhfhvvdu| frqglwlrqv iru i|c �j wr eh dq h{whuqdo htxlole0
ulxp zkhuh doo wkh uhjlrqv duh gl�huhqw
LL, V/ EL dqg LQOS duh vx!flhqw frqglwlrqv iru i|c �j wr eh dq h{whuqdo htxlole0
ulxp1

Surri1 +Lv lq wkh dsshqgl{,1

Wkh deryh sursrvlwlrq fkdudfwhul}hv doo wkh h{whuqdo htxloleuld zkhuh doo wkh
uhjlrqv duh gl�huhqw1 Zkhq wzr uhjlrqv duh lghqwlfdo zh �qg wkdw wkh djhqwv
duh lqgl�huhqw ehwzhhq olylqj lq wkhp1 Wkhq/ vwudwl�fdwlrq zlwklq wkhvh lghqwlfdo
uhjlrqv lv qrw dq| pruh d qhfhvvdu| frqglwlrq iru dq h{whuqdo htxloleulxp1

;



E| Sursrvlwlrq 615/ wkh h{whuqdo htxloleuld zlwk gl�huhqw uhjlrqv duh fkdudf0
whul}hg e| fhuwdlq uhodwlrqv dprqj wkh h{rjhqrxv glvwulexwlrq ri vnloov dqg wkh
ghjuhh ri uhglvwulexwlrq rewdlqhg lq hdfk uhjlrq1 Wkh iroorzlqj fruroodu| |lhogv d
uhodwlrq dprqj wkh htxloleulxp ydoxhv ri |& dqg �&1

Fruroodu| 6161 Ohw . ' igcAc sj dqg ohw i|c �j eh dq h{whuqdo htxloleulxp ri

. zkhuh doo wkh uhjlrqv duh gl�huhqw1 Wkhq/ li lq htxloleulxp zh rughu wkh uhjlrqv

e| vnloo ohyhov/ vr wkdw 7b� 	 7b2 	 ��� 	 7bgc wkhq/
d, �� : �2 : ��� : �g

e, |� : |2 : ��� : |g

f, 7��|� : 7�2|2 : ��� : 7�g|g

g, 7�� 	 7�2 	 ��� 	 7�g

Surri1 +Vhh dsshqgl{,

Iurp wklv Fruroodu| zh ghgxfh vrph lqwhuhvwlqj fkdudfwhulvwlfv ri wkh htxloleuld
zlwk gl�huhqw uhjlrqv1

Iurp d,/ lq htxloleulxp wkh sulfh ri oderu lv kljkhu lq wkh orz vnloo uhjlrq/ zklfk
idyruv wkh djhqwv zlwk orzhu vnloo1 Qrwh dv zhoo/ wkdw d, lpsolhv wkdw htxloleulxp
fdq qrw eh h!flhqw vlqfh vrph ri wkh uhjlrqv kdyh d kljkhu surgxfwlylw| ri oderu
wkdq rwkhuv61

E| e, dqg f,/ wkh uhglvwulexwlyh srolf| lv srvlwlyho| uhodwhg wr orz vnloohg uhjlrqv
dqg vr kljkhu vnloo djhqwv whqg wr vnls kljk wd{dwlrq udwhv/ zklfk lv frkhuhqw zlwk
wkh frqyhqwlrqdo zlvgrp rq uhglvwulexwlyh wd{dwlrq1

Iurp g,/ zh revhuyh wkdw lw lv dozd|v wkh fdvh wkdw wkh phdq oderu hduqlqjv
lqfuhdvh dv zh pryh iurp uhjlrqv zlwk orz vnloo wr uhjlrqv zlwk kljkhu vnloo1

71 QRQ H[LVWHQFH RI HTXLOLEULXP

Lq wklv vhfwlrq zh dqdo|}h dq h{dpsoh lqvsluhg e| Fdsolq dqg Qdohex� +4<<:,7 dqg
wkdw looxvwudwhv wkh idfw wkdw zkhq wkh surgxfwlylw| ri oderu lv frqvwdqw dqg htxdo
dfurvv uhjlrqv wkhuh lv qr htxloleulxp zkhuh dw ohdvw wzr uhjlrqv duh gl�huhqw1

Ohw xv dvvxph wkdw lq hdfk uhjlrq wkhuh lv dq htxdo whfkqrorj| zlwk frqvwdqw
uhwxuqv wr vfdoh1 Lw lpsolhv wkdw wkh htxloleulxp sulfh ri oderu lv wkh vdph dfurvv

6Iru d vwxg| rq h!flhqf| ri htxloleulxp vhh Ihuqäqgh} dqg Urjhuvrq +4<<9,1
7Wkh h{dpsoh lv dgdswhg iurp Hssoh dqg Urphu +4<<4,1 D vlplodu h{dpsoh lv dovr dqdo|}hg

lq Kdqvhq dqg Nhvvohu +4<<9,1

<



uhjlrqv1 Lq wklv fdvh/ qrupdol}lqj wkh sulfh ri oderu/ wkh qhw lqfrph rewdlqhg e|

dq djhqw zlwk vnloo b� lv jlyhq e| t& Eb�c |� ' b� E� � |&� n |&7b&� Zh ghqrwh e|

.
�
'

�
gc 7A c s

�
dq hfrqrp| zkhuh 7A '

�
7A�c ���c 7Ag

�
dqg hdfk 7A& lv d frqvwdqw

uhwxuqv wr vfdoh whfkqrorj|/ vxfk wkdw 7A� '
7A2 ' ��� ' 7Ag1

Zh �qg wkdw wkh hfrqrp| ghvfulehg lq wkh h{dpsoh ri Fdsolq dqg Qdohex�
+4<<:, �wv surshuo| lq wklv vhwwlqj1 Wkh| frqvlghu d wzr wrzq prgho +uhjlrqv
lq rxu fdvh, zkhuh djhqwv gl�hu lq wkhlu lqfrph dqg zkhuh hdfk uhjlrq vhwv d
sursruwlrqdo wd{ udwh dqg dovr d ohyho ri wudqvihu1 Qrwh wkdw iru hfrqrplhv dv . �

wkh glvwulexwlrq ri vnloo ohyhov fdq eh dovr lqwhusuhwhg dv d glvwulexwlrq ri lqfrph
ohyhov1

Lq wkh iroorzlqj sursrvlwlrq zh jhqhudol}h Fdsolq dqg Qdohex�*v wzr uhjlrqv
uhvxow wr d g uhjlrq prgho1 Zh vkrz wkdw wkhuh lv qr htxloleulxp zkhuh dw ohdvw
wzr uhjlrqv duh gl�huhqw1 Qrwh wkdw lq wklv uhgxfhg prgho wzr uhjlrqv duh gl�huhqw
zkhq lq htxloleulxp hlwkhu wkh wd{ udwh |& ru wkh wudqvihu |&

7b& gl�hu dfurvv wkhp1

Sursrvlwlrq 7141 Ohw .
�
'

�
gc 7A c s

�
� Wkhq/ wkhuh lv qr htxloleulxp iru wkh

hfrqrp| . � zlwk dw ohdvw wzr gl�huhqw uhjlrqv1

Surri1 Vxssrvh wr wkh frqwudu| wkdw i|c �j lv dq htxloleulxp zlwk dw ohdvw wzr

gl�huhqw uhjlrqv & dqg �1 Wkhq/ e| Sursrvlwlrq 615/ lw vdwlv�hv V/ EL dqg LQOS1

E| V zh fdq rughu wkh uhjlrqv e| vnloo ohyhov1 Vxssrvh wkdw & lv d orzhu vnloo uhjlrq

wkdq �� E| EL wkhuh lv dq lqgl�huhqw djhqw zlwk vnloo 	b vxfk wkdw 	b E�� |&�n7b&|& '
	b E�� |�� n 7b�|�� Vlpsoli|lqj dqg uhduudqjlqj whupv

|&E7b& � 	b� ' |�E7b� �
	b�� +714,

Vlqfh uhjlrq & dqg � duh gl�huhqw lw fdq qrw eh wkh fdvh wkdw |& ' |� ' f1 Khqfh/
jlyhq wkdw +7b& �

	b� 	 f dqg E7b� �
	b� : fc +714, lv d frqwudglfwlrq1 T1H1G1

Sursrvlwlrq 714 vkrzv wkdw iru wkh hfrqrp| . � wkhuh lv qr sdlu i|c �j vdwlvi|lqj

EL1 Wkh lqwxlwlrq ehklqg lv dv iroorzv= zkhq wkh orzhvw vnloo uhjlrq kdv d srvlwlyh

wd{dwlrq udwh |& : fc wkh djhqwv olylqj lq uhjlrq & zlwk vnloo ohyhov vxfk wkdw b� : 7b&c

duh qhw orvhu ri wkh uhglvwulexwlyh wd{dwlrq dqg wkh| dozd|v wdnh dgydqwdjhv iurp

pljudwlqj wr d kljkhu vnloo uhjlrq/ wkdw lv uhjlrq �� Dqg zkhq |& ' fc vlqfh uhjlrq

& dqg � duh gl�huhqw/ |� : fc dqg wkhq/ wkh djhqwv olylqj lq uhjlrq � zlwk vnloo

b� : 7b�c duh qhw frqwulexwruv wr wkh uhglvwulexwlyh wd{dwlrq dqg wkh| ehqh�w iurp

pljudwlqj wr uhjlrq &1 D vlplodu lqwxlwlrq iru rxu uhvxow lv dovr surylghg e| Fdsolq
dqg Qdohex� +4<<:/ s1 64;,/ Kdqvhq dqg Nhvvohu +4<<9,1
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Dv d frqvhtxhqfh ri wkh deryh Sursrvlwlrq zh ghgxfh wkdw iru wkh hfrqrplhv
ghvfulehg e| . �c wkh rqo| srvvleoh htxloleuld duh wkh wulyldo rqhv zkhuh doo wkh
uhjlrqv duh lghqwlfdo/ l1h1 �& E�� |&� dqg |&�& duh wkh vdph iru hyhu| uhjlrq +wklv
lpsolfdwlrq lv vkrzq lq Kdqvhq dqg Nhvvohu +4<<9,,1

Li hdfk uhjlrq kdv d whfkqrorj| zlwk frqvwdqw uhwxuqv wr vfdoh zklfk lv gl�huhqw
iru hdfk ri wkh uhjlrq/ zh fdq surylgh vrph h{dpsohv zkhuh dq htxloleulxp idlov
wr h{lvw=

H{dpsoh 7151 = Frqvlghu dq hfrqrp| frqvlvwlqj ri wzr uhjlrqv� Vxssrvh wkdw

wkh vnloo glvwulexwlrq lv vxfk wkdw | ' E�c f� lv wkh xqltxh lqwhuqdo htxloleulxp81

Vlqfh wkh whfkqrorj| glvsod|v frqvwdqw uhwxuqv wr vfdoh/ wkh sulfh ri oderu lq hdfk

uhjlrq lv �{hg1 Qrupdol}lqj wklv sulfh/ ohw �� ' � dqg �2 ' �� Wkhq/ EL uhtxluhv

wkdw 7b� ' �	b dqg fohduo| iru � : � dq htxloleulxp grhv qrw h{lvw1

81 HTXLOLEULXP H[LVWHQFH

Lq wklv vhfwlrq/ zh duh jrlqj wr uhvwulfw dwwhqwlrq wr d wzr uhjlrq prgho1

Zh �uvwo| vkrz wkdw xqghu fhuwdlq dvvxpswlrqv rq wkh whfkqrorj|/ dq h{whuqdo

htxloleulxp h{lvwv1

Lq vxevhfwlrq 814/ zh duh jrlqj wr frqvlghu wkh fdvh zkhuh wkh djhqwv duh p|0

rslf1 Wkhuh/ zh fkdudfwhul}h wkh htxloleuld zlwk gl�huhqw uhjlrqv/ dqg zh surylgh

d qxphulfdo h{dpsoh wkdw vkrzv h{lvwhqfh1

Lq vxevhfwlrq 815/ zh dvvxph wkdw wkh djhqwv duh vrsklvwlfdwhg1 Wkhuh/ zh

vkrz h{lvwhqfh ri htxloleulxp dqg zh glvfxvv d qxphulfdo h{dpsoh1

Lq wkh vhtxho zh duh jrlqj wr frqvlghu wkdw wkh whfkqrorjlhv glvsod| ghfuhdvlqj

uhwxuqv wr vfdoh1 Lq wklv fdvh/ zh vkrz wkdw xqghu wkh iroorzlqj dvvxpswlrq lw lv

dozd|v srvvleoh wr �qg vrph sdluv i|c �j vdwlvi|lqj V dqg EL1

Dvvxpswlrq 4= Hdfk uhjlrq whfkqrorj| A lv vwulfwo| frqfdyh dqg *�4
u<f

A
� Eu� '4�

Qrwh wkdw wkh iroorzlqj ohppd lv lqghshqghqw ri zkhwkhu zh frqvlghu p|rslf

ru vrsklvwlfdwhg djhqwv1

Ohppd 8141 Ohw . ' i2c Ac sj zkhuh Dvvxpswlrq 4 krogv1 Wkhq/ iru hyhu|

| 5 dfc �o � dfc�o c wkhuh h{lvwv d sduwlwlrq ri wkh srsxodwlrq � vxfk wkdw i|c �j
vdwlv�hv V/ EL dqg zkhuh wkh vnloo ri wkh lqgl�huhqw djhqw 	b 5 Efc ��1

8Zh vkdoo vkrz lq qh{w vhfwlrq wkdw zkhq wkh djhqwv duh p|rslf/ wkhuh duh vhyhudo ghqvlw|

ixqfwlrqv vxfk wkdw w @ +4>3, lv wkh xqltxh wd{ yhfwru wkdw txdol�hv dv dq lqwhuqdo htxloleulxp1
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Surri1 Ohw xv frqvlghu wkh iroorzlqj sduwlwlrq ri wkh srsxodwlrq � ' i��c�2j

zlwk �� '

q
� G b� �

	b

r
c �2 '

q
� G b� :

	b

r
zkhuh 	b 5 Efc ��1 Wkhq/ e| frqwlqxlw|

ri s / wkh oderu vxsso| dqg wkh phdq vnloo lq hdfk uhjlrq fdq eh rewdlqhg dv d

frqwlqxrxv ixqfwlrq ri 	b� Dqg vlqfh �& Eu&� ' A
�

&
Eu&� zkhuh A lv frqwlqxrxvo|

gl�huhqwldeoh/ wkh sulfh ri oderu fdq eh dovr rewdlqhg dv d frqwlqxrxv ixqfwlrq ri

	b/ �&

�
u&E	b�

�
� Khqfh/ wkh qhw lqfrph rewdlqhg e| hdfk djhqw fdq eh h{suhvvhg

dv d frqwlqxrxv ixqfwlrq ri 	b/ t&

�
b�c |c 	b

�
' �&

�
	b
�
E�� |&�b� n 7�&

�
	b

�
|&�

Ohw wkh ixqfwlrq � vxfk wkdw

�

�
	bc |

�
�

	b

k
��E	b� E� � |��� �2E	b� E� � |2�

l
n 7��E	b�|� � 7�2E	b�|2 +814,

EL uhtxluhv wkdw wkh djhqw zlwk vnloo 	b eh lqgl�huhqw ehwzhhq pljudwlqj wr wkh

rwkhu uhjlrq ru qrw pljudwlqj vr wkdw �
�
	bc |

�
' f� Pruhryhu e| Dvvxpswlrq 4/ iru

hyhu| | 5 dfc �o� dfc �o c zh kdyh wkdw ,�6
	b<f

�

�
	bc |

�
: f dqg ,�6

	b<�

�

�
	bc |

�
	 f1 Wkhq/

vlqfh �

�
	bc |

�
lv frqwlqxrxv lq 	bc e| wkh lqwhuphgldwh ydoxh wkhruhp wkhuh h{lvwv

	b 5 Efc �� vxfk wkdw +814, lv vdwlv�hg dqg wkh vwudwl�hg sduwlwlrq � ' i��c�2j

zlwk �� '

q
� G b� �

	b

r
c �2 '

q
� G b� :

	b

r
dozd|v h{lvwv1 T1H1G1

Wkh lqwxlwlrq ehklqg Ohppd 814 lv uhodwhg wr d qhfhvvdu| dvvxpswlrq xvhg e|
Fdsolq dqg Qdohex� +4<<:, wr vkrz h{lvwhqfh ri htxloleulxp lq d vlplodu frqwh{w1
Wkh| fdoo wklv dvvxpswlrq yldelolw| ri vpdoo lqvwlwxwlrqv dqg lw uhtxluhv wkdw zkhq
wkh srsxodwlrq ri d uhjlrq whqgv wr }hur/ wkhuh pxvw eh vrph djhqwv zlwk lqfhqwlyh
wr pryh lqwr wkdw uhjlrq1 Wkhlu dvvxpswlrq hqvxuhv d vwulfwo| srvlwlyh pdvv ri
srsxodwlrq lq hyhu| uhjlrq1 Lq rxu prgho/ zkhq wkh srsxodwlrq ri d uhjlrq whqgv
wr }hur/ wkhuh duh dozd|v vrph djhqwv zlwk lqfhqwlyh wr pljudwh wr wkdw uhjlrq
vlqfh e| Dvvxpswlrq 4 wkh sulfh ri oderu lv h{wuhpho| kljk1 Frqvhtxhqwo|/ wkhuh

h{lvwv dq lqgl�huhqw djhqw vxfk wkdw erwk uhjlrqv duh lqkdelwhg1 Zkhq zh frqvlghu

frqvwdqw uhwxuqv wr vfdoh whfkqrorjlhv/ zh kdyh wkdw wkh sulfh ri oderu lv �{hg dqg

wkhq/ dv zh vkrzhg lq Sursrvlwlrq 714/ doo djhqwv suhihu rqh ri wkh uhjlrqv wr wkh

rwkhu/ dqg frqvhtxhqwo|/ EL lv qrw vdwlv�hg1

Uhpdun 41 Qrwh wkdw li dgglwlrqdoo| wr Ohppd 814/ zh zdqw wr jxdudqwhh wkdw
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	b lv xqltxh/ lw lv vx!flhqw wr vkrz wkdw
Y�E	bc|�

Y	b
9' f� Vroylqj wklv sduwldo ghulydwlyh

Y�E	bc|�
Y	b

' U n 	b

�
_��E	b�

_	b
E�� |���

_�2E	b�
_	b

E�� |2�

�
n

_ 7��E	b�
_	b

|� �
_ 7�2E	b�

_	b
|2

zkhuh U ' �� E�� |����2 E� � |2�1 Lq wkh qh{w vhfwlrq zh vkdoo uhihu wr wklv srlqw

zkhq glvfxvvlqj htxloleulxp h{lvwhqfh1

8141 Wkh Phpehuvkls0Edvhg Htxloleulxp

Khuh zh dvvxph wkdw wkh djhqwv duh p|rslf dqg vr/ zkhq hdfk djhqw ghflghv klv

prvw suhihuuhg wd{ udwh/ kh wdnhv wkh srsxodwlrq ri hdfk uhjlrq dv jlyhq dqg wkh

qhw lqfrph ixqfwlrq wkdw kh idfhv lv t& Eb�c |&� ' �&b� n �&|&
�
7b& � b�

�
zkhuh

�& dqg 7b& duh frqvlghuhg wr eh �{hg� Uhphpehu wkdw wkh srolf| ri d uhjlrq lv

ghwhuplqhg e| pdmrulw| yrwlqj1 Khqfh/ ghshqglqj rq zkhwkhu hdfk djhqw vnloo lv

ehorz ru deryh wkh phdq vnloo/ klv prvw suhihuuhg wd{ udwh lv hlwkhu |& ' � ru |& ' f

uhvshfwlyho|1 Qrwh wkdw zlwk p|rslf djhqwv/ wkh orfdwlrq ri wkh phgldq vnloo djhqw

zlwk uhvshfw wr wkh phdq vnloo djhqw lq hdfk uhjlrq lv fuxfldo lq rughu wr gh�qh d

pdmrulw| yrwlqj htxloleulxp1 Dqg vr/ zkhq wkh phgldq vnloo djhqw gr qrw frlqflgh

zlwk wkh phdq djhqw/ wkh htxloleulxp wd{ srolf| lv | ' f ru | ' �� Exw zkhq

wkh phgldq dqg wkh phdq vnloo djhqw frlqflgh/ doo | 5 dfc�o c fdq eh rewdlqhg dv

dq lqwhuqdo htxloleulxp1 Lw fdxvhv vrph sureohpv zkhq wu|lqj wr fkdudfwhul}h wkh

htxloleuld1 Wklqn iru lqvwdqfh wkdw |� 	 |2c wkhq/ e| Fruroodu| 616/ zh kdyh wkdw

wkhuh lv qr h{whuqdo htxloleulxp1 Lq rughu wr vnls lw/ zh lqwurgxfh wkh iroorzlqj

dvvxpswlrq/ zkhuh zh ghqrwh e| b6
�

c b6
2

wkh vnloo ri wkh djhqw lq wkh phgldq ri

uhjlrq 4 dqg 5 uhvshfwlyho|1�

Dvvxpswlrq 5= Zkhq b
6

�
'
7b�c zh vhohfw |� ' � wr eh wkh wd{ srolf| ri uhjlrq

4/ dqg zkhq b
6

2
'
7b2�

c zh vhohfw |2 ' f wr eh wkh wd{ srolf| ri uhjlrq 51

Lq wkh iroorzlqj sursrvlwlrq zh vkrz wzr surshuwlhv wkdw fkdudfwhul}h wkh

phpehuvkls0edvhg htxloleuld1

Sursrvlwlrq 8151 Ohw . ' i2c Ac sj/ wkhq/ xqghu Dvvxpswlrq 5/ d phpehuvkls0
edvhg htxloleulxp i|c �j zlwk gl�huhqw uhjlrqv h{lvwv li dqg rqo| li
l, wkhuh lv dq lqgl�huhqw djhqw 	b 5 Efc ��

ll, lq wkh lqwhuydo
k
fc
	b

l
c zh kdyh wkdw b6

�
� 7b� dqg lq wkh lqwhuydo

�
	bc �

l
zh kdyh

wkdw b6
2
� 7b2�
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Surri1 Ohw xv suryh qhfhvvlw|1 Vlqfh i|c �j lv dq h{whuqdo htxloleulxp/ e| Sursr0
vlwlrq 615 lw vdwlv�hv EL dqg vr/ lq htxloleulxp surshuw| l, krogv1

Vxssrvh wr wkh frqwudu| wkdw wkhuh lv dq htxloleulxp i|c �j zlwk gl�huhqw
uhjlrqv zkhuh ll, grhv qrw krog1 E| sduw e, ri Fruroodu| 616 zh kdyh wkdw lq
htxloleulxp |� : |2 wkhq/ e| Dvvxpswlrq 5 dqg jlyhq wkdw zh frqvlghu p|rslf

djhqwv/ | ' E�c f� lv wkh xqltxh yhfwru ri wd{ srolflhv frpsdwleoh zlwk dq h{whuqdo
htxloleulxp zlwk gl�huhqw uhjlrqv1 Vlqfh ll, grhv qrw krog/ lw iroorzv wkdw hlwkhu
lq wkh lqwhuydo dfcb�� zh kdyh wkdw b

6

�
: 7b� ru lq wkh lqwhuydo db�c �o zh kdyh wkdw

b6
2
	 7b2�

Lw lpsolhv wkdw lq wkh lqwhuqdo htxloleulxp |� ' f dqg |2 ' � zklfk

frqwudglfwv wkdw lq htxloleulxp | ' E�c f� �

Ohw xv suryh vx!flhqf|1 E| l,/ wkhuh lv dq lqgl�huhqw djhqw zlwk vnloo 	b 5 Efc �� �

Frqvlghu wkh iroorzlqj sduwlwlrq ri wkh srsxodwlrq � ' i��c�2j zkhuh �� 'q
� G b� �

	b

r
c �2 '

q
� G b� :

	b

r
1 Fohduo|/ � vdwlv�hv V1 E| ll, dqg Dvvxpswlrq 5/

lq uhjlrq 4 pruh wkdq kdoi ri wkh srsxodwlrq suhihuv | ' � wr dq| rwkhu wd{ udwh
dqg lq uhjlrq 5 pruh wkdq kdoi ri wkh srsxodwlrq suhihuv | ' f wr dq| rwkhu wd{
udwh/ lw lpsolhv wkdw | ' E�c f� lv dq lqwhuqdo htxloleulxp ri .�

Dqg wkhq/ vlqfh

�� E�� |�� ' f � �2 E�� |2� ' �2c +815,

LQOS krogv1 Wkhq/ e| Sursrvlwlrq 615/ vlqfh i|c �j vdwlv�hv V/ EL dqg LQOS/ zh
kdyh wkdw i|c �j lv dq h{whuqdo htxloleulxp1 Ilqdoo| vlqfh e| l, 	b 5 Efc �� c zh
kdyh wkdw �2E	b� : f dqg frqvhtxhqwo| lqhtxdolw| +815, lv vwulfw/ dqg vr/ lq wklv
htxloleulxp wkh uhjlrqv duh gl�huhqw1 T1H1G1

Ohw xv qh{w glvfxvv krz uhvwulfwlyh duh surshuwlhv l, dqg ll,1
Surshuw| l,= e| Ohppd 814 zh nqrz wkdw xqghu Dvvxpswlrq 4 wkhuh h{lvwv

	b 5 Efc�� vxfk wkdw 	b lv wkh vnloo ri wkh lqgl�huhqw djhqw1 Fohduo|/ iru hyhu|

whfkqrorj| A Eu� ' u
k
zkhuh k 5 Efc �� c Dvvxpswlrq 4 lv vdwlv�hg1

Surshuw| ll,= zh �qg wkdw lq jhqhudo wkhuh duh pdq| frpprq ghqvlw| ixqfwlrqv
wkdw gr qrw vdwlvi| wklv surshuw|/ wklqn iru lqvwdqfh ri wkh qrupdo glvwulexwlrq1
Krzhyhu/ zh �qg vrph h{dpsoh wkdw pd| eh d jrrg dssur{lpdwlrq wr vrph uh0
jlrqv* vnloov ru txdol�fdwlrq glvwulexwlrq dqg wkdw vdwlvi| wklv surshuw|/ wklqn iru
lqvwdqfh ri d xqlirup glvwulexwlrq/ vrph elprgdov glvwulexwlrq/ vrph X0vkdshg
glvwulexwlrqv dprqj rwkhuv1

Ohw xv qh{w surylgh d qxphulfdo h{dpsoh ri d phpehuvkls0edvhg htxloleulxp1
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H{dpsoh 8161 Ohw wkh hfrqrp| . ' i2cAc sj zkhuh A� ' A2 ' u
k zlwk k 5

Efc �� dqg zkhuh s lv d xqlirup ghqvlw| ixqfwlrq zlwk udqjh dfc �o1

Wkh vnloo ri wkh djhqw lq wkh phdq ri wkh glvwulexwlrq lv jlyhq e| 7b� '

	b

2
c
7b2 '

E�n	b�
2

� E| V zh kdyh wkdw u� '

	b
2

2
dqg u2 '

�3	b
2

2
� Frqvhtxhqwo|/ wkh sulfh ri oderu

lq whupv ri wkh hqgrjhqrxv yduldeoh 	b lv jlyhq e|

�� ' k

#
	b
2

2

$
k3�

c �2 ' k

#
� � 	b

2

2

$
k3�

Zh duh jrlqj wr frqvlghu wkh fdvh ri k ' �S�
Vlqfh s lv d xqlirup ghqvlw| ixqfwlrq/ surshuw| ll, ri Sursrvlwlrq 815 krogv dqg
e| Dvvxpswlrq 5/ zh vhohfw | ' E�c f� wr eh wkh lqwhuqdo htxloleulxp1 Wkhq/ e| EL
zh kdyh wkdw lq htxloleulxp=

�� ' 2�2� +816,

Iurp +816, zh rewdlq wkdw wkhuh lv d xqltxh 	b ' ��H.DH/ dqg wkhq/ zh fdq fdofxodwh
wkh ydoxh ri doo wkh hqgrjhqrxv yduldeohv wkdw zh vxppdul}h lq wkh iroorzlqj wdeoh=

|� |2 �� �2 7�� 7�2
	b u� u2

� f ��Sb �Heeb. � �2.D� � DHS2� ��H.DH �f.D�� �e2eHb
+817,

Ilqdoo|/ qrwh wkdw LQOS dovr krogv/ dqg vr/ wkh deryh wdeoh ghvfulehv dq h{whuqdo

htxloleulxp zlwk gl�huhqw uhjlrqv1

Wkh lqwxlwlrq ehklqg wklv htxloleulxp lv wkh iroorzlqj= Rq wkh rqh kdqg/ wkh qhw

orvhuv ri wkh uhglvwulexwlyh wd{dwlrq lq uhjlrq 4 gr qrw kdyh lqfhqwlyh wr pljudwh

vlqfh wkh sulfh ri oderu lq uhjlrq 5 lv wrr orz1 Dqg/ rq wkh rwkhu kdqg/ wkh djhqwv

olylqj lq uhjlrq 5/ dowkrxjk wkh| revhuyh d kljkhu sulfh ri oderu lq uhjlrq 4/ gr

qrw pljudwh vlqfh wkh wd{ udwh lv kljkhu lq uhjlrq 41

Fohduo| wkh deryh wdeoh ghvfulehv d phpehuvkls0edvhg htxloleulxp zlwk gl�huhqw

uhjlrqv iru wkh ghvfulehg hfrqrp|1

8151 Wkh Srolf|0Edvhg Htxloleulxp

Lq wklv vhfwlrq zh duh jrlqj wr frqvlghu wkh fdvh zkhuh wkh djhqwv duh vrsklvwlfdwhg1

Zh �uvwo| dqdo|}h wkh uhvxow ri pdmrulw| yrwlqj lq hdfk uhjlrq1 Zh wkhq vkrz/

wkdw xqghu vlplodu frqglwlrqv wr wkh rqhv wkdw fkdudfwhul}h wkh phpehuvkls0edvhg

htxloleuld/ d srolf|0edvhg htxloleulxp zkhuh wkh uhjlrqv duh gl�huhqw h{lvwv1
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Vlqfh djhqwv duh vrsklvwlfdwhg/ zkhq wkh| fkrrvh wkhlu prvw suhihuuhg |& wkh|

wdnh dv jlyhq wkh wd{dwlrq srolf| ri wkh rwkhu uhjlrqv 7|
3&/ dqg wkh| frqvlghu wkdw

wkh sulfh ri oderu dqg wkh phdq oderu hduqlqjv ydu| dv wkh wd{ yhfwru fkdqjhv1 Lq

sduwlfxodu/ wkh djhqwv nqrz wkdw zkhq wkh wd{ udwh ri hdfk uhjlrq lv prgl�hg/ wkh

srsxodwlrq pljudwhv dqg wkh djhqw zkr lv lqgl�huhqw ydulhv1 Frqvhtxhqwo|/ wkh

oderu vxsso| ri hdfk uhjlrq ydulhv dqg lw prgl�hv wkh sulfh ri oderu1

Khqfh/ wkh qhw lqfrph ixqfwlrq wkdw wkh| idfh lv

t& Eb�c |&c 7|3&� ' �&

�
	b E|�

�
b� E�� |&�n 7�&

�
	b E|�

�
|&�

Ohw xv qh{w vkrz krz wr rewdlq wkh sulfh ri oderu dv d ixqfwlrq ri wkh wd{ udwhv1

E| Ohppd 814/ zh nqrz wkdw Dvvxpswlrq 4 jxdudqwhhv wkdw wkhuh lv 	b 5 Efc��

vxfk wkdw EL krogv1 Pruhryhu/ e| Uhpdun 4/ li
Y�E	bc|�

Y	b
9' fc zh kdyh wkdw 	b lv

xqltxh1 Zh vkdoo vkrz wkdw lq htxloleulxp dqg dovr durxqg htxloleulxp/ lw lv

dozd|v wkh fdvh wkdw
Y�E	bc|�

Y	b
9' f dqg vr/ durxqg htxloleulxp zh kdyh wkdw 	b fdq

eh rewdlqhg dv d ixqfwlrq ri |1 Ohw xv ghqrwh wklv ixqfwlrq e| xE|� ' 	b� Iru
vlpsolflw|/ vxssrvh dw wklv srlqw wkdw iru hyhu| | wkh ixqfwlrq x fdq eh gh�qhg
+wklv whfkqlfdo sureohp lv vroyhg lq wkh h{lvwhqfh suryh,1 Dqg e| wkh Lpsolflw
Ixqfwlrq Wkhruhp/ x lv frqwlqxrxv9/ gl�huhqwldeoh dqg

YxE|�
Y|&

' �

Y�E	bc|�
Y|&

*
Y�E	bc|�

Y	b
� +818,

Vlqfh djhqwv dqwlflsdwh wkh pljudwlrq  rzv surgxfhg e| wkh wd{ udwh/ iru dq djhqw
olylqj lq uhjlrq &c klv prvw suhihuuhg wd{ udwh lv jlyhq e|

|& 5 @h}4@ 

|&Mdfc�o

�& Ex E|�� b& E�� |&� n 7�& Ex E|�� |& +819,

Wkh deryh remhfwlyh ixqfwlrq lv frqwlqxrxv: lq wkh lqwhuydo |& 5 dfc�o vr wkdw d
pd{lpxp dozd|v h{lvwv1

Zh qh{w zdqw wr nqrz zkhwkhu wkh vroxwlrqv wr sureohp +819, lv lqwhulru ru lv
lq wkh erxqgdu| ri wkh lqwhuydo dfc �o � Iluvw rughu frqglwlrq iru dq lqwhulru vroxwlrq
lv jlyhq e|

Yt&Eb&c|�
Y|&

'

YxE|�
Y|&

�
_�&ExE|��

_x
E� � |&�b& n

_ 7�&ExE|��
_x

|&

�
��&b& n 7�& Ex E|�� ' f� +81:,

9Lq rughu wr vkrz h{lvwhqfh ri htxloleulxp lw zloo eh vx!flhqw wr vkrz wkdw iru d �{hg w5/ dv

w4 ydulhv/ lw lv srvvleoh wr vhohfw d sdwk zkhuh a� ydulhv lq d frqwlqxrxv zd|1
:E| frqwlqxlw| ri �>ri i dqg jlyhq wkdw W4 dqg W5 duh frqwlqxrxvo| gl�huhqwldeoh1
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Ohw xv dqdo|}h wkh vljq ri wkh ghulydwlyhv lq +81:,1 Vlqfh A� dqg A2 duh vwulfwo|

frqfdyh/ zh kdyh wkdw _��ExE|��
_x

	 f dqg
_�2ExE|��

_x
: f� Vroylqj wkh ghulydwlyh

_ 7�&ExE|��
_x

_ 7�& Ex E|��

_x
'

_�& Ex E|��

_x
7b& n

_7b& Ex E|��

_x
�& +81;,

Dqg vlqfh lq uhjlrq 4/ zh kdyh wkdw
_7b�ExE|��

_x
: fc wkh vljq ri

_ 7��ExE|��
_x

lv qrw

ghwhuplqhg1 Wkh lqwxlwlrq lv wkh iroorzlqj= lq uhjlrq 4/ dv wkh vnloo ri wkh lqgl�huhqw

djhqw ghfuhdvhv/ wkh oderu vxsso| ghfuhdvhv dqg wkh sulfh ri oderu lq uhjlrq 4 ulvhv1

Krzhyhu/ dv wkh vnloo ri wkh lqgl�huhqw djhqw ghfuhdvhv/ wkh phdq vnloo lq uhjlrq

4 ghfuhdvhv1 Frqvhtxhqwo|/ wkh phdq oderu hduqlqjv pd| lqfuhdvh ru ghfuhdvh

ghshqglqj rq zkdw h�hfw lv grplqdqw1

Iru uhjlrq 5/ vlqfh
_7b2ExE|��

_x
: fc iurp +81;, zh kdyh wkdw _ 7�2ExE|��

_x
: f1 Wkh

lqwxlwlrq lv wkh iroorzlqj= dv wkh vnloo ri wkh lqgl�huhqw djhqw lqfuhdvhv/ wkh oderu
vxsso| lq uhjlrq 5 ghfuhdvhv dqg wkh vnloo ri wkh djhqw lq wkh phdq lqfuhdvhv/
frqvhtxhqwo|/ wkh sulfh ri oderu dqg wkh phdq oderu hduqlqjv lqfuhdvh1

Lq wkh iroorzlqj ohppd/ zh lghqwli| wkh surshuwlhv wkdw jxdudqwhh wkdw wkh
htxloleulxp wd{ srolf| lv qrw rewdlqhg dv dq lqwhulru vroxwlrq wr wkh sureohp +819,1

Ohw xv ghqrwh e| 0
��

	b
'

_��E	b�

_	b

	b

��E	b�
wkh hodvwlflw| ri wkh sulfh ri oderu lq uhjlrq

4 zlwk uhvshfw wr wkh vnloo ri wkh lqgl�huhqw djhqw1 Dqg e| 0
7b�

	b
'

_7b�E	b�

_	b

	b
7b�E	b�

wkh

hodvwlflw| ri wkh phdq vnloo lq uhjlrq 4 zlwk uhvshfw wr wkh vnloo ri wkh lqgl�huhqw

djhqw1

Ohppd 8171 Ohw . ' i2c Ac sj dq hfrqrp| dqg i|c �j d srolf|0edvhg htxlole0
ulxp/ li l*, dqg ll, duh vdwlv�hg/ zkhuh
l*, 0

7b�
	b
�

�
�
0
��

	b

�
�

ll, lq wkh lqwhuydo
k
fc
	b

l
czh kdyh wkdw b6

�
� 7b� dqg lq

�
	bc �

l
zh kdyh wkdw b6

2
� 7b2�

wkhq | ' E�c f� �

Surri1 +Lw lv lq wkh dsshqgl{,1

Qrwh wkdw ll, lv wkh vdph surshuw| xvhg lq Sursrvlwlrq 8151
E| l*,c zh kdyh wkdw d pdujlqdo +shufhqwdjh, fkdqjh lq wkh vnloo ri wkh lqgl�hu0

hqw djhqw kdv d vpdoohu pdujlqdo +shufhqwdjh, h�hfw rq wkh vnloo ri wkh djhqw lq wkh
phdq ri uhjlrq 4/ wkdq rq wkh sulfh ri oderu ri uhjlrq 41 Lq rwkhu whupv/ surshuw|
l*, uhtxluhv wkdw wkh vorsh ri wkh surgxfwlrq ixqfwlrq eh vwhhshu lq uhodwlyh whupv

4:



wkdq wkh vorsh ri wkh glvwulexwlrq ixqfwlrq;1 Frqvhtxhqwo|/ lw lpsolhv wkdw dv wkh
vnloo ri wkh lqgl�huhqw djhqw ghfuhdvhv/ wkh phdq oderu hduqlqjv lqfuhdvh1

Wkh lqwxlwlrq ri Ohppd 817 lv wkh iroorzlqj1 E| surshuw| l*,/ zh �qg wkdw
wkrvh djhqwv zlwk vnloo ehorz 7b�/ dozd|v ehqh�w iurp uhgxflqj wkh oderu vxsso| ri

klv uhjlrq1 Frqvhtxhqwo|/ e| phdqv ri lqfuhdvlqj wkh wd{ udwh wr |� ' �c wkh| dyrlg

xs wr wkh pd{lpxp wkdw wkh djhqwv iurp uhjlrq 5 pljudwh wr uhjlrq 41 Lq uhjlrq

5/ dv 	b lqfuhdvhv/ wkh sulfh ri oderu dqg wkh phdq oderu hduqlqjv lqfuhdvh/ wkhq/ lq

htxloleulxp wkh djhqw zlwk vnloo deryh 7b2c dozd|v ehqh�w iurp uhgxflqj wkh oderu

vxsso| ri klv uhjlrq1 Khqfh/ wkh wd{ srolf| |2 ' f dyrlgv xs wr wkh pd{lpxp wkdw

wkh djhqwv iurp uhjlrq 4 pljudwh wr uhjlrq 51

Zh vkdoo vkrz wkdw zkhq 0
7b�

	b
:

�
�
0
��

	b

�
�
c wkh htxloleulxp wd{ srolf| gl�huv iurp

|� ' �� Wkhq/ d pdmrulw| yrwlqj htxloleulxp lq uhjlrq 4 uhtxluhv wkdw wkh qhw

lqfrph t� Eb�c |� eh vlqjoh shdnhg lq |�� Wdnlqj lw lqwr dffrxqw/ lq wkh iroorzlqj
sursrvlwlrq/ zh vkrz wkdw surshuw| ll, jxdudqwhhv wkdw d srolf|0edvhg htxloleulxp
h{lvwv1

Sursrvlwlrq 8181 Ohw . ' i2cAc sj zkhuh Dvvxpswlrq 4 krogv wkhq/ li hlwkhu l*,
dqg ll, ru l�, dqg ll, duh vdwlv�hg/ zkhuh

l*, 0
7b�

	b
�

�
�
0
��

	b

�
�
c ll*, 0

7b�
	b
:

�
�
0
��

	b

�
� dqg

Y
2t�Eb�c|�
Y2|�

	 f/

ll, lq wkh lqwhuydo
k
fc 	b

l
czh kdyh wkdw b6

�
� 7b� dqg lq

�
	bc �

l
zh kdyh wkdw b6

2
� 7b2c

d srolf|0edvhg htxloleulxp zlwk gl�huhqw uhjlrqv h{lvwv�

Surri1 +Lw lv lq wkh dsshqgl{,

Wkh lqwxlwlrq ri wklv uhvxow lv surylghg lq wkh iroorzlqj h{dpsoh=

H{dpsoh 8191 Ohw wkh vdph hfrqrp| wkdq lq H{dpsoh 816= . ' i2c Ac sj zkhuh

A� ' A2 ' u
�S dqg s lv d xqlirup ghqvlw| ixqfwlrq1

Vlqfh 7b� '
	b

2
dqg �� ' fc S

�
	b
2

2

�
3�e

/ fdofxodwlqj wkh hodvwlflwlhv zh kdyh wkdw

0
7b�

	b
' � dqg 0

��
	b
' �fcH� Wkhq/ lw iroorzv wkdw

�
�
0
��

	b

�
� 	 0

7b�
	b
/ dqg vr/ |� lv

rewdlqhg dv dq lqwhulru vroxwlrq wr sureohp 819c dqg zh kdyh wkdw |2 ' f�

;Wkh hodvwlflw| %
z4

a�
lv jlyhq e| wkh frqfdylw| ri W4= Khqfh/ zkhq wkh whfkqrorj| kdv frqvwdqw

uhwxuqv wr vfdoh zh kdyh wkdw %
z4

a�
@ 31 Wkh hodvwlflw| %

��4
a�
> uhihuv wr wkh ghqvlw| ixqfwlrq i>

lq sduwlfxodu lw phdvxuhv wkh uhodwlyh fxuydwxuh ri wkh vorsh ri wkh glvwulexwlexwlrq ixqfwlrq

jhqhudwhg e| i=

4;



Ohw xv qh{w fdofxodwh wkh htxloleulxp1 Vlqfh 7b� '
	b

2
dqg 7b2 '

�n	b

2
c e| EL/ zh kdyh

wkdw

��

�
� �

|�

2

�
' �2 +81<,

dqg vlqfh wkh phdq dqg wkh phgldq vnloo djhqw frlqflgh/ vroylqj wkh pd{lpl}dwlrq
sureohp +819, ri wkh phgldq djhqw/ zh kdyh wkdw

|� '
�0

��
	b

0
7b�

	b

+8143,

Vroylqj +8143, zh rewdlq wkdw |� ' �H lv wkh htxloleulxp wd{ udwh iru uhjlrq 41 Wkdw

|� ' �H lv d pdmrulw| yrwlqj htxloleulxp iroorzv iurp yhuli|lqj vhfrqg rughu frqgl0

wlrqv
Y2t Eb�c|�

Y2|�
	 f iru doo b� 5

k
fc

	b

l
c zklfk duh vdwlv�hg khuh1 Dqg vxevwlwxwlqj lq

+81<, zh rewdlq wkdw 	b ' �eSSbS lv wkh xqltxh ydoxh iru wkh vnloo ri wkh lqgl�huhqw
djhqw� Zh vxppdul}h wkh ydoxh ri doo wkh hqgrjhqrxv yduldeohv lq wkh iroorzlqj
wdeoh

|� |2 �� �2 7�� 7�2
	b u� u2

�H f ��eDDb �H.�DS ���bb� � Sef.e �eSSbS ��fbf� ��bfb.

Fohduo|/ vlqfh LQOS dovr krogv/ wkh deryh wdeoh ghvfulehv d srolf|0edvhg htxlole0

ulxp zlwk gl�huhqw uhjlrqv1

Vlqfh lq wkh h{dpsoh zh frqvlghu d xqlirup vnloo glvwulexwlrq/ wkh rewdlqhg htxl0

oleulxp dovr txdol�hv dv d phpehuvkls0edvhg htxloleulxp/ lq sduwlfxodu lw ehorqjv

wr wkh vhw ri phpehuvkls0edvhg htxloleulxp h{foxghg e| Dvvxpswlrq 51

Zh uhihu wr wkh srolf|0edvhg htxloleulxp zlwk wkh vxelqgh{ �c dqg wr wkh
phpehuvkls0edvhg htxloleulxp zlwk wkh vxelqgh{ �� Qrwh wkdw iru wkrvh vnloo
glvwulexwlrqv vdwlvi|lqj surshuw| ll, dqg vxfk wkdw wkh phdq dqg wkh phgldq vnloo
djhqw gr qrw frlqflgh/ zh kdyh wkdw |�

�
� |

�

�
� Wkh h{sodqdwlrq lv dv iroorzv/ zkhq

wkh djhqwv duh vrsklvwlfdwhg/ wkh| wdnh lqwr dffrxqw krz wkh pljudwlrq  rzv d�hfw

wkhlu lqfrph/ dqg vr/ li dv 	b lqfuhdvhv/ wkh phdq oderu hduqlqjv lqfuhdvh/ wkh djhqwv

zlwk orzhu vnloo suhihu uhgxflqj |� ehorz 4 lq rughu wr dwwudfw kljkhu vnloo djhqwv1
Ilqdoo|/ lw lv lpsruwdqw wr srlqw rxw wkdw hyhq zkhq surshuw| ll, grhv qrw krog/

zh fdq dozd|v �qg d sduwlwlrq ri wkh srsxodwlrq vdwlvi|lqj V dqg EL/ exw wkhq/ lw lv
qrw dozd|v srvvleoh wr vkrz wkdw LQOS lv vdwlv�hg/ vlqfh lw ghshqgv rq hdfk uhjlrq
srsxodwlrq dqg rq wkh pdmrulw| yrwlqj wd{dwlrq srolf|1 Krzhyhu/ qrwh wkdw zkhq
wkh djhqwv duh vrsklvwlfdwhg/ surshuw| ll, lv qrw dq| pruh d qhfhvvdu| frqglwlrq
iru htxloleulxp1

4<



91 ILQDO FRPPHQWV

Rxu uhvxowv duh uhodwhg zlwk wkrvh rewdlqhg e| Hssoh dqg Urphu +4<<4, +H0U lq
wkh vhtxho,1 H0U hvwdeolvk wkh surshuwlhv ri htxloleuld zlwk gl�huhqw uhjlrqv/ exw
wkh| gr qrw vwxg| h{lvwhqfh ri wkrvh htxloleuld1 Lqghhg/ dxwkruv olnh Fdsolq dqg
Qdohex� +4<<:,/ vkrz e| phdqv ri dq h{dpsoh/ lq d yhuvlrq vlpsohu wkdq H0U/
wkdw dq htxloleulxp idlov wr h{lvw<1 Lq wklv sdshu/ zh kdyh lqyhvwljdwhg zkdw duh
wkh suhflvh surshuwlhv wkdw ohdg xv wr wklv qhjdwlyh h{lvwhqfh uhvxow1

Zh kdyh �uvwo| vkrzq wkh qhfhvvdu| dqg vx!flhqw frqglwlrqv iru h{lvwhqfh ri
dq h{whuqdo htxloleulxp zlwk gl�huhqw uhjlrqv1 Wkhvh frqglwlrqv duh edvlfdoo| wkh
vdph dv lq H0U* sdshu1 Lq d frqwh{w vlpsohu wkdq H0U/ zh wkhq vkrz/ wkdw wkhvh
frqglwlrqv duh qrw frpsdwleoh +Sursrvlwlrq 714,1 Lw lv lpsruwdqw wr srlqw rxw/ wkdw
wkh h{dpsoh surylghg e| Fdsolq dqg Qdohex� dqg wkh prgho suhvhqwhg e| Kdqvhq
dqg Nhvvohu +4<<9,/ �w surshuo| lq rxu frqwh{w1

Vhfrqgo|/ zh kdyh dvvxphg wkdw lq hdfk uhjlrq wkhuh lv d oderu pdunhw zlwk
frqjhvwlrqv43 wkdw hqgrjhqrxvo| ghwhuplqhv wkh sulfh ri oderu1 Xqghu wklv dv0
vxpswlrq/ zh vkrz wkdw wkh frqglwlrqv wkdw fkdudfwhul}h wkh h{whuqdo htxloleuld
duh qrz frpsdwleoh +Ohppd 814,1 Zh kdyh vkrzq/ edvlfdoo|/ wkdw wkh pljudwlrq
 rzv ydu| wkh sulfh ri oderu xqwlo uhdfklqj wkh srlqw zkhuh qr djhqw zdqwv wr
pljudwh1

Ilqdoo|/ zh kdyh hvwdeolvkhg vrph frqglwlrqv wkdw jxdudqwhh h{lvwhqfh ri htxl0
oleulxp +lqwhuqdo dqg h{whuqdo, zlwk gl�huhqw uhjlrqv1 Iru wkh fdvh zkhuh wkh
djhqwv duh p|rslf/ zh kdyh surylghg wkh qhfhvvdu| dqg vx!flhqw frqglwlrqv iru
dq htxloleulxp1 Wkhvh frqglwlrqv uhtxluh wkdw wkh vnloo glvwulexwlrq eh xqlirup ru
vlplodu wr d X0vkdshg glvwulexwlrq/ l1h1 zh uhtxluh wkdw d elj pdvv ri srsxodwlrq
eh orz0vnloohg dqg dqrwkhu elj pdvv eh kljk0vnloohg +Sursrvlwlrq 815,1 Iru wkh
fdvh zkhuh wkh djhqwv duh vrsklvwlfdwhg/ zh kdyh vkrzq +Sursrvlwlrq 818, wkdw wkh
vdph nlqg ri vnloo glvwulexwlrq jxdudqwhhv htxloleulxp h{lvwhqfh/ exw wkhq/ li wkh
vorsh ri wkh glvwulexwlrq ixqfwlrq lv vwhhshu lq uhodwlyh whupv wkdq wkh vorsh ri wkh
surgxfwlrq ixqfwlrq/ htxloleulxp h{lvwhqfh uhtxluhv wkdw wkh djhqwv* qhw lqfrph
eh d frqfdyh ixqfwlrq ri wkh wd{ udwh1

<Vhh Gh Grqghu dqg Klqgulnv +4<<;, iru d zlghu glvfxvvlrq1
43Wkdw wkh whfkqrorj| glvsod|v ghfuhdvlqj uhwxuqv wr vfdoh sod|v d vlplodu uroh wr frqvlghulqj

wkdw wkhuh duh frqjhvwlrqv lq hdfk ri wkh uhjlrqv1
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:1 DSSHQGL[

Surri ri Sursrvlwlrq 615=

Ohw xv �uvw suryh vwdwhphqw L,=
Vwudwl�fdwlrq= Vxssrvh wr wkh frqwudu| wkdw wkhuh lv dq h{whuqdo htxloleulxp

i|c �j zkhuh doo wkh uhjlrqv duh gl�huhqw dqg zkhuh V grhv qrw krog1 Khqfh lq

htxloleulxp wkhuh pxvw eh dw ohdvw wzr djhqwv � dqg �� zlwk vnloo b� 	 b�� wkdw olyhv

lq uhjlrq & dqg dq djhqw �
�� zlwk vnloo b��� 5 Eb�c b��� wkdw olyhv lq uhjlrq �1 Wkhq/

wkh iroorzlqj lqhtxdolwlhv krog

b� d��E� � |��� �& E�� |&�o n d|� 7�� � |& 7�&o � f +:14,

b��� d��E� � |��� �& E�� |&�o n d|� 7�� � |& 7�&o � f +:15,

b�� d��E� � |��� �& E�� |&�o n d|� 7�� � |& 7�&o � f� +:16,

Vlqfh +:14,/ +:15, dqg +:16, duh rqo| frpsdwleoh zkhq wkh| krog zlwk htxdolw|/
lw lpsolhv wkdw lq htxloleulxp ��E�� |�� ' �& E� � |&� dqg |� 7�� ' |& 7�&� Exw wkhq/

uhjlrq & dqg � duh lghqwlfdo zklfk lv d frqwudglfwlrq1

Erxqgdu| Lqgl�huhqfh= Vxssrvh wr wkh frqwudu| wkdw wkhuh lv dq h{whuqdo htxl0

oleulxp i|c �j zkhuh EL lv qrw vdwlv�hg1 Wkhq/ e| V wkh uhjlrqv fdq eh rughuhg

e| vnloo ohyhov dqg vr/ iru vrph bc b�
c b��

5 Efc �� c wkh djhqwv zlwk vnloo lq wkh

lqwhuydo Ebc b�o olyh lq uhjlrq & dqg wkh djhqwv zlwk vnloo lq wkh lqwhuydo Eb�c b��o
olyh lq uhjlrq & n �� Vlqfh wkhuh lv qr lqgl�huhqw djhqw/ wkh djhqw zlwk vnloo b

�

vwulfwo| suhihuv uhjlrq & wr uhjlrq & n �c l1h1 t& Eb�c |� : t&n� Eb
�c |� dqg wkh djhqw

zlwk vnloo b�
n 0 +zkhuh 0 : f dqg forvh hqrxjk wr }hur, vwulfwo| suhihuv uhjlrq

& n � wr uhjlrq &c l1h1 t& Eb� n 0c |� 	 t&n� Eb
� n 0c |� � Exw wkhq/ vlqfh s lv vwulfwo|

srvlwlyh dqg frqwlqxrxvc wkhuh lv dq djhqw � zlwk vnloo 	b 5 db�c b� n 0o vxfk wkdw

t&

�
	bc |

�
' t&n�

�
	bc |

�
1 Frqvhtxhqwo|/ wkh djhqwv zlwk vnloo 	b duh lqgl�huhqw eh0

wzhhq uhjlrq & dqg & n �c zklfk lv d frqwudglfwlrq1

Lqfuhdvlqj Qhw Oderu sulfhv= Vxssrvh wr wkh frqwudu| wkdw wkhuh lv dq h{whuqdo

htxloleulxp i|c �j qrw vdwlvi|lqj LQOS1 Wkhq/ lq htxloleulxp wkhuh duh dw ohdvw

wzr uhjlrqv & dqg �c zklfk phdq vnloo ohyhov vdwlvi| wkdw 7b& 	
7b�/ dqg zkhuh

�& E�� |&� : �� E�� |�� � Frqvhtxhqwo|

7b& d�& E�� |&�� �� E� � |��o 	 7b� d�& E�� |&�� �� E�� |��o � +:17,

Dqg vlqfh wkh djhqwv zlwk vnloo 7b� olyh lq uhjlrq �c t�

�
7b�c |

�
� t&

�
7b�c |

�
dqg vr

7b� d�& E� � |&���� E�� |��o n |& 7�& � |� 7�� � f� +:18,
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Khqfh/ iurp +:17, dqg +:18, zh ghgxfh wkdw

7b& d�& E�� |&�� �� E�� |��o n |& 7�& � |� 7�� 	 f

l1h1 t&

�
7b&c |

�
	 t�

�
7b&c |

�
zklfk lv d frqwudglfwlrq1

Ohw xv vhfrqg suryh vwdwhphqw LL,=
Vxssrvh wkdw i|c �j vdwlv�hv V/ EL dqg LQOS1 E| V wkh uhjlrqv fdq eh rughuhg e|

vnloo ohyhov/dqg vr/ iru bc b�
c b��

5 Efc �� c wkh djhqwv zlwk vnloo lq wkh lqwhuydo

�
bc 	b

l

olyh lq uhjlrq & dqg wkh djhqwv zlwk vnloo lq wkh lqwhuydo

�
	bc b�

l
olyh lq uhjlrq &n�

dqg vr rq1 E| EL/

�&E�� |&�	bn |& 7�& ' �&n� E�� |&n�� 	b n |&n� 7�&n�� +:19,

Uhduudqjlqj whupv

	b d�&E� � |&�� �&n� E� � |&n��o n |& 7�& � |&n� 7�&n� ' f� +:1:,

E| LQOS wkh whup lq eudfnhwv lv qhjdwlyh ru htxdo wr }hur1 Frqvhtxhqwo|/ vlqfh
wkh vnloo ri hyhu| djhqw � 5 �&c b� lv vpdoohu ru htxdo wr 	bc

b� d�&E� � |&�� �&n� E�� |&n��o n |& 7�& � |&n� 7�&n� � f� +:1;,

Dqg vlqfh wkh vnloo ri hyhu| djhqw � 5 �&n�c b�

�
c lv juhdwhu ru htxdo wr 	bc

b�

�
d�&E� � |&�� �&n� E�� |&n��o n |& 7�& � |&n� 7�&n� � f� +:1<,

Fohduo| e| +:1;, dqg +:1<, qr djhqw lq uhjlrq & zdqwv wr pljudwh wr uhjlrq & n �

dqg ylfh yhuvd1

Ohw 	b
�

eh wkh lqgl�huhqw djhqw dprqj uhjlrq &n� dqg &n2c iurp EL zh ghgxfh

wkdw

	b
�

d�&n�E� � |&n����&n2 E�� |&n2�o n |&n� 7�&n� � |&n2 7�&n2 ' f�

E| LQOS wkh whup lq eudfnhwv lv qhjdwlyh ru htxdo wr }hur1 Frqvhtxhqwo|/ hyhu|

djhqw zlwk vnloo vwulfwo| vpdoohu wkdq 	b
�

c suhihuv olylqj lq uhjlrq &n� wkdq lq uhjlrq

& n 2c lq sduwlfxodu/ iru wkh djhqw zlwk vnloo 	bc

�&n�E�� |&n��	b n |&n� 7�&n� � �&n2 E�� |&n2� 	b n |&n2 7�&n2� +:143,
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Dqg vr/ iurp +:19, dqg +:143,/ zh kdyh wkdw

	b d�&E� � |&�� �&n2 E�� |&n2�o n |& 7�& � |&n2 7�&n2 � f�

Dqg vlqfh e| LQOS wkh whup lq eudfnhwv lv qhjdwlyh/ wklv lqhtxdolw| lv dovr vdwlv�hg

iru hyhu| djhqw � 5 �&c zlwk vnloo b� vpdoohu ru htxdo wr 	b� Dqg vr/ qr djhqw lq

uhjlrq & zdqwv wr pljudwh wr uhjlrq &n2� Iroorzlqj d vlplodu dujxphqw lw fdq eh

vkrzq wkdw wkh djhqwv lq uhjlrq &n2 gr qrw zdqw wr pljudwh wr uhjlrq &� Vlqfh lw

lv vdwlv�hg iru hyhu| wzr uhjlrqv/ zh kdyh wkdw i|c �j lv dq h{whuqdo htxloleulxp1

T1H1G1

Surri ri Fruroodu| 616=
d, Vlqfh zh duh lq htxloleulxp/ t& Eb�c |� � t&n� Eb�c |� iru doo � 5 �&� Lq sdu0

wlfxodu/ wklv lv wuxh iru wkh phdq djhqw ri �&c t&
�
7b&c |

�
� t&n�

�
7b&c |

�
� Wkhuhiruh/

�&
7b& � �&n�

7b& E�� |&n��n |&n��&n�
7b&n�� Vlqfh

7b& 	
7b&n�c

�&
7b& : �&n�

7b& E� � |&n��n |&n��&n�
7b& ' �&n�

7b&

Frqvhtxhqwo|/ �& : �&n��

e, Vlqfh e| d, �& : �&n�c zh kdyh wkdw LQOS lpsolhv wkdw E�� |&� 	

E� � |&n�� c dqg vr |& : |&n��

f, E| EL/ 	b d�& E� � |&�� �&n� E�� |&n��o ' 7�&n�|&n�� 7�&|&� Wkhq/ e| LQOS

dqg vlqfh wkh uhjlrqv duh gl�huhqw/ �& E� � |&� � �&n� E�� |&n�� 	 f dqg vr

7�&n�|&n� 	 7�&|&�

g, E| EL/ t&

�
	bc |

�
' t&n�

�
	bc |

�
1 Vlqfh s lv vwulfwo| srvlwlyh/ zh kdyh wkdw

7b& 	
	b/ wkhq/ e| LQOS t&

�
7b&c |

�
	 t&

�
	bc |

�
zkhuh t&

�
7b&c |

�
' �&

7b&� Dqg jlyhq

wkdw 7b&n� :
	bc iurp d vlplodu dujxphqw/ t&n�

�
	bc |

�
	 t&n�

�
7b&n�c |

�
1 Vr wkdw

t&

�
7b&c |

�
	 t&

�
	bc |

�
' t&n�

�
	bc |

�
	 t&n�

�
7b&n�c |

�
c

zklfk lpsolhv wkdw �&
7b& 	 �&n�

7b&n�� T1H1G1

Surri ri Ohppd 817

Iurp sureohp +819,/ zh kdyh wkdw

Yt&Eb&c|�
Y|&

'

YxE|�
Y|&

�
_�&ExE|��

_x
E�� |&�b& n

_ 7�&ExE|��
_x

|&

�
� �&b& n 7�& Ex E|�� c
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ohw xv dqdo|}h wkh vljq ri wklv ghulydwlyh1
Iru uhjlrq 4/ wkh ghulydwlyh +D�H� fdq eh h{suhvvhg lq whupv ri hodvwlflwlhv=

_ 7��E	b�
_	b

'
7��

	b
E0
��

	b
n 0

7b�
	b
� +:144,

dqg wkhq/ 0
7b�

	b
�

�
�
0
��

	b

�
� lpsolhv wkdw

_ 7��E	b�
_	b

	 f� E| +818,

YxE|�
Y|�

' ���E7b� � 	b�*
Y�E	bc|�

Y	b

dqg vlqfh ��

�
7b� �

	b

�
	 f dqg fdofxodwlqj wkh ghulydwlyh

Y�E	bc|�
Y	b

Y�E	bc|�
Y	b

' U n 	b

#
_��E	b�

_	b

3

E�� |���
_�2E	b�

_	b

n

E� � |2�

$
n

_ 7��E	b�
_	b

3

|��
_ 7�2E	b�
_	b
n

|2 +:145,

zkhuh U ' �� E�� |�� � �2 E� � |2� dqg e| LQOS zh kdyh wkdw U 	 f� Khqfh/

zh rewdlq wkdw
Y�E	bc|�

Y	b
	 f� Frqvhtxhqwo|/ e| +:145,/ YxE|�

Y|�
	 f1 Ilqdoo|/ vlqfh

_��E	b�
_	b

	 fc
_ 7��E	b�

_	b
	 fc

YxE|�
Y|�

	 f dqg e| k|srwkhvlv E���b� n 7��� � f iru doo

b� 5

�
fc

7b�

�
c zh kdyh wkdw e| +81:,/ wkh vroxwlrq wr wkh pd{lpl}dwlrq sureohp lv

qrw lqwhulru/ lq sduwlfxodu Yt�Eb�c|�
Y|�

: f iru doo b� 5

�
fc

7b�

�
� Vlqfh b

6

�
5

�
fc

7b�

�
/ zh

kdyh wkdw |� ' � lv d pdmrulw| yrwlqj htxloleulxp1

Lq uhjlrq 5/ e| +D�H� zh kdyh douhdg| vkrzq wkdw
_ 7�2E	b�
_	b

: f1 Dqg e| +818, zh
kdyh wkdw

YxE|�
Y|2

' �2E7b2 � 	b�*
Y�E	bc|�

Y	b

Vlqfh E7b2 � 	b� : f dqg
Y�E	bc|�

Y	b
	 f/ zh rewdlq wkdw

YxE|�
Y|2

	 f� Ixuwkhupruh/

E��2b� n 7�2� � f iru doo b� 5

�
7b2c �

�
c dqg vr/ iurp +81:, zh kdyh wkdw Yt2Eb� c|�

Y|2
	 f

iru doo b� 5

�
7b2c �

�
� Vlqfh b

6

2
5

�
7b2c �

�
/ zh kdyh wkdw |2 ' f lv d pdmrulw| yrwlqj

htxloleulxp1 T1H1G1

Surri ri Sursrvlwlrq 818

Iluvw/ vxssrvh wkdw . vdwlv�hv l*, dqg ll,� Wkhq/ e| Ohppd D�ec lq htxloleulxp

| ' E�c f�1 E| Ohppd 814/ zh nqrz wkdw xqghu Dvvxpswlrq 4/ iru doo |c wkhuh h{lvwv

d sduwlwlrq ri wkh srsxodwlrq � vdwlvi|lqj V dqg EL1 Lq sduwlfxodu/ lw h{lvwv iru
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| ' E�cf� � Ixuwkhupruh/ e| Uhpdun 4/ li
Y�E	bc|�

Y	b
9' fc wkhuh lv d xqltxh lqgl�huhqw

djhqw1 Hydoxdwlqj wklv sduwldo ghulydwlyh lq | ' E�c f� zh kdyh wkdw

Y�E	bc|�
Y	b

' ��2 �
	b

Y�2E	b�
Y	b

n

n
Y 7��E	b�
Y	b

dqg vlqfh 0
7b�

	b
�

�
�
0
��

	b

�
�
c lw iroorzv wkdw

Y 7��E	b�
Y	b

� f1 Frqvhtxhqwo|/ wkhuh lv d xqltxh

lqgl�huhqw djhqw 	b� Ilqdoo|/ vlqfh

�� E�� |�� ' f � �2 E�� |2� ' �2c +:146,

LQOS krogv dqg e| Sursrvlwlrq 515/ iE�cf� c�j lv dq h{whuqdo htxloleulxp1 Dqg/

jlyhq wkdw e| Ohppd 814 zh nqrz wkdw 	b 5 Efc �� c lw iroorzv wkdw �2E	b� : f
zklfk lpsolhv wkdw lqhtxdolw| +:146, lv vwulfw dqg vr/ lq htxloleulxp wkh uhjlrqv duh
gl�huhqw1

Vhfrqg/ vxssrvh wkdw . vdwlv�hv l�, dqg ll,� Wkhq/ lq htxloleulxp |2 ' fc dqg

e| l�,/ zh kdyh wkdw
Y 7��E	b�
Y	b

: fc vr wkdw |� pd| qrw eh htxdo wr 41 Ohw | ' E|�c f� c

wkhq/ e| Ohppd 814/ wkhuh h{lvwv d sduwlwlrq ri wkh srsxodwlrq � wkdw vdwlv�hv V

dqg EL1 Lq sduwlfxodu/ wkhuh lv dq lqgl�huhqw djhqw zlwk vnloo 	b zkhuh

	b 5 Efc �� vdwlvi|lhv wkdw �

�
	bc |

�
� t�

�
	bc |

�
� t2

�
	bc |

�
' f +:147,

Krzhyhu/ 	b pd| qrw eh xqltxh1 Ohw xv qh{w vkrz wkdw lw fdq eh gh�qhg d ixqfwlrq

zklfk vhohfwv iru hdfk wd{ yhfwru wkh vnloo ri wkh lqgl�huhqw djhqw lq d frqwlqxrxv

zd|1 Vxevwlwxwlqj wkh wd{ yhfwru | ' E|�c f� lq +:147, zh kdyh wkdw

|� '
	bE�2E	b�3��E	b��
7��E	b�3	b��E	b�

+:148,

zkhuh |� lv rewdlqhg dv d frqwlqxrxv dqg gl�huhqwldeoh ixqfwlrq44 ri 	b1 Dqg

jlyhq wkdw A� lv wzlfh frqwlqxrxvo| gl�huhqwldeoh dqg s lv frqwlqxrxv/ +:148, lv
frqwlqxrxvo| gl�huhqwldeoh1 Krzhyhu/ lw fdq qrw eh jxdudqwhhg wkdw iru hyhu| |�
wkhuh lv d xqltxh 	b� Ohw xv qh{w vkrz wkdw iru doo |� 5 dfc �o/ wkhuh lv dozd|v
	b 5 Efc �� vdwlvi|lqj +:148,� Qrwh wkdw zkhq |� ' �/ e| +:148, zh kdyh wkdw

7��E	b�� 	b�2E	b� ' f� +:149,

44
Qrwh wkdw �z4+a�,� a�z4+a�, @

�
�� � a�

�
z4+a�, dqg vlqfh i lv vwulfwo| srvlwlyh/ zh kdyh wkdw iru

hyhu| a� 9@ 3> wkh whup �� � a� 9@ 3= Frqvhtxhqwo|/ wkh ghulydwlyh ri +:148, lv dozd|v zhoo gh�qhg1
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Dqg zkhq |� ' f/ e| +:148, zh kdyh wkdw

��E	b�� �2E	b� ' f� +:14:,

Dqg vlqfh �& ' A
�

&
Eu&�/ e| Dvvxpswlrq 4/ zh kdyh wkdw *�4

	b<f

��E	b� '41 Frqvh0

txhqwo|/ dv 	b whqgv wr f/ zh kdyh wkdw 7��E	b�� 	b�2E	b� : f dqg ��E	b���2E	b� : fc
dqg dv 	b whqgv wr �/ 7��E	b� � 	b�2E	b� 	 f dqg ��E	b� � �2E	b� 	 f� Frqvhtxhqwo|/
wkhuh lv vrph 	b 5 Efc �� vxfk wkdw htxdwlrq +:149, vdwlv�hv/ dqg dovr vrph 	b 5 Efc��
vxfk wkdw +:14:, vdwlv�hv1 Wkxv/ e| frqwlqxlw| ri ixqfwlrq +:148,/ zh ghgxfh wkdw
iru hdfk |� 5 dfc �o c wkhuh lv 	b 5 Efc �� vdwlvi|lqj +:148,1

Lq sduwlfxodu/ iru hdfk |� 5 dfc �o zh duh jrlqj wr vhohfw d xqltxh ydoxh ri 	b
lq d frqwlqxrxv dqg gl�huhqwldeoh sdwk wkdw zh ghqrwh e| x� Khqfh/ zh kdyh

wkdw x E|�� ' 	b dqg vlqfh +:148, lv frqwlqxrxvo| gl�huhqwldeoh/ zh kdyh wkdw x

lv dovr frqwlqxrxvo| gl�huhqwldeoh1 Ohw xv qh{w vkrz lq Vwhs 4 wkdw dq lqwhuqdo

htxloleulxp h{lvwv dqg lq Vwhsv 5 wr 8/ ohw xv vkrz wkdw wkh rewdlqhg lqwhuqdo

htxloleulxp lv dovr dq h{whuqdo htxloleulxp zlwk gl�huhqw uhjlrqv1

Vwhs 4= Vlqfh wkh djhqwv duh vrsklvwlfdwhg/ iru dq djhqw olylqj lq uhjlrq 4/ klv

prvw suhihuuhg45 wd{ udwh lv jlyhq e|

|� 5 @h}4@ 

|�Mdfc�o

�� ExE|��b� E�� |��n 7�� Ex E|�� |�� +:14;,

Wkh vroxwlrq wr wkh deryh sureohp lv hlwkhu h{wuhph +|� ' �� ru lqwhulru1 Lq wkh

fdvh wkdw wkh vroxwlrq lv lqwhulru/ vlqfh zh kdyh dvvxphg wkdw
Y
2t�Eb� c|�
Y2|�

	 fc vhfrqg

rughu frqglwlrq krog1 Dqg vlqfh x lv frqwlqxrxvo| gl�huhqwldeoh dqg A� lv wzlfh

frqwlqxrxvo| gl�huhqwldeoh dqg s lv frqwlqxrxv/ wkhq/ dv b� ydulhvc wkh vroxwlrq wr
sureohp +:14;, dovr ydulhv lq d frqwlqxrxv zd|1 Khqfh/ zh fdq gh�qh d frqwlqxrxv
ixqfwlrq wkdw zh ghqrwh e| � / wkdw lqglfdwhv iru hdfk b� 5 dfc �o wkh wd{ udwh |�

rewdlqhg dv d vroxwlrq wr +:14;,1
Qrz/ iru hdfk 	b 5 dfc�o zh duh jrlqj wr frqvlghu wkdw wkh vnloo ri wkh phgldq

djhqw lq uhjlrq 4 lv jlyhq e| 6E	b� ' b
6

�
� Dqg e| frqwlqxlw| ri s / zh kdyh wkdw

6 lv d frqwlqxrxv ixqfwlrq ri 	b� Wkxv/ frqvlghu qrz wkh ixqfwlrq � G dfc �o $

dfc �o zkhuh �
�
6

�
	b

��
' |�� Wkhq/ e| pdmrulw| yrwlqj/ dq lqwhuqdo htxloleulxp

uhtxluhv wkdw

x

�
�

�
6E	b�

��
' 	b +:14<,

45Zh dvvxph wkdw dw wklv srlqw wkh djhqwv gr qrw frqvlghu uhvwulfwlrqv ri wkh nlqg= �l � � +w, =
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E| frqwlqxlw| ri 6/ � dqg xc zh kdyh wkdw x lv d frqwlqxrxv ixqfwlrq lq wkh

lqwhuydo dfc �o � Dqg vlqfh x G dfc �o$ dfc �o c e| Eurzhu*v �{hg srlqw wkhruhp wkhuh
lv 	b 5 dfc �o vxfk wkdw +:14<, lv vdwlv�hg1 Qrz/ zh rqo| kdyh wr vkrz wkdw wklv 	b lv
xqltxh +zklfk lv vkrzq dw wkh hqg ri wkh surri,1

E| +:14<, wkh htxloleulxp srolf| lq uhjlrq 4 lv jlyhq e| |� '�

�
6E	b�

�
c dqg

vr | ' E|�c f� lv dq lqwhuqdo htxloleulxp1

Vwhs 5= Ohw xv vkrz wkdw V dqg EL krog1 E| +:147,/ 	b lv wkh vnloo ri wkh

lqgl�huhqw djhqw/ dqg frqvhtxhqwo| lw fdq eh gh�qhg d sduwlwlrq � ' i��c �2j

zkhuh �� '

q
� G b� �

	b

r
c �2 '

q
� G b� :

	b

r
wkdw vdwlv�hv V dqg EL1

Vwhs 6= Ohw xv vkrz wkdw |� 9' f� Wkh sduwldo ghulydwlyh ri t� Eb
6

�
c |� uhvshfw

wr |� lv jlyhq e|

Yt�Eb
6

�
c|�

Y|�
'

YxE|�
Y|�

3

#
_��ExE|��

_x
3

E�� |��b
6

�
n

_ 7��ExE|��
_x
n

|�

$
� ��b

6

�
n 7�� Ex E|��

zkhuh e| ll,/ E���b
6

�
n 7�� Ex E|��� : f� Lq wkh fdvh wkdw |� ' fc zh kdyh wkdw

Yt�Eb
6

�
c|�

Y|�
: fc dqg vr |� ' f fdq qrw pd{lpl}h t� Eb

6

�
c |� �

Vwhs 7= Ohw xv qh{w vkrz wkdw LQOS krogv1 E| EL dqg vxevwlwxwlqj wkdw

|2 ' fc zh kdyh wkdw
�� E�� |�� 	bn 7��|� ' �2

	b +:153,

Vlqfh e| Vwhs 6 zh nqrz wkdw |� 9' f dqg e| +:147, zh kdyh wkdw 	b 5 Efc �� c lq
htxloleulxp 7��|� 9' fc frqvhtxhqwo|/ e| +:153, zh �qg wkdw �� E� � |�� 	 �2�

Vwhs 8= Ohw xv vkrz wkdw wkh uhjlrqv duh gl�huhqw1 Vlqfh |2 ' fc zh kdyh wkdw

7�2|2 ' fc dqg vr/ wkdw 7��|� 9' f jxdudqwhhv wkdw wkh uhjlrqv duh gl�huhqw1

Ilqdoo|/ e| vwhsv 4 wr 8 zh kdyh vkrzq wkdw iru hdfk 	b vdwlvi|lqj +:14<,/ lw
h{lvwv d srolf|0edvhg htxloleulxp zlwk gl�huhqw uhjlrqv dqg wkhq/ e| uhpdun 4/
zh nqrz wkdw wkh ghulydwlyh Y�

Y	b
lv gl�huhqw iurp }hurc dqg vr/ 	b lv xqltxh/ zklfk

lpsolhv wkdw wkh htxloleulxp lv xqltxh1 T1H1G1
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