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LYLH zrunlqj0sdshuv r�hu lq dgydqfh wkh uhvxowv ri hfrqrplf uhvhdufk xqghu zd|

lq rughu wr hqfrxudjh d glvfxvvlrq surfhvv ehiruh vhqglqj wkhp wr vflhqwl�f mrxuqdov iru

wkhlu �qdo sxeolfdwlrq1
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- Zh duh judwhixo wr U1 Idxoð0Roohu iru khosixo frpphqwv dqg vxjjhvwlrqv1 Wkh

dxwkruv dfnqrzohgjh �qdqfldo vxssruw iurp wkh Vsdqlvk Plqlvwu| ri Hgxfdwlrq
xqghu GJLF\W surmhfwv SE<9044<5 +P1 Jrq}äoh}0Pdhvwuh, dqg SE<503675 +M1
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Lq wklv sdshu zh frqvlghu wkh lqwhudfwlrqv ehwzhhq wkh xvh ri vwudwhjlf

ghohjdwlrq dqg phujhuv lq wkh frqwh{w ri d Frxuqrw roljrsro| zlwk olqhdu ghpdqg

dqg frvw ixqfwlrqv1 Lw lv dvvxphg wkdw/ diwhu wkh phujlqj surfhvv lv frpsohwhg/ wkh

rzqhu ri hyhu| lqghshqghqw �up ghflghv lwv pdqdjhuldo lqfhqwlyh iru klv pdqdjhu1

Lq wkh frqwh{w ri hqgrjhqrxv phujhuv wkurxjk dftxlvlwlrqv/ zh vkrz wkdw wkh

lqfhqwlyh wr phujh/ xqghu ghohjdwlrq/ lv frqvlghudeo| lqfuhdvhg zlwk uhvshfw wr

wkh vhwwlqj zlwkrxw ghohjdwlrq1 Lq idfw/ zh suryh wkdw wkh ohyho ri zhoiduh lq wkh

vhwwlqj zlwk ghohjdwlrq lv/ lq vrph fdvhv/ orzhu wkdq wkh fruuhvsrqglqj ohyho xqghu

qrq ghohjdwlrq1

Nh|zrugv= Vwudwhjlf Ghohjdwlrq> Hqgrjhqrxv Phujhuv> Frxuqrw Roljrsro|1
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41 LQWURGXFWLRQ

Lq wklv sdshu/ zh ghdo zlwk wkh lqwhudfwlrqv ehwzhhq wkh vwudwhjlf xvh ri ghohjdwlrq
dqg wkh h�hfwv ri phujhuv lq roljrsrolvwlf pdunhwv1 Lq wkh fxuuhqw olwhudwxuh derxw
wkh sur�wdelolw| ri phujhuv/ lw lv xvxdoo| dvvxphg wkdw wkh �upv dulvlqj diwhu wkh
phujlqj surfhvv frpshwh gluhfwo| lq wkh surgxfw pdunhw1 Xqghu wklv dvvxpswlrq/
Vdodqw/ Vzlw}hu dqg Uh|qrogv +4<;6, kdyh vkrzq wkdw phujhu lv sulydwho| suri0
lwdeoh rqo| li d uhodwlyho| kljk iudfwlrq ri suhylrxvo| h{lvwlqj �upv hqjdjh lq wkh
phujlqj surfhvv1 Vshfl�fdoo|/ wkh| vkrz wkdw li ghpdqg dqg frvw ixqfwlrqv duh
olqhdu/ wkhq dq h{rjhqrxv phujhu/ iroorzhg e| Frxuqrw frpshwlwlrq lv rqo| suri0
lwdeoh li dw ohdvw ;3 shufhqw ri wkh �upv hqjdjhv lq wkh phujhu1 Qhyhuwkhohvv/ vrph
phujhuv kdyh uhfhqwo| ehhq revhuyhg lq dhurqdxwlfdo dqg dxwrpreloh lqgxvwulhv
zklfk duh qrw h{sodlqhg e| wklv dqdo|vlv41 Jrq}äoh}0Pdhvwuh hw do1 +4<<;, vkrz
wkdw wkh uhtxluhg iudfwlrq ri phujlqj �upv iru d phujhu wr eh sur�wdeoh/ zkhq
ghohjdwlrq lv frqvlghuhg/ lv vxevwdqwldoo| vpdoohu wkdq zlwkrxw ghohjdwlrq1 Wklv
uhvxow/ zklfk djuhhv zlwk wkh h{lvwhqfh ri phujhuv lq lqgxvwulhv zlwk d vpdoo qxp0
ehu ri �upv/ vxjjhvwv wkdw ghohjdwlrq pdnhv phujhuv pruh dwwudfwlyh iru �upv/
uhodwlyh wr wkh qr ghohjdwlrq fdvh1 Wklv ulvhv wkh lvvxh ri wkh frpshwlwlyh h�hfwv ri
hqgrjhqrxv phujhuv/ vlqfh wklv lqfhqwlyh 0pljkw r�vhw wkh pruh djjuhvvlyh ehkdy0
lru ri pdqdjhuv/ dvvrfldwhg wr ghohjdwlrq dqg txdqwlw| frpshwlwlrq1 Uhjduglqj
hqgrjhqrxv phujhuv/ Ndplhq dqg ]dqj +4<<3, kdyh dqdo|}hg d prgho zlwkrxw
ghohjdwlrq zkhuh phujhu lv fduulhg rxw e| phdqv ri dftxlvlwlrqv1 Edvlfdoo|/ wkh|
vkrz wkdw frpsohwh ru sduwldo prqrsrol}dwlrq/ wkurxjk dftxlvlwlrq/ fdq rqo| rf0
fxu lq lqgxvwulhv zlwk uhodwlyho| ihz �upv1 Lq sduwlfxodu/ zlwk olqhdu ghpdqg dqg
frvw ixqfwlrqv/ wkhuh lv qr phujhu lq htxloleulxp/ zlwk pruh wkdq wzr �upv1 Wklv
uhvxow grhv qrw djuhh zlwk phujhuv revhuyhg lq pdunhwv zlwk d vpdoo qxpehu ri
�upv1

Wkh dlp ri wklv sdshu lv wr vkrz wkdw wkh lpsolflw dvvxpswlrq ri wkrvh dxwkruv
wkdw ghohjdwlrq e| phdqv ri lqfhqwlyh frqwudfwv zlwk pdqdjhuv lv qrw ihdvleoh/ lv
fuxfldo lq wkhlu uhvxowv1 Zh dqdo|}h d prgho zlwk olqhdu ghpdqg dqg frvw ixqfwlrqv
zkhuh hyhu| �up/ uhvxowlqj iurp wkh suhylrxv phujhu surfhvv/ ghohjdwhv wkh rxwsxw
ghflvlrq rq lwv pdqdjhu e| phdqv ri d uhzdug vfkhph zklfk lv d olqhdu frpelqdwlrq
ri uhyhqxhv dqg sur�wv1 Wkxv/ rxu prgho h{whqgv dovr wkh suhylrxv dqdo|vlv e|
Ihuvkwpdq dqg Mxgg +4<;:,/ Vnolydv +4<;:, dqg Ylfnhuv +4<;8, wr wkh fdvh lq zklfk
phujhuv duh doorzhg1 Lq d gl�huhqw dssurdfk wr wklv lvvxh/ Idxoð0Roohu dqg Prwwd
+4<<9,/ kdyh dqdo|}hg d prgho zlwk wkuhh lqlwldo �upv/ zkhuh rqo| wkh rzqhu ri
rqh �up fdq ghohjdwh erwk rxwsxw dqg wdnhryhuv ghflvlrqv rq klv pdqdjhu/ lq

4Lq wkh dhurqdxwlfdo lqgxvwu|/ PfGrqhoo0Grxjodv dqg Erhlqj kdyh phujhg lq d pdunhw zlwk
edvlfdoo| wkuhh �upv +wkh rwkhu lv Dluexv,1 Lq wkh dxwrpreloh lqglvwu|/ Uroov Urlfh kdv ehhq
dgtxluhg e| Zronvydjhq/ dqg Fkluvohu dqg Gdlpohu0Ehq} kdyh phujhg1
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d olqhdu Frxuqrw iudphzrun1 Wkhlu pdlq frqfoxvlrq lv wkdw/ li wkh rzqhu rqo|
nqrzv wkh suredelolw| glvwulexwlrq ri wkh surgxfwlrq frvw/ wkhq wkh htxloleulxp
lqyroyhv/ lq vrph fdvhv/ xqsur�wdeoh dftxlvlwlrqv e| wkh pdqdjhu1 Lq frqwudvw/
wkh edvlf frqvhtxhqfh ri rxu prgho lv wkdw ghohjdwlrq hqkdqfhv wkh sur�wdelolw| ri
phujhu1 Lq wkh vhwwlqj ri hqgrjhqrxv phujhuv wkurxjk dftxlvlwlrqv/ wkh lqfhqwlyh
wr phujh lv frqvlghudeo| juhdwhu lq rxu prgho/ frpsduhg zlwk wkh prgho zlwk qr
ghohjdwlrq1 Lq idfw/ zh vkrz wkh iroorzlqj1 Iluvw/ frpsohwh prqrsrol}dwlrq dulvhv
dv htxloleulxp zlwk ohvv wkdq irxu �upv/ zkloh lq wkh prgho zlwkrxw ghohjdwlrq
lw rqo| kdsshqv zlwk wzr �upv1 Vhfrqg/ wkh gxrsro| lv wkh rqo| xqgrplqdwhg
htxloleulxp/ zlwk dq lqlwldo qxpehu ri �upv juhdwhu wkdq 6 dqg vpdoohu wkdq
:/ zkloh lq wkh qrq0ghohjdwlrq jdph/ phujhu lv dozd|v lpsrvvleoh lq htxloleulxp
zlwk pruh wkdq wzr �upv1 Wklug/ zlwk : ru pruh �upv/ qr pdwwhu li ghohjdwlrq lv
frqvlghuhg ru qrw/ qr phujhu zloo rffxu lq htxloleulxp1

Zh dovr frqvlghu wkh zhoiduh dqg frpshwlwlyh lpsolfdwlrqv ri rxu prgho1 Uho0
dwlyh wr wkh prgho zlwk qr ghohjdwlrq/ wkh htxloleulxp rxwfrphv lq rxu prgho
duh pruh frpshwlwlyh dqg lqyroyh pruh zhoiduh li wkh lqlwldo qxpehu ri �upv lv
htxdo ru juhdwhu wkdq :/ vlqfh lq erwk prghov wkh lqlwldo qxpehu ri �upv uhpdlqv
xqfkdqjhg/ exw ghohjdwlrq pdnhv �upv pruh djjuhvvlyh1 Zlwk 5 lqlwldo �upv/ wkh
htxloleulxp lpsolhv wkh vdph zhoiduh lq erwk prghov/ vlqfh prqrsrol}dwlrq dulvhv
lq wkh wzr fdvhv1 Zlwk 7 lqlwldo �upv wkh zhoiduh lv dovr wkh vdph/ vlqfh wkh kljkhu
htxloleulxp qxpehu ri �upv lq wkh qrq0ghohjdwlrq jdph +7 lqvwhdg ri 5, lv r�0
vhw e| wkh pruh djjuhvvlyh pdqdjhuldo ehkdylru ri wkh uhvxowlqj gxrsro| lq wkh
ghohjdwlrq jdph1 Krzhyhu/ zlwk 6/ 8 ru 9 lqlwldo �upv/ wkh htxloleulxp rxwfrph
lqyroyhv kljkhu frpshwlwlrq dqg zhoiduh lq wkh qrq0ghohjdwlrq prgho1 Wkh lqwx0
lwlrq iru wklv uhvxow/ uholhv rq wkh idfw wkdw/ dowkrxjk ghohjdwlrq pdnhv pdqdjhuv
pruh djjuhvvlyh/ lw dovr lqfuhdvhv wkh dwwudfwlyhqhvv ri phujhu1

Uhjduglqj wkh g|qdplf lpsolfdwlrqv ri rxu prgho/ lw suhglfwv wkdw/ zlwk d
vx!flhqwo| odujh qxpehu ri lqlwldo �upv/ wkh pdunhw zloo uhpdlq xqfkdqjhg ryhu
wlph lq erwk prghov1 Krzhyhu/ lq wkh ghohjdwlrq prgho wkh pdunhw vwuxfwxuh
pryhv txlfno| wr d frpsohwh prqrsrol}dwlrq zlwk ohvv wkdq : lqlwldo �upv/ zkloh
xqghu qr0ghohjdwlrq wkh qxpehu ri �upv lv xqfkdqjhg zlwk pruh wkdq wzr lqlwldo
�upv1

Rxu dqdo|vlv lv dovr h{whqghg wr wkh fdvh lq zklfk/ diwhu phujhu/ wkh rzqhu ri
hdfk jurxs ri �upv fdq rshudwh lqghshqghqwo| pruh wkdq rqh �up lq wkh jurxs
+zh zloo uhihu wr wklv vlwxdwlrq dv wkh ghfhqwudol}hg jdph,1 Lq wklv fdvh/ zh vkrz
wkdw lq rxu ghohjdwlrq jdph hdfk �qdo rzqhu kdv qr lqfhqwlyh lq rshudwh pruh wkdq
rqh �up1 Krzhyhu/ lq wkh qrq0ghohjdwlrq jdph/ wkhuh lv dq lqfhqwlyh wr rshudwh
pruh wkdq rqh �up/ dv vkrzq e| Ndplhq dqg ]dqj +4<<3,1 Zh vkrz wkdw/ zlwk
olqhdu ghpdqg ixqfwlrq/ wkh qrq0ghohjdwlrq jdph jlyhv d �qdo prqrsro| zlwk 7
ri ohvv lqlwldo �upv/ zkloh iru wkh uhvw ri wkh fdvhv/ wkh lqlwldo qxpehu ri dfwlyh

7



�upv lv uhgxfhg e| rqh li wkh lqlwldo qxpehu ri �upv lv hyhq/ dqg e| wzr li wklv
lqlwldo qxpehu lv rgg1 Wkxv/ wkh ghfhqwudol}hg qrq0ghohjdwlrq jdph lpsolhv/ lq
prvw fdvhv/ orzhu qxpehu ri �qdo dfwlyh �upv wkdq rxu ghohjdwlrq jdph/ frqwudu|
wr zkdw kdsshqv lq wkh fhqwudol}hg vhwxs1

Wkh uhvw ri wkh sdshu lv rujdql}hg dv iroorzv1 Lq Vhfwlrq 5/ zh ghvfuleh wkh
prgho> Vhfwlrq 6 vwxglhv wkh jdph zlwk hqgrjhqrxv phujhuv lq wkh fhqwudol}hg fdvh>
Vhfwlrq 7 dqdo|}hv wkh ghfhqwudol}hg jdph> dqg Vhfwlrq 8 jdwkhuv rxu frqfoxvlrqv1

51 WKH PRGHO

Lq wklv Vhfwlrq/ zh ghvfuleh wkh dvvxpswlrqv dqg vwuxfwxuh ri rxu prgho1 Zh
dvvxph wkdw ? lqlwldo rzqhuv ri lghqwlfdo �upv ri d krprjhqhrxv jrrg lqgxvwu| fdq

hqjdjh lq phujhuv wkurxjk dftxlvlwlrqv1 Wkh lqyhuvh ghpdqg dqg frvw ixqfwlrqv

ri hdfk �up duh jlyhq / uhvshfwlyho|/ e| RE%� ' @� %c dqg �E%�� ' S%�c zkhuh % lv

wkh wrwdo rxwsxw/ %� lv wkh rxwsxw ri �up � dqg @ : S : f�

Wkh lqwhudfwlrqv dprqj rzqhuv dqg pdqdjhuv lv jlyhq e| wkh iroorzlqj jdph=

Vwdjh 4= Hdfk rzqhu � 5 � ' i�c 2c ���c ?j vlpxowdqhrxvo| dqqrxqfhv d yhfwru

�
� ' E��

�
c �

�
2
���c ��

?� 5 -? ri elgv/ zkhuh �
�

� lv wkh rzqhu �*v elg iru �up � 9' �/

dqg �
�

� lv wkh rzqhu �*v elg ru dvnlqj sulfh iru klv rzq �up1 Wkh doorfdwlrq ri

�upv wr rzqhuv lv dvvxphg wr eh wkh iroorzlqj= d �up lv rzqhg e| wkh rzqhu

r�hulqj wkh kljkhvw elg1 Lq wkh fdvh ri wlh dprqj d ex|hu dqg d vhoohu/ wkhq wkh

wudqvdfwlrq rffxuv1 Li wkh wlh rffxuv dprqj ex|huv/ wkhq wkh rqh zlwk wkh orzhvw

lqgh{ wdnhv wkh �up1

Ohw xv gh�qh &� dqg 6/ uhvshfwlyho|/ dv wkh qxpehu ri �upv rzqhg e| rzqhu

� dqg wkh wrwdo qxpehu ri dfwlyh �upv/ diwhu doo phujhuv duh frpsohwhg1

Vwdjh 5= Wkh rzqhu ri hyhu| dfwlyh �up/ vd| �/ uhvxowlqj iurp wkh suhylrxv

vwdjh/ ghflghv/ vlpxowdqhrxvo|/ wkh lqfhqwlyh vfkhph zlwk klv xqltxh pdqdjhu1 Zh

dvvxph wkdw wklv lqfhqwlyh vfkhph lv ri wkh irup -� ' Z� n b�%�/ zkhuh Z� lv wkh

sur�w ri �up � dqg b�/ wkh lqfhqwlyh yduldeoh ghflghg e| rzqhu �� Wklv frqwudfw fdq

eh vkrzq wr eh htxlydohqw wr -� ' E� � B��Z� n B�R%�/ zkhuh B� vdwlv�hv b� ' SB��

Wkxv/ rxu dssurdfk lv htxlydohqw wr wkh dvvxpswlrq wkdw wkh lqfhqwlyh vfkhph lv d
zhljkwhg dyhudjh ehwzhhq sur�wv dqg uhyhqxhv +vhh Ihuvkwpdq dqg Mxgg +4<;:,/
Ylfnhuv +4<;8, dqg Vnolydv +4<;:,,1 Zh zloo nhhs rxu qrwdwlrq iru vlpsolflw|1

Vwdjh 6= Hyhu| pdqdjhu ghflghv/ vlpxowdqhrxvo|/ klv rxwsxw1
Zh dvvxph/ wkdw hyhu| lqlwldo rzqhu pd{lpl}hv klv sd|r�/ jlyhq e| klv rshu0

dwlqj sur�w/ ohvv klv sd|phqwv iru wkh �upv kh sxufkdvhg/ soxv wkh sd|phqw kh
uhfhlyhg iru klv �up li lw zdv vrog1 Hdfk pdqdjhu lv dvvxphg wr pd{lpl}h klv
lqfhqwlyh vfkhph1

Wklv jdph lv dq h{whqvlrq ri wkh fhqwudol}hg yhuvlrq ri wkh jdph frqvlghuhg e|
Ndplhq dqg ]dqj +4<<3,/ exw zlwk dq lqwhuphgldwh vwdjh zkhuh wkh pdqdjhuldo
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lqfhqwlyhv duh fkrvhq/ lqvwhdg ri dvvxplqj gluhfw Frxuqrw frpshwlwlrq dprqj wkh
rzqhuv1 Lq wkh uhvw ri wkh sdshu/ zh zloo fdoo rxu jdph wkh ghohjdwlrq jdph/ zkloh
wkh prgho e| Ndplhq dqg ]dqj zloo eh uhihuuhg dv wkh qrq0ghohjdwlrq jdph1

Rxu ghohjdwlrq jdph lv dovr dq h{whqvlrq ri wkh rqh frqvlghuhg e| Ihuvkwpdq
dqg Mxgg +4<;:,/ Vnolydv +4<;:, dqg Ylfnhuv +4<;8, exw zlwk wkh suhylrxv phujhu
vwdjh1 Wkh iroorzlqj dx{loldu| uhvxow fkdudfwhul}hv wkh Vxejdph Shuihfw Htxl0
oleulxp +VSH, ri wkh vxejdph frqvlvwlqj lq wkh wzr odvw vwdjhv ri wkh suhylrxv
ghohjdwlrq jdph1

Ohppd 41 Lq wkh VSH ri wkh vxejdph jlyhq e| Vwdjhv 5 dqg 6 ri wkh ghohjdwlrq

jdph/ wkh wrwdo surgxfwlrq/ wkh rshudwlqj sur�wv rewdlqhg e| hdfk dfwlyh �up

dqg wkh ghohjdwlrq yduldeoh fkrvhq e| hdfk �up duh/ uhvshfwlyho|/ %E6� ' E@3S�62

6
2n�

c

ZE6� ' E@3S�26
E62n��2

dqg bE?� ' E@3S�E?3��
?
2n�

1

Surri1 Vhh Vnolydv +4<;:,1

Dffruglqj wr Ohppd 4/ wkh xvh ri pdqdjhuldo frqwudfwv pdnhv wkh htxloleulxp
pruh frpshwlwlyh/ uhodwlyh wr wkh qrq0ghohjdwlrq jdph/ li phujhu lv ljqruhg/ vlqfh
bE?� : f1 Krzhyhu/ zh zloo vkrz wkdw li phujhuv duh doorzhg/ wkhq wklv lv qrw

dozd|v wuxh1

Wr vdyh qrwdwlrq/ lq wkh uhvw ri wkh sdshu zh zloo dvvxph/ zlwkrxw orvv ri

jhqhudolw|/ @� S ' ��

Ehiruh dqdo|}lqj wkh VSH ri rxu ghohjdwlrq prgho/ ohw xv frpphqw rq wkh
sur�wdelolw| ri dq h{rjhqrxv phujhu wkdw wdnhv sodfh ehiruh wkh Vwdjh 5 ri wkh
jdph/ lqvwhdg ri Vwdjh 41 Jrq}äoh}0Pdhvwuh hw do1 +4<<;, dqdo|}h wkh sur�wdelolw|
ri dq h{rjhqrxv phujhu lq d frqwh{w zklw ghohjdwlrq dqg frpsduh wkhlu uhvxowv zlwk
d vlplodu dssurdfk/ xqghuwdnhq e| Vdodqw hw do1 +4<;6,/ lq wkh frqwh{w ri olqhdu
Frxuqrw roljrsro|/ exw zlwk qr ghohjdwlrq1 Iru dq h{rjhqrxv phujhu uhvxowlqj
lq 6 �qdo lqghshqghqw �upv/ ohw k ' E? �6 n ��*? eh wkh iudfwlrq ri lqvlghuv/

uhodwlyh wr wkh lqlwldo qxpehu ri �upv1 Wkh fkdqjh lq wrwdo sur�wv e| wkh lqvlghuv

dv d uhvxow ri wkh phujhu lv jlyhq e| sE?ck� ' ZE?E��k�n���k?ZE?�1 Jrq}äoh}0
Pdhvwuh hw do1 +4<<;, suryh wkdw / iru dq| lqlwldo qxpehu ? � � ri �upv/ wkh phujhu
lv sur�wdeoh +s E?c k� : f, li dqg rqo| li k : kE?�/ zkhuh kE�� lv d frqwlqxrxvo|

gl�huhqwldeoh ixqfwlrq wkdw vwulfwo| lqfuhdvhv zlwk ?1 Wkh ydoxhv vxppdul}hg lq
wkh iroorzlqj wdeoh vkrz wkdw wkh uhtxluhg sursruwlrq iru dq h{rjhqrxv phujhu
wr eh sur�wdeoh/ lv uhpdundeo| orzhu/ frpsduhg zlwk wkh qrq0ghohjdwlrq prgho ri
Vdodqw hw do1 +4<;6,1

q 5 6 7 8 9 : ; < 43 83 433 833 4333
kE?�I 433 75 76 78 7: 7< 84 85 87 :5 :; ;: <3
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Wklv vxjjhvw wkdw ghohjdwlrq pdnhv phujhuv pruh dwwudfwlyh iru wkh �upv/
uhodwlyh wr wkh frqwh{w zkhuh ghohjdwlrq lv qrw frqvlghuhg dqg wkh lvvxh ri wkh
frpshwlwlyh h�hfwv ri hqgrjhqrxv phujhuv dulvhv/ vlqfh wklv lqfhqwlyh pljkw r�vhw
wkh pruh djjuhvvlyh ehkdylru ri pdqdjhuv/ dvvrfldwhg wr ghohjdwlrq dqg txdqwlw|
frpshwlwlrq1 Wkh iroorzlqj vhfwlrq zloo frq�up wklv frqmhfwxuh/ iru vrph fdvhv/
e| frqvlghulqj wkh hqgrjhqrxv lqfhqwlyh wr phujh e| phdqv ri dftxlvlwlrqv1

61 WKH DQDO\VLV RI HQGRJHQRXV PHUJHUV LQ

WKH FHQWUDOL]HG JDPH

Ohw xv gh�qh d phujhg vxejdph shuihfw htxloleulxp +VSH,/ dv d VSH lq zklfk
dw ohdvw rqh rzqhu rzqv pruh wkdq rqh �up1 Zh zloo frqvlghu/ �uvw/ d qhfhvvdu|
frqglwlrqv iru wkh h{lvwhqfh ri wklv phujhg VSH1 Li dq rzqhu kdv & � 2 �upv lq d

VSH/ wkhq wkh iroorzlqj lqhtxdolw| pxvw krog=

ZE6�� E& � ��ZE6n �� � ZE6n & � ��c

zkhuh 6 lv wkh qxpehu ri dfwlyh �upv lq wkh phujhg htxloleulxp1 Wkdw lv/ wkh
sd|r� ri wkh frqvlghuhg rzqhu pxvw eh juhdwhu wkdq zkdw kh fdq rewdlq li kh
ghflghv wr rzq mxvw rqh �up/ wdnlqj lqwr dffrxqw wkdw ZE6 n �� lv wkh sd|phqw
wkdw pxvw eh pdgh e| wklv rzqhu wr dq| dftxluhg �up1 Wklv frqglwlrq lv dovr
glvfxvvhg e| Ndplhq dqg ]dqj +4<<3, lq wkhlu dqdo|vlv ri wkh htxloleulxp lq wkh
qrq0ghohjdwlrq jdph1 Lq rxu prgho/ wkh deryh frqglwlrq fdq eh uhzulwwhq dv

(E6c&� � ZE6� � E& � ��ZE6n ��� ZE6n & � ��

�
6

E� n62�2
� E& � ��

6

E� n62�2
�

6n & � �

E� n E6n &�2�2
� fc & � 2�

iurp zklfk zh fdq jhw wkh iroorzlqj dx{loldu| uhvxow=

Ohppd 51 Li 6 � 2c wkhq (E6c&� lv vwulfwo| ghfuhdvlqj lq & iru dq| & � 2�

Surri1 Vhh dsshqgl{ D141

Wkh iroorzlqj uhvxow fkdudfwhul}hv wkh frpelqdwlrq ri ydoxhv iru6 dqg ? zklfk

duh lqfrqvlvwhqw zlwk wkh qhfhvvdu| frqglwlrq iru VSH/ jlyhq e| (E6c &� � f�

Sursrvlwlrq 41 Wkh iroorzlqj fdvhv duh lqfrqvlvwhqw zlwk d phujhg VSH lq wkh
ghohjdwlrq jdph=

l, 6 � ec ? � �c

ll, 6 ' �c ? � .c

lll, 6 ' 2c ? � .c

ly, 6 ' �c ? � e�

:



Surri1 Vhh dsshqgl{ D151

Lq rwkhu zrugv/ Sursrvlwlrq 4 vd|v wkdw d phujhg htxloleulxp zlwk pruh wkdq
wkuhh �qdo �upv lv dozd|v lpsrvvleoh +sduw +l,,> d phujhg htxloleulxp |lhoglqj d
gxrsro| ru wkuhh �upv lv lqfrqvlvwhqw zlwk pruh wkdq vhyhq lqlwldo �upv +sduwv +ll,
dqg +lll,, dqg/ �qdoo|/ frpsohwh prqrsrol}dwlrq lv lpsrvvleoh zlwk irxu ru pruh
lqlwldo �upv +sduw +ly,,1

Krzhyhu/ wkh iroorzlqj uhvxow vkrzv wkdw wkh uhvw ri wkh orjlfdo frq�jxudwlrqv
+d prqrsro| zkhq wkh lqlwldo qxpehu ri �upv lv 5 ru 6/ d gxrsro| zkhq lw lv
6/ 7/ 8 ru 9 dqg d wkuhh0�up roljrsro| zkhq lw lv 7/ 8 ru 9,/ dfwxdoo| fdq eh
vxssruwhg dv d VSH ri rxu ghohjdwlrq jdph1 Lq wkh surri zh vkrz wkdw d jlyhq
ihdvleoh frq�jxudwlrq pd| eh vxssruwhg dv VSH zlwk wkh iroorzlqj vhw ri elgv1
Hdfk rzqhu wkdw �qdoo| srvvhvvhv rqo| rqh �up/ ghpdqgv d yhu| kljk dvnlqj sulfh
dqg r�huv d yhu| orz elg iru ulydo �upv1 Hdfk rzqhu wkdw �qdoo| kdv wzr ru pruh
�upv/ ghpdqgv d yhu| kljk dvnlqj sulfh/ r�huv d elg htxdo wr ZE6 n �� iru wkh

�upv wkdw kh zloo ex| dqg r�huv d yhu| orz elg iru wkh rwkhu �upv1 Hdfk rzqhu

wkdw �qdoo| srvvhvvhv qr �up/ ghpdqgv dq dvnlqj sulfh htxdo wr ZE6 n �� dqg

r�huv d yhu| orz elg iru ulydo �upv1

Sursrvlwlrq 51 Wkh ghohjdwlrq jdph vdwlv�hv wkh iroorzlqj surshuwlhv=
l, Frpsohwh prqrsrol}dwlrq lv d phujhg VSH rqo| zlwk 5 ru 6 lqlwldo �upv1
ll, Wkh gxrsro| lv d phujhg VSH li/ dqg rqo| li/ ? 5 i�c ec DcSj�

lll, Wkh wkuhh0�up roljrsro| lv d phujhg VSH rqo| li ? 5 iec DcSj�

Surri1 Vhh dsshqgl{ D161

Qrwh wkdw/ dffruglqj wr Sursrvlwlrq 5/ wkhuh duh pxowlsoh phujhg htxloleuld
zlwk 6 lqlwldo �upv +lq wklv fdvh erwk/ wkh gxrsro| dqg wkh prqrsro| duh VSH,/
dqg zlwk 7/ 8 ru 9 lqlwldo �upv +lq wkhvh fdvhv wkh VSHpljkw eh hlwkhu d gxrsro| ru
d pdunhw zlwk wkuhh dfwlyh �upv,1 Pruhryhu/ lw lv hdv| wr vkrz wkdw wkh devhqfh ri
phujhuv lv dozd|v d VSH lq rxu prgho/ zklfk fdq eh vxssruwhg e| d frpelqdwlrq
ri elgv lq zklfk wkh vhoolqj sulfh e| hdfk rzqhu lv vx!flhqwo| kljk1

Lq rughu wr eh deoh wr frpsduh rxu uhvxowv zlwk wkh fdvh lq zklfk ghohjdwlrq
lv qrw srvvleoh/ ohw xv dvvxph wkdw lq rxu jdph/ wkh sod|huv dozd|v fkrrvh d VSH
zklfk lv xqgrplqdwhg +l1h1= vxfk wkdw wkhuh lv qr rwkhu VSH zlwk kljkhu sd|r�v
iru doo sod|huv,1 Ohw xv ghqrwh e| XVSH wkrvh w|sh ri htxloleuld1 Dowkrxjk wkhuh
duh vrph fdvhv zlwk pdq| XVSH/ lw lv hdv| wr vkrz wkdw doo ri wkhp duh htxlydohqw
lq whupv ri wkh �qdo vwuxfwxuh ri wkh pdunhw1 Wkh iroorzlqj uhvxow fkdudfwhul}hv
wklv XVSH ri wkh ghohjdwlrq jdph1

;



Sursrvlwlrq 61 Wkh ghohjdwlrq jdph vdwlv�hv wkh iroorzlqj surshuwlhv=
l, zlwk : ru pruh lqlwldo �upv/ wkh xqltxh VSH lpsolhv qr phujhu dw doo>
ll, li ? 5 iec DcSjc hdfk XVSH lpsolhv d gxrsro|1

lll, zlwk ohvv wkdq 7 �upv/ hdfk XVSH lpsolhv frpsohwh prqrsrol}dwlrq1

Surri1 Vhh dsshqgl{ D171

Ohw xv frpsduh wkh VSH ri rxu ghohjdwlrq jdph zlwk wkh qrq0ghohjdwlrq jdph

zkhuh �upv frpshwh gluhfwo| d od Frxuqrw1 Wkdw lv/ wkh qrq0ghohjdwlrq jdph lv

wkh vdph dv ghvfulehg lq Vhfwlrq 5/ exw zlwkrxw wkh ghohjdwlrq vwdjh1 Vwdqgdug

fdofxodwlrqv vkrz wkh iroorzlqj

Uhpdun 41 Zlwk rxu olqhdu ghpdqg dqg frvw dvvxpswlrqv/ wkh Frxuqrw htxl0

oleulxp zlwk 6 �upv dqg qr ghohjdwlrq |lhogv wkh iroorzlqj ydoxhv iru wkh wrwdo

surgxfwlrq dqg sur�wv shu �up/ uhvshfwlyho|= %SE6� ' 6

�n6
/ ZSE6� ' �

E�n6�2
1

Khqfh/ lq wkh jdph zkhuh wkh rzqhuv frpshwh gluhfwo| d od Frxuqrw/ diwhu wkh

phujhu vwdjh/ wkh VSH ri lv fkdudfwhul}hg e| wkh iroorzlqj

Ohppd 61 Lq wkh qrq0ghohjdwlrq jdph/ wkh VSH lpsolhv wkh iroorzlqj=

l, qr phujhu rffxuv zlwk pruh wkdq wzr lqlwldo �upv1
ll, zlwk wzr �upv/ wkh frpsohwh prqrsrol}dwlrq lv wkh xqltxh XVSH1

Surri1 Vhh dsshqgl{ D181

Qrwh wkdw wkh deryh uhvxow fkdudfwhul}hv wkh VSH ri wkh jdph dqdo|}hg e|
Ndplhq dqg ]dqj +4<<4,/ exw uhvwulfwhg wr wkh olqhdu ghpdqg fdvh1

Ohw xv ghqrwh e| 6_ dqg %_/ uhvshfwlyho|/ wkh qxpehu ri dfwlyh �upv dqg wkh
wrwdo surgxfwlrq lq wkh XVSH ri wkh ghohjdwlrq jdph1 Vlploduo|/ zh zloo ghqrwh
e| 6S dqg %S/ wkh qxpehu ri dfwlyh �upv dqg wrwdo surgxfwlrq lq wkh XVSH ri wkh
jdph zkhuh wkh dfwlyh �upv frpshwh gluhfwo| d od Frxuqrw/ zlwk qr ghohjdwlrq1
Wkh iroorzlqj uhvxow jlyhv wkh frpsdulvrqv ehwzhhq wkh qxpehu ri �upv dqg wrwdo
surgxfwlrq lq erwk jdphv1

Sursrvlwlrq 71 Wkh iroorzlqj surshuwlhv krog/ uhodwlyh wr wkh XVSH ri wkh ghoh0
jdwlrq dqg qrq0ghohjdwlrq jdphv=

l, li ? � 2c wkhq 6_ ' 6S ' � dqg %_ ' %S(

ll, li ? ' �c wkhq 6_ ' �c 6S ' � dqg %_ 	 %S(

lll, li ? ' ec wkhq 6_ ' 2c 6S ' e dqg %_ ' %S(

ly, li ? 5 iDcSjc wkhq 6_ ' 2c 6S ' ? dqg %_ 	 %S(

y, li ? � .c wkhq 6_ ' 6S ' ? dqg %_ : %S�

<



Surri1 Vhh dsshqgl{ D191

Jlyhq wkdw zh dvvxph frqvwdqw dyhudjh frvwv dqg lghqwlfdo �upv/ lw iroorzv
wkdw wkh ohyho ri zhoiduh/ phdvxuhg dv wkh vxp ri sur�wv soxv frqvxphu vxusoxv/
kdv wkh vdph surshuwlhv dv wkh ohyho ri rxwsxw/ uhodwlyh wr frpsdulvrqv ehwzhhq wkh
XVSH ri erwk jdphv1 Wkxv/ dffruglqj wr Sursrvlwlrq 7/ wkh ohyho ri frpshwlwlrq
dqg zhoiduh lq erwk jdphv lv wkh vdph li wkh lqlwldo qxpehu ri �upv lv 5 ru 7/
exw lw lv gl�huhqw lq wkh uhvw ri wkh fdvhv1 Zlwk 5 lqlwldo �upv wkh h{sodqdwlrq
lv reylrxv= prqrsrol}dwlrq lv sur�wdeoh iru erwk �upv lq erwk prghov1 Zlwk 7
�upv/ lw kdsshqv wkdw wkh kljkhu djjuhvvlyhqhvv lqgxfhg e| ghohjdwlrq lv r�vhw e|
wkh orzhu qxpehu ri dfwlyh �upv +lq wkh ghohjdwlrq jdph wkhuh duh wzr phujhuv/
|lhoglqj d �qdo gxrsro|/ zkloh lq wkh qrq0ghohjdwlrq jdph wkhuh lv qr lqfhqwlyh wr
phujhu,1 Reylrxvo|/ zlwk : ru pruh lqlwldo �upv/ zhoiduh dqg frpshwlwlrq lv kljkhu
xqghu ghohjdwlrq/ vlqfh lq qhlwkhu ri erwk jdphv wkhuh lv d phujhg htxloleulxp
exw ghohjdwlrq pdnhv wkh pdunhw pruh frpshwlwlyh1 Krzhyhu/ zlwk 6/ 8 ru 9
lqlwldo rzqhuv/ wkh uhvxow lv uhyhuvhg= frpshwlwlrq dqg zhoiduh lv kljkhu xqghu
qrq0ghohjdwlrq1 Wkh h{sodqdwlrq lv wkdw ghohjdwlrq lqyroyhv d kljkhu lqfhqwlyh wr
phujh/ zklfk uhvxowv lq frpsohwh prqrsrol}dwlrq zlwk 6 lqlwldo �upv/ dqg gxrsro|
zlwk 8 ru 9 �upv/ zkloh lq wkh fdvh ri qrq0ghohjdwlrq wkhuh lv qr phujhu dw doo1

Ilqdoo|/ ohw xv lqyhvwljdwh wkh g|qdplf lpsolfdwlrqv ri rxu prgho/ e| dvvxplqj
wkdw wkh ghohjdwlrq0jdph lv uhshdwhg dw hdfk shulrg | ' �c 2c �c ���c Ac zlwk wkh

qxpehu ri �upv ?|3� dulvlqj dv XVSH dw shulrg | � �� Wr vlpsoli| wkh dqdo|vlv/

zh dovr dvvxph wkdw hdfk rzqhu rqo| olyhv rqh shulrg dqg kdv d xqltxh khlu zkr

olyhv wkh qh{w shulrg1 Ohw xv gh�qh ?f dv wkh lqlwldo qxpehu ri �upv/ ehiruh shulrg

�� Wkh iroorzlqj uhvxow fkdudfwhul}hv wkh hyroxwlrq ri wkh qxpehu ri �upv lq rxu

ghohjdwlrq jdph=

Fruroodu| 41 Dvvxph wkh ghohjdwlrq jdph lv uhshdwhg vhyhudo shulrgv/ dqg wkdw
hdfk rzqhu rqo| olyhv rqh shulrg1 Wkh iroorzlqj surshuwlhv krog1

l, Li ?f � .c wkhq ?| ' ?f iru dq| | � ��

ll, Li ?f 5 iec Dc Sjc wkhq ?� ' 2 dqg ?| ' � iru dq| | � 2�

lll, Li ?f � �c wkhq ?| ' � iru dq| | � ��

Surri1 Lw iroorzv gluhfwo| iurp dsso|lqj Sursrvlwlrq 6 dw hdfk shulrg1

D uhpdundeoh frqfoxvlrq iurp Fruroodu| 4 lv wkdw zlwk ohvv wkdq vhyhq lqlwldo
�upv/ wkh pdunhw dozd|v hyroyhv wr d prqrsro| lq wzr ru ohvv shulrgv1 Wklv lv lq
frqwudvw zlwk wkh qrq0ghohjdwlrq jdph/ zkhuh wkh lqfhqwlyh wr phujh rqo| dsshduv
zlwk wzr �upv +vhh Ohppd 6,1 Wkxv/ wkh g|qdplf frqvlghudwlrqv lq rxu prgho
uhlqirufh wkh dqwlfrpshwlwlyh h�hfw ri ghohjdwlrq/ frpsduhg zlwk wkh prgho ri qr
ghohjdwlrq1
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71 WKH DQDO\VLV RI HQGRJHQRXV PHUJHUV LQ

WKH GHFHQWUDOL]HG JDPH

Lq wklv vhfwlrq/ zh h{whqg wkh suhylrxv dqdo|vlv wr wkh fdvh lq zklfk wkh rzqhu
ri d jurxs ri �upv fdq dfwlydwh lqghshqghqwo| vrph ru doo wkh �upv lq klv jurxs1
Vshfl�fdoo|/ ohw xv dvvxph wkh jdph ghvfulehg lq wkh suhylrxv vhfwlrq/ exw zlwk
dq lqwhuphgldwh vwdjh +vd| Vwdjh I,/ ehwzhhq Vwdjh 4 dqg Vwdjh 5/ dw zklfk hdfk
rzqhu ghflghv wkh qxpehu ri �upv/ lq klv jurxs/ wr eh dfwlydwhg lqghshqghqwo|/
zkloh dw Vwdjh 5 hdfk rzqhu ghflghv/ vlpxowdqhrxvo|/ wkh lqfhqwlyh frqwudfw iru wkh
pdqdjhu ri hdfk dfwlyh �up1

Wkh iroorzlqj uhvxow fkdudfwhul}hv wkh VSH ri wklv ghfhqwudol}hg ghohjdwlrq
jdph=

Ohppd 71 Lq wkh ghfhqwudol}hg ghohjdwlrq jdph/ wkh grplqdqw vwudwhj| ri hdfk

rzqhu zlwk rqh ru pruh �upv diwhu wkh dftxlvlwlrq vwdjh lv wr dfwlydwh dw prvw rqh

�up1

Surri1 Vhh dsshqgl{ D1:1

Lq rwkhu zrugv/ wkh suhylrxv uhvxow vkrzv wkdw wkh ghfhqwudol}hg ghohjdwlrq
jdph lv htxlydohqw wr wkh fhqwudol}hg ghohjdwlrq jdph frqvlghuhg lq wkh suhylrxv
Vhfwlrq/ vlqfh hdfk rzqhu kdv qr lqfhqwlyh wr dfwlydwh lqghshqghqwo| pruh wkdq
rqh �up1 Krzhyhu/ dv vkrzq e| Ndplhq dqg ]dqj +4<<3,/ li ghohjdwlrq lv qrw
dq dydlodeoh lqvwuxphqw/ wkhq wkhuh lv dq lqfhqwlyh wr ghfhqwudol}h ghflvlrqv e|
rzqhuv zlwk vhyhudo �upv1 Lq rughu wr frpsduh wkh uhvxowv ehwzhhq rxu ghohjdwlrq
jdph dqg wkh ghfhqwudol}hg qrq0ghohjdwlrq/ wkh iroorzlqj uhvxowv fkdudfwhul}h wkh
surshuwlhv ri wkh ghfhqwudol}hg qrq0ghohjdwlrq jdph zlwk olqhdu ghpdqg ixqfwlrq1
Vshfl�fdoo|/ zh lqyhvwljdwh wkh qxpehu ri dfwlyh �upv lq wkh phujhg VSH ri wkh
ghfhqwudol}hg jdph zkhuh/ dw vwdjh 4 rzqhuv hqjdjh lq dftxlvlwlrqv/ dw vwdjh 5
rzqhuv zlwk rqh ru pruh �upv ghflgh/ vlpxowdqhrxvo| wkh qxpehu ri dfwlyh �upv/
dqg dw vwdjh 6 wkh dfwlyh �upv frpshwh/ lqghshqghqwo| d od Frxuqrw1 E| d phujhg
VSH zh phdq d VSH zkhuh wkh qxpehu ri dfwlyh �upv lv uhgxfhg/ uhodwlyh wr wkh
lqlwldo qxpehu ri �upv1
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Ohppd 81 Li wkhuh lv d phujhg VSH wr wkh ghfhqwudol}hg qrq0ghohjdwlrq jdph/

wkhq wkh rzqhu srvvhvvlqj wkh pd{lpdo qxpehu &
Wri �upv/ rshudwhv oE&W� 	

&
W�upv/ dqg doo rwkhu �upv duh rshudwhg e| wkhlu rzqhuv1 Pruhryhu5

l, Zkhq ? 9' e/ zh kdyh &W '
k
?n�

2

l
n�/ oE&W� '

k
?

2

l
dqg wkh qxpehu ri dfwlyh

�upv lv 6
S_ ' 2

k
?

2

l
� �1

ll, Zkhq ? ' e/ zh kdyh &W ' �/ oE&W� ' 2c 6S_ ' � ru &
W

' e/ oE&W� ' �c
6S_ ' �1

Surri1 Vhh dsshqgl{ D1;1

Ohppd 91 Wkhuh h{lvwv phujhg VSH wr wkh ghfhqwudol}hg qrq0ghohjdwlrq jdph1
Pruhryhu/ wkh iroorzlqj surshuwlhv krog=

l, Li ? 9' e/ wkhq lq dq| phujhg VSH wkh qxpehu ri dfwlyh �upv lv uhgxfhg e|
rqh li ? lv hyhq dqg e| wzr li ? lv rgg1

ll, Li ? ' e/ wkhq lq dq| phujhg VSH wkh qxpehu ri dfwlyh �upv lv 6 ru 41 Wkh
phujhg VSH/ zklfk lpsolhv frpsohwh prqrsrol}dwlrq/ lv wkh rqo| XVSH1

Surri1 Vhh dsshqgl{ D1<1

Wkh frpsdulvrqv ehwzhhq wkh qxpehu ri dfwlyh �upv dqg surgxfwlrq dw wkh
XVSH ri wkh ghohjdwlrq jdph dqg wkh ghfhqwudol}hg qrq0ghohjdwlrq jdph duh vxp0
pdul}hg lq wkh iroorzlqj uhvxow/ zkhuh vxelqgh{ S_ vwdqgv iru wkh yduldeohv lq wkh
Frxuqrw ghfhqwudol}hg jdph/ zkloh _ vwdqgv iru wkh yduldeohv lq wkh ghohjdwlrq
jdph +fhqwudol}hg ri ghfhqwudol}hg/ vlqfh erwk duh htxlydohqw,1

Sursrvlwlrq 81 Wkh iroorzlqj surshuwlhv krog/ uhodwlyh wr wkh XVSH ri wkh ghoh0
jdwlrq jdph dqg wkh ghfhqwudol}hg qrq0ghohjdwlrq jdph=

l, li ? � �c wkhq 6S_ ' 6_ ' �c dqg %S_ ' %_(

ll, li ? ' e/ wkhq 6S_ ' � 	 6_ ' 2c dqg %S_ 	 %_(

lll, li ? ' Dcwkhq 6S_ ' � : 6_ ' 2c dqg %S_ ' �*e 	 %_ ' e*D(
ly, li ? ' Sc wkhq 6

S_ ' D : 6_ ' 2c dqg %S_ ' D*S : %_ ' e*D(
y, li ? � .c wkhq 6

S_ ' ? � � 	 6_ ' ? dqg %
S_ 	 %_c li ? lv hyhq( zkloh

6S_ ' ?� 2 	 6_ ' ? dqg %S_ 	 %_c li ? lv rgg1

Surri1 Vhh dsshqgl{ D1431

Dffruglqj wr wkh suhylrxv uhvxow/ frqwudu| wr zkdw kdsshqhg lq wkh fhqwudol}hg
frqwh{w/ li ghfhqwudol}dwlrq lv d ihdvleoh frpplwphqw e| hdfk rzqhu/ wkhq wkh dfwlyh
qxpehu ri �upv dw wkh XVSH lq wkh qrq0ghohjdwlrq jdph lv/ lq pdq| fdvhv/ vpdoohu
wkdq lq wkh ghohjdwlrq jdph +vhh fdvhv ll, dqg y, lq Sursrvlwlrq 8,1 Pruhryhu/ rqo|
zkhq wkhuh duh vl{ lqlwldo �upv/ wkh zhoiduh dqg surgxfwlrq zlwk qrq0ghohjdwlrq
lv juhdwhu wkdq zlwk ghohjdwlrq +vhh sduw ly ri wkh Sursrvlwlrq,1

5 ^{` ghqrwhv wkh kljkhvw lqwhjhu orzhu wkdq wkh uhdo qxpehu {1
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81 FRQFOXVLRQV

Zh kdyh frqvlghuhg wkh h�hfw ri vwudwhjlf ghohjdwlrq rq wkh lqfhqwlyh wr phujhu/

lq wkh frqwh{w ri d pdunhw zkhuh lghqwlfdo �upv/ zlwk frqvwdqw uhwxuqv wr vfdoh/

frpshwh lq wkh pdunhw ri d krprjhqhrxv jrrg1 Rxu pdlq frqfoxvlrq lv wkdw/

frpsduhg zlwk wkh vwdqgdug Frxuqrw iudphzrun/ zkhuh �upv frpshwh gluhfwo|

lq txdqwlwlhv/ wkh srvvlelolw| ri vwudwhjlf ghohjdwlrq hqkdqfhv vxevwdqwldoo| wkh

lqfhqwlyh wr phujh1 Lq sduwlfxodu/ lw lv vkrzq wkdw zlwk ohvv wkdq vhyhq �upv/

wkhuh lv dozd|v dq lqfhqwlyh wr phujh1 Pruhryhu/ lq wkhvh fdvhv wkh htxloleulxp

hyroyhv yhu| txlfno| wr frpsohwh prqrsrol}dwlrq/ zkloh lq wkh vwdqgdug Frxuqrw

prgho zlwk qr ghohjdwlrq/ wkh lqfhqwlyh wr phujhu rqo| kdsshqv zlwk wzr lqlwldo

�upv1 Dv d frqvhtxhqfh/ wkh uroh iru dqwlwuxvw dxwkrulwlhv lv uhlqirufhg lq wkh

fdvh ri ghohjdwlrq/ ghvslwh ri wkh idfw wkdw/ zlwk txdqwlw| frpshwlwlrq ghohjdwlrq

hqkdqfhv frpshwlwlrq zlwk d jlyhq qxpehu ri �upv1 Wkh edvlf h{sodqdwlrq ri wklv

frqfoxvlrq uholhv rq wkh idfw wkdw ghohjdwlrq lqfuhdvhv wkh lqfhqwlyh wr phujh1

Qhyhuwkhohvv/ zh kdyh dovr vkrzq wkdw li wkh rzqhuv kdv wkh srvvlelolw| ri

fuhgleo| ghfhqwudol}h rxwsxw ghflvlrqv diwhu phujhu/ wkhq wkh deryh frqfoxvlrqv

duh vxevwdqwldoo| zhdnhqhg lq wzr pdlq dvshfwv= �uvw/ wkhuh duh fdvhv zkhuh wkh

�qdo qxpehu ri dfwlyh �upv lv juhdwhu xqghu ghohjdwlrq/ dqg/ vhfrqg/ lq prvw fdvhv

wkh zhoiduh lv juhdwhu xqghu ghohjdwlrq1

D1 DSSHQGL[HV

D141 Surri ri Ohppd 51

Lw iroorzv iurp Y&(E6c 2� ' �

6E62
32�

E2n26n62��
	 f ; 6 � 2 dqg wkh idfw wkdw

Y&&(E6c&� ' ��2E&n632�E&n63��E&n6�
E232&n&2326n2&6n62�e

� f ; 6 � �c ; & � 21

D151 Surri ri Sursrvlwlrq 41

Sduw +l,= iroorzv iurp(E6c 2� ' �23263e62
3e6�

326en6D

E�n62�2E2n26n62�2
	 f ;6 � e dqg Ohppd

51
Sduw +ll,= Li 6 ' � dqg ? � . wkhq wkhuh lv dq rzqhu zlwk & � ?*� � � �upv/

exw (E�c �� 	 f dqg wkh uhvxow iroorzv iurp Ohppd 51
Sduw +lll,= Li 6 ' 2 dqg ? � . wkhq wkhuh lv dq rzqhu zlwk & � ?*2 � e �upv/

exw (E2c e� 	 f dqg wkh uhvxow iroorzv iurp Ohppd 51
Sduw +ly,= Li 6 ' �c wkhq wkhuh lv dq xqltxh rzqhu zlwk & ' ? �upv/ exw/ iru

doo & � e/ zh kdyh (E�c &� ' �E&3��E��3.D&3b&232D&�nH&e�
�ffE�n&2�

	 fc zklfk frpsohwhv wkh

surri1
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D161 Surri ri Sursrvlwlrq 51

Frqvlghu d ihdvleoh frq�jxudwlrq E6c ?� lq d phujhg VSH1 Wkhuhiruh/ lq wkdw

k|srwkhwlfdo phujhg VSH/ wkhuh duh 6 	 ? rzqhuv srvvhvvlqj dw ohdvw rqh �up1

Zlwkrxw orvv ri jhqhudolw|/ dvvxph wkdw wkhvh rzqhuv duh � ' i�c ���c6j1 Ohw C�

eh wkh jurxs ri �upv rzqhg e| rzqhu � 5 � diwhu wkh phujhu surfhvv1 Wkhq/

^C� ' # dqg &� n ��� n &6 ' ? zkhuh &� ' rC� iru � 5 � dqg # lv wkh vhw ri doo

wkh lqlwldo �upv1 Wkh qhfhvvdu| frqglwlrqv iru phujhg VSH uhdgv (E6c &�� � f li

&� � 2/ � 5� 1 Iurp Sursrvlwlrq 4/ wklv frqglwlrq lpsolhv wkdw wkh ihdvleoh ydoxhv

&� � 2 iru d phujhg VSH duh jlyhq lq wkh iroorzlqj wdeoh=

6 q ? 5 6 7 8 9

4 5 6 0 0 0

5 0 5 5 ru 6 5 ru 6 5 ru 6

6 0 0 5 5 5

Ehvlghv/ (E�c 2� : f/ (E�c �� : f/ (E2c 2� : f/ (E2c �� : f dqg (E�c 2� : f1
Vr/ (E6c&�� : f krogv iru wkh deryh fdvhv1 Qrwh wkdw/ zlwkrxw orvv ri jhqhudolw|/

zh fdq vxssrvh wkdw hdfk rzqhu lq� kdv qrw vrog klv surshu �up dqg hdfk rzqhu

lq � �� kdv erxjkw qr �up1 Wkhuhiruh/ zlwkrxw orvv ri jhqhudolw|/ zh fdq glylgh

gh lqlwldo vhw ri rzqhuv � lqwr wkuhh glvmrlqw sduwv �f ' � �� / ��/ �2/ vxfk

wkdw �� ^ �2 ' � dqg �� ' i� 5 � m &� ' �j/ �2 ' i� 5 � m &� � 2j1 Dovr/ ohw

xv gh�qh #
f
/ #

�
/ #

2
dqg >/ uhvshfwlyho|/ dv wkh vhw ri �upv lqlwldoo| rzqhg e| wkh

rzqhuv lq �fc ��c �2 dqg ��

Frqvlghu qrz wkh iroorzlqj vhw ri elgv1 Iru � 5 ��/ �
�

�
' k dqg ��

� ' q li

� 5 #�i�j1 Iru � 5 �2/ �
�

�
' k/ ��

� ' ZE6n�� li � 5 C� dqg �
�

� ' q li � 5 #�C�1

Iru � 5 �f/ �
�

�
' ZE6n �� dqg ��

� ' q li � 5 # � i�j1 Wkh orjlf ri wkhvh elgv lv

wkh iroorzlqj1 Wkh rzqhuv lq � / zklfk kdv erxjkw qr �up/ ghpdqgv d yhu| kljk

dvnlqj sulfh k dqg r�huv d yhu| orz elg q � f iru ulydo �upv1 Wkh rzqhuv lq � /

zklfk kdv erxjkw vrph �up/ ghpdqgv wkh dvnlqj sulfh k/ r�huv d elg htxdo wr

ZE6n �� iru wkh �upv wkdw wkh| zloo ex| dqg r�huv wkh elg q iru wkh rwkhu �upv1

Wkh rzqhuv lq �f ghpdqgv dq dvnlqj sulfh htxdo wr ZE6n�� dqg r�huv wkh elg q

iru ulydo �upv1 Zh zloo vkrz wkdw wkhvh vhw ri elgv vxssruwv wkh deryh vwuxfwxuh

ri dftxlvlwlrqv dv VSH1

Reylrxvo|/ lq wkh vxejdph jlyhq e| Vwdjhv 5 dqg 6/ wkh rshudwlqj sur�wv iru

rzqhuv lq � duh htxdo wr ZE6�1 Wkh rzqhuv lq �f grhv qrw surgxfh1 Frqvlghu

d ghyldwlrq lq uhvshfw ri wkh deryh vwuxfwxuh ri dftxlvlwlrqv1 Li dq rzqhu lq �f

ghyldwhv e| ex|lqj vrph �up lq >/ kh zloo sd| dw ohdvw k> li kh lqfuhdvhv klv dvnlqj

sulfh wr uhvxow qrq sxufkdvhg/ kh zloo jhw ZE6 n ��> dqg li kh ex|v vrph �up lq

#
f
/ kh zloo rewdlq ohvv wkdq ZE6n��1 Qhyhuwkhohvv/ kh rewdlq �f ' ZE6n�� zkhq

klv �up lv sxufkdvhg1 Li dq rzqhu lq �� ghyldwhv e| ghfuhdvlqj klv dvnlqj sulfh wr
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uhvxow sxufkdvhg/ kh zloo rewdlq q> li kh ex|v vrph �up lq >/ kh zloo sd| dw ohdvw k>

dqg li kh ex|v vrph �up lq #
f
/ kh zloo jhw ohvv wkdq ZE6�1 Qhyhuwkhohvv/ kh rewdlqv

�� ' ZE6� zkhq kh ex|v qr �up dqg kh lv qrw sxufkdvhg1 Frqvlghu qrz dq rzqhu

� 5 �21 Li kh ghfuhdvhv klv dvnlqj sulfh wr eh sxufkdvhg/ lqvlvwlqj rq ex|lqj &���

�upv/ kh zloo rewdlq ohvv wkdq ru htxdo wr �2 ' ZE6�� E&� � ��ZE6n��/ zklfk lv

zkdw kh rewdlqv zlwk qr ghyldwlrq1 Li kh ex|v |��� 	 &��� �upv/ zlwk � � |� 	 &�/

dqg nhhsv klv surshu �up/ kh zloo rewdlq ZE6n &� � |��� E|� � ��ZE6n��/ zklfk

lv orzhu wkdq �2 iru doo wkh ydoxhv iru 6/ &�c dqg |� frqvlvwhqw zlwk wkh deryh wdeoh
+qrwh wkdw li &� ' 2/ dqg2ru |� ' � wklv surshuw| iroorzv iurp (E6c&�� : fc zkloh
lq wkh uhpdlqlqj wzr fdvhv/ lq zklfk &� ' � dqg |� ' 2 zlwk 6 ' 2 ru 6 ' �c

kh zloo rewdlq f li kh ghyldwhv,1 Iru dq| frpelqdwlrq ri suhylrxv ghyldwlrqv kh
zloo rewdlq ohvv wkdq �2� Wklv suryhv wkdw/ iru d vx!flhqwo| kljk ydoxh ri k dqg

q � f/ wkh vhw ri elgv vxssruw wkh deryh vwuxfwxuh ri dftxlvlwlrqv dv VSH/ wkh

htxloleulxp sd|r�v duh �f/ ��/ dqg �2 iru rzqhuv lq �f/ �� dqg �2 uhvshfwlyho|/

dqg wkh srvvleoh htxloleulxp qxpehu ri �upv rzqhg e| rzqhuv zlwk dw ohdvw wzr

�upv duh jlyhq lq wkh deryh wdeoh1

D171 Surri ri Sursrvlwlrq 61

Sduw +l, iroorzv iurp Sursrvlwlrq 41 Iru wkh uhvw ri fdvhv/ zh zloo iroorz wkh
qrwdwlrq lq wkh surri ri Sursrvlwlrq 51

Fdvh ? ' S= Sursrvlwlrq 5 lpsolhv wkdw wkh sd|r�v lq d phujhg VSH zlwk

6 ' � duh htxdo/ z1o1r1j1/ wr �� ' �2 ' �� ' ZE�� � ZEe� ' f�f�S2 dqg �e '

�D ' �S ' ZEe� ' f�f��H1 Exw/ wkhuh lv d phujhg VSH zlwk 6 ' 2 dqg sd|r�v

�
�

�
' �

�

2
' ZE2��2ZE�� ' f�f2/ �

�

�
' �

�

e
' �

�

D
' �

�

S
' ZE�� ' f�f�/ zklfk grplqdwhv

wkh iruphu phujhg VSH1

Fdvh ? ' D= Sursrvlwlrq 5 lpsolhv wkdw wkh sd|r�v lq d phujhg VSH zlwk

6 ' � duh htxdo/ z1o1r1j1/ wr �� ' �2 ' ZE�� � ZEe� ' f�f�S2/ �� ' ZE�� ' f�f�
dqg �e ' �D ' ZEe� ' f�f��H1 Exw/ wkhuh lv d phujhg VSH zlwk 6 ' 2 dqg sd|r�v

�
�

�
' ZE2� � 2ZE�� ' f�f2/ �

�

2
' ZE2� � ZE�� ' f�fD/ �

�

�
' �

�

e
' �

�

D
' ZE�� ' f�f�/

zklfk grplqdwhv wkh iruphu phujhg VSH1

Fdvh ? ' e= Sursrvlwlrq 5 lpsolhv wkdw wkh sd|r�v lq d phujhg VSH zlwk

6 ' � duh htxdo/ z1o1r1j1/ wr �� ' ZE�� � ZEe� ' f�f�S2/ �2 ' �� ' ZE�� ' f�f�
dqg �e ' ZEe� ' f�f��H1 Exw/ wkhuh lv d phujhg VSH zlwk 6 ' 2 dqg sd|r�v

�
�

�
' �

�

2
' ZE2�� ZE�� ' f�fD/ �

�

�
' �

�

e
' ZE�� ' f�f�/ zklfk grplqdwhv wkh iruphu

phujhg VSH1

Fdvh ? ' �= Sursrvlwlrq 5 lpsolhv wkdw wkh sd|r�v lq d phujhg VSH zlwk

6 ' 2 duh htxdo/ z1o1r1j1/ wr �� ' ZE2� � ZE�� ' f�fD/ �2 ' ZE2� ' f�fH dqg

�� ' ZE�� ' f�f�1 Exw/ wkhuh lv d phujhg VSH zlwk 6 ' � dqg sd|r�v ��

�
'

ZE��� 2ZE2� ' f�fb/ �
�

2
' �

�

�
' ZE2� ' f�fH/ zklfk grplqdwhv wkh iruphu phujhg
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VSH1

Fdvh ? ' 2= Wkh sd|r�v lq wkh gxrsro| duh �� ' �2 ' ZE2� ' f�fH1 Exw/ iurp

Sursrvlwlrq 5/ wkhuh lv d phujhg VSH zlwk 6 ' � dqg sd|r�v ��

�
' ZE��� ZE2� '

f��./ �
�

2
' ZE2� ' f�fH/ zklfk grplqdwhv wkh iruphu phujhg VSH1

Wklv suryhv Sduwv +ll, dqg +lll,1

D181 Surri ri Ohppd 61

Zlwkrxw ghohjdwlrq/ (SE6c &� ' ZSE6� � E& � ��ZSE6 n �� � ZSE6 n & � �� � f
lv d qhfhvvdu| frqglwlrq iru wkh h{lvwhqfh ri d phujhg VSH/ zkhuh 6 	 ? lv wkh

qxpehu ri dfwlyh �upv dqg & � 2 lv wkh qxpehu ri �upv rzqhg e| dq rzqhu wkdw
srvvhvvhv dw ohdvw wzr �up lq d phujhg VSH iru ? lqlwldo �upv +vhh wkh glvfxvvlrq
dw wkh ehjlqqlqj ri wklv vhfwlrq,1 Vlqfh Y&&(SE6c&� ' �S*E& n 6�e 	 f dqg

Y&(SE6c 2� ' �6*E2n6�� 	 f wkhq/ iru doo6 � �/ (SE6c &� lv vwulfwo| ghfuhdvlqj

lq & iru & � 21 Li 6 � 2 wkhq (SE6c 2� ' �
6

2
32

E�n6�2E2n6�2
	 f1 Vr/ (SE6c&� 	 f iru

doo 6 � 2 dqg doo & � 21 Wklv lpsolhv wkdw rqo| wkh frpsohwh prqrsrol}dwlrq pd|

eh d phujhg VSH1 Zkhq wkhuh duh ? � � lqlwldo �upv/ d phujhg VSH zloo lpso|

6 ' �/ exw wkhq & ' ? � � dqg (
S
E�c &� � (E�c �� 	 f zklfk lv d frqwudglfwlrq1

Wkhuhiruh Sduw +l, krogv1 Zkhq wkhuh duh ? ' 2 lqlwldo �upv/ wkh sd|r�v lq wkh
gxrsro| VSH duh �� ' �2 ' ZSE2� ' f�����1 Dujxphqwv olnh wkrvh hpsor|hg lq wkh

surri ri Sursrvlwlrq 5 lpso| wkdw wklv htxloleulxp lv grplqdwhg e| wkh prqrsro|

VSH zlwk sd|r�v �� ' Z
S
E�� � Z

S
E2� ' f���Hb dqg �2 ' Z

S
E2�1 Wklv suryhv Sduw

+ll,1

D191 Surri ri Sursrvlwlrq 71

Wkh surshuwlhv derxw wkh htxloleulxp ohyhov iru wkh qxpehu ri �upv/ frph iurp

Sursrvlwlrq 6 dqg Ohppd 61 Wkh surshuwlhv derxw wkh ohyho ri surgxfwlrq frph

iurp vxevwlwxwlrq ri wkh uhohydqw ydoxhv iru 6_ dqg 6Sc uhvshfwlyho|/ lq %_ '

6
2

_
*E� n62

_
� dqg %

S
' 6

S
*E� n6

S
� +vhh Ohppd 4 dqg Uhpdun 5,1

D1:1 Surri ri Ohppd 71

Ohw xv gh�qh & dv wkh qxpehu ri �qdo rzqhuv zlwk rqh ru pruh �upv/ 6� dv wkh

qxpehu ri dfwlyh �upv ri rzqhu � dqg 6 �

S
6� / � ' �c ��c &� Dw Vwdjh 6/ wkh

pdqdjhu ri hdfk �up/ vd| �/ ri rzqhu �/ pd{lpl}hv

}� ' Z� n b�%� ' E@� S� %�%� n b�%� ' E@� S�%� � %
2

�
� %�%3� n b�%�c

zkhuh b� lv wkh frpprq ghohjdwlrq yduldeoh iru wkh pdqdjhuv ri wkh vdph rzqhu

�c zkloh %
3� vwdqgv iru wkh rxwsxw ri rwkhu �upv gl�huhqw iurp �� Zlwkrxw orvv ri
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jhqhudolw|/ ohw xv dvvxph wkdw @� S ' �� Wkh �uvw rughu frqglwlrqv ri Vwdjh 6 jlyh/

diwhu vrph vwdqgdug fdofxodwlrqv/ % ' 6n7

6n�
/ %� '

�37nE6n��b�
6n�

dqg R '
�37

E6n��
n S/

zkhuh 7 �
S
b�6�/ � ' �c2c ���c &� Wkxv/ rshudwlyh sur�wv ri rzqhu �c dw Vwdjh 5

duh jlyhq e| Z� ' 6�
�37nE6n��b�

E6n��2
E��7�� Wkh �uvw rughu frqglwlrqv ri Vwdjh 5 jlyh

�6�E�� 7 n E6n ��b�� n E�� 7�E6�6� n �� ' fc � ' �c ���c &�

E| dgglqj iurp 4 wr n lq wkh deryh htxdwlrqv zh rewdlq 7 '
E&32�6n&

E&3��6n&n�
c zklfk

vxevwlwxwhg deryh jlyhv wkh iroorzlqj h{suhvvlrq iru wkh wrwdo rshudwlyh sur�wv ri

rzqhu � dw Vwdjh I ri wkh ghfhqwudol}hg jdph=

Z�E6� c63�� '
6
3� n �

iE& � ��E6� n6
3��n & n �j2

c

zkhuh 6
3� lv wkh qxpehu ri dfwlyh �upv ri rzqhuv gl�huhqw iurp �� Wkxv/ wkh

Ohppd krogv/ vlqfh wkh suhylrxv h{suhvvlrq lv ghfuhdvlqj lq 6�1

D1;1 Surri ri Ohppd 81

Iru wkh ghfhqwudol}hg qrq0ghohjdwlrq jdph/ lw fdq eh vkrzq ^vhh Wkhruhp 4 lq
Ndplhq dqg ]dqj +4<<3,` wkdw li wkhuh lv d phujhg VSH/ wkhq lw kdv rqo| rqh
rzqhu/ vd| 4/ zlwk &

W �
?n�

2
�upv/ zklfk rshudwhv ihzhu �upv wkdq kh rzqv/ dqg

doo rwkhu �upv duh rshudwhg e| wkhlu rzqhuv uhjdugohvv ri wkhlu rzqhuvkls1 Iru rxu

prgho/ zlwk olqhdu ghpdqg/ zh zloo rewdlq wkh deryh dgglwlrqdo surshuwlhv1

Ohw A Eoc |� ' oZSEo n |� eh wkh jurvv sur�w ri d jlyhq rzqhu zkhq kh rshudwhv

o �upv dqg | lv wkh qxpehu ri �upv rshudwhg e| doo rwkhu rzqhuv h{fhsw wkh jlyhq

rzqhu1 Wklv ixqfwlrq uhdfkhv dq devroxwh pd{lpxp/ zlwk uhjdug wr o/ dw o ' |n�1
Wkhuhiruh/ rzqhu 4 zloo rshudwh oE&W� ' ?� &

W n � �upv dqg &
W : E? n ��*2 zloo

krog1 Rq wkh rwkhu kdqg/ d qhfhvvdu| frqglwlrq iru d VSH ^vhh Vhfwlrq YL lq
Ndplhq dqg ]dqj +4<<3,` lv=

A EoE&W�c?� &W�� E&W � ��A E�c oE&W � �� n ?� &W�� A E�c ? � �� � fc

zkhuh oE&W � �� lv wkh qxpehu ri �upv wkdw rzqhu 4 zloo rshudwh zkhq dq rzqhu/

zklfk kdv vrog klv �up wr rzqhu 4/ ghyldwhv e| qrq vhoolqj lw1 Wklv lv htxlydohqw

wr

(E?c &W� '

' oE&W�Z
S
E?� &

W

n oE&W��� E&W � ��Z
S
EoE&W � �� n ?� &

W n ��� Z
S
E?� � f�

Vlqfh wkh devroxwh pd{lpxp ri A Eoc ?� E&W� ��� lv uhdfkhg dw o ' ?� &
W

n 2

dqg/ pruhryhu/ ? � &
W

n 2 � &
W � � krogv li dqg rqo| li &W � E? n ��*2/ zh kdyh

4:



oE&W � �� ' ?� &
Wn 2 li &

W � E?n ��*2 dqg oE&W � �� ' &
W

� � li &W 	 E?n ��*21
Lq d VSH/ rzqhu 4*v sd|r� kdv wr eh

�� ' oE&W�ZSE?� &
W

n oE&W��� E&W � ��ZSEoE&
W

� �� n ?� &
W n ���

Zlwkrxw orvv ri jhqhudolw|/ zh fdq dvvxph wkdw hdfk rzqhu/ zklfk kdv vrog klv

�up wr rzqhu 4/ kdv qrw erxjkw dq| �up1 Ohw �� eh wkh vhw ri wkhvh rzqhuv1 Vr/

wkh sd|r� ri hdfk rzqhu � 5 �� zloo eh=

�� ' ZSEoE&
W

� �� n ?� &
W n ���

Ohw �2 eh wkh vhw ri wkh uhvw ri rzqhuv1 Frqvlghu dq rzqhu lq �2 srvvhvvlqj &

�upv/ zlwk � � & � ?�&W1 Vlqfh wkh devroxwh pd{lpxp ri A Eoc?�&
W

�&noE&W��
lv uhdfkhg dw o ' ? � &

W
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