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LPSOHPHQWDWLRQ RI RSWLPDO FRQWUDFWV

XQGHU DGYHUVH VHOHFWLRQ

Sdeor Dpruöv dqg Ehuqdugr Pruhqr

Devwudfw

Wklv sdshu vwxglhv wkh sulqflsdo0pxowldjhqw prgho ri d �up vxemhfw wr dg0
yhuvh vhohfwlrq1 Zh irfxv rq djhqwv zkr kdyh frpsohwh lqirupdwlrq1 Zh sursrvh
vrph ghvludeoh surshuwlhv wr eh vdwlv�hg e| phfkdqlvpv lpsohphqwlqj wkh �uvw0
ehvw lq Qdvk htxloleulxp= +l, hqirufhdelolw| +d surshuw| uhodwhg zlwk wkh lqglylg0
xdo udwlrqdolw| ri wkh phfkdqlvp,/ +ll, uhqhjrwldwlrq0surriqhvv/ +lll, vpdoo vwudw0
hj| vsdfhv/+ly, xqltxh lpsohphqwdwlrq/ +y, xqltxh ehvw0uhso|/ dqg +yl, qr pl{hg
vwudwhjlhv1 Zh suryh wkdw hqirufhdelolw| lv qrw frpsdwleoh zlwk uhqhjrwldwlrq0
surriqhvv ru wkh xqltxh ehvw0uhso| surshuw|1 Wkhq zh sursrvh wzr phfkdqlvpv1
Wkh �uvw rqh vdwlv�hv surshuwlhv +l,/ +ll, dqg +ly,1 Wkh vhfrqg phfkdqlvp yhul�hv
doo surshuwlhv exw hqirufhdelolw|1

Nh|zrugv=Dgyhuvh Vhohfwlrq/ Frqwudfw Wkhru|/ Lpsohphqwdwlrq Wkhru|/
Qdvk Htxloleulxp1

MHO Fodvvl�fdwlrq Qxpehuv= F:53/ G;53
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41 LQWURGXFWLRQ

Wkh sulqflsdo0djhqw prgho kdv ehhq h{whqvlyho| vwxglhg lq wkh olwhudwxuh +vhh Pd0
fkr dqg Sìuh} Fdvwuloor ^43` iru d jrrg uhylhz,1 Vshfl�fdoo|/ wkh sulqflsdo0wzr
djhqwv sureohp ri d �up vxemhfw wr dgyhuvh vhohfwlrq kdv ehhq vwxglhg lq vhyhudo
sdshuv +Ghpvnl dqg Vdsslqjwrq ^5`/ Pd/ Prruh dqg Wxuqexoo ^<` dqg Joryhu ^9`,1
Wkhvh dxwkruv dvvxph wkdw djhqwv kdyh sulydwh lqirupdwlrq derxw wkhlu w|shv dqg
wkdw djhqwv* w|shv duh lpshuihfwo| fruuhodwhg1 Wkh �uvw0ehvw frqwudfwv duh wkrvh
wkdw wkh sulqflsdo zrxog olnh wr vljq li kh nqhz djhqwv* w|shv1 Vlqfh wkhvh frqwudfwv
duh vxfk wkdw vrph w|sh ri djhqwv kdyh lqfhqwlyhv wr olh/ wkh Uhyhodwlrq Sulqfl0
soh +Jleedug ^8`, lpsolhv wkdw wkh| duh qrw lpsohphqwdeoh hlwkhu lq grplqdqw
vwudwhjlhv ru lq Ed|hv0Qdvk htxloleulxp1 Wkhq/ prvw sdshuv irfxv rq ghvljqlqj
phfkdqlvpv wkdw lpsohphqw wkh vhfrqg0ehvw frqwudfwv +wkrvh wkdw pd{lpl}h wkh
h{shfwhg sur�wv ri wkh sulqflsdo vxemhfw wr wuxwk0whoolqj lv dq htxloleulxp, lq
Ed|hv0Qdvk htxloleulxp1

Lq wklv sdshu/ zh dvvxph wkdw djhqwv kdyh frpsohwh lqirupdwlrq derxw wkhp0
vhoyhv dqg wkhlu froohdjxhv +wklqn ri zrunhuv ri d vhfwlrq lq vrph �up/ ru ri
surihvvruv ri d ghsduwphqw lq d Xqlyhuvlw|,1 Zh vkrz wkdw wkh sulqflsdo fdq jhw
dgydqwdjh iurp wklv lqirupdwlrqdo vwuxfwxuh dprqj djhqwv lq wkh vhqvh wkdw kh fdq
lpsohphqw wkh �uvw0ehvw frqwudfwv lq Qdvk htxloleulxp +Ghpvn| dqg Vdsslqjwrq
^6` frqvlghu wkh fdvh ri shuihfw fruuhodwlrq ri w|shv/ d vshfldo fdvh ri frpsohwh
lqirupdwlrq,1

Li zh zdqw wr eh vxuh wkdw wkh �uvw0ehvw frqwudfwv duh ghvfhqwudol}deoh/ lw lv qrw
hqrxjk wr surylgh d phfkdqlvp wkdw lpsohphqwv wkhp lq wkh irupdo vhqvh +l1h1
iru hdfk vwdwh ri wkh zruog/ wkh vhw ri Qdvk htxloleuld rxwfrphv frlqflghv zlwk wkh
�uvw0ehvw frqwudfwv,1 Wklqn iru h{dpsoh rq wkh phfkdqlvpv xvhg lq wkh surriv ri
jhqhudo uhvxowv hvwdeolvklqj qhfhvvdu| dqg vx!flhqw frqglwlrqv iru lpsohphqwdwlrq
lq Qdvk htxloleulxp +vhh Pdvnlq ^44`/ Prruh dqg Uhsxoor ^46`/ dqg Gxwwd dqg
Vhq^7`,1 Wkh| lpsohphqw lq Qdvk htxloleulxp dq| fkrlfh uxoh vdwlvi|lqj wkhvh
frqglwlrqv1 Krzhyhu/ wkh frpsoh{lw| ri wkdw phfkdqlvpv pdnhv lw kdug wr eholhyh
wkdw wkh| fdq eh dssolhg lq wkh uhdo zruog1

Lq rughu wr sxw lq sudfwlfh d phfkdqlvp lw vkrxog yhuli| vrph surshuwlhv wkdw
jxdudqwhh wkdw djhqwv zloo sod| lw mxvw dv zh h{shfw1 Iurp khuh/ zh kdyh frqvlghu
wzr gl�huhqw idfwruv1 Iluvw/ wkh phfkdqlvp vkrxog wdnh lqwr dffrxqw wkh zd| lq
zklfk djhqwv fdofxodwh wkhlu h{shfwhg xwlolw| e| sod|lqj vrph sur�oh ri vwudwhjlhv1
Wklv lv ixqgdphqwdo wr nqrz zklfk duh wkh uhdo htxloleuld ri wkh jdph1 Vhfrqgo|/
zh kdyh wr eh vxuh wkdw djhqwv zloo eh deoh wr �qg wkh htxloleuld ri wkh phfkdqlvp

6



zlwkrxw pdq| sureohpv1
Nhhslqj lq plqg wkhvh wzr idfwruv/ zh sursrvh vl{ ghvludeoh surshuwlhv wr eh

vdwlv�hg e| dq| phfkdqlvp lpsohphqwlqj wkh �uvw0ehvw frqwudfwv lq Qdvk htxl0
oleulxp= hqirufhdelolw|/ uhqhjrwldwlrq0surriqhvv/ vpdoo vwudwhj| vsdfhv/ xqltxh lp0
sohphqwdwlrq/ xqltxh ehvw0uhso| surshuw| dqg qr pl{hg vwudwhjlhv1

Wkh �uvw wzr surshuwlhv uhihu wr wkh zd| lq zklfk djhqwv fdofxodwh wkhlu xwlolw|
e| sod|lqj hdfk sur�oh ri vwudwhjlhv1 Hqirufhdelolw| lv d surshuw| uhodwhg zlwk
wkh lqglylgxdo udwlrqdolw| ri wkh phfkdqlvp1 Wkh lpsohphqwdwlrq olwhudwxuh kdv
sdlg olwwoh dwwhqwlrq wr wklv sureohp1 Vxssrvh wkdw iru vrph sur�oh ri vwudwhjlhv
wkh phfkdqlvp vhohfwv rxwfrphv wkdw duh qrw lqglylgxdoo| udwlrqdo iru dq| w|sh
ri djhqw +l1h1 rxwfrphv wkdw jlyh wr wkh djhqwv d xwlolw| ohyho vpdoohu wkdq wkh
uhvhuydwlrq xwlolw| ohyho zkdwhyhu wkhlu w|shv duh,1 Lq wkdw fdvh djhqwv zrxog
suhihu wr uhmhfw wkhvh rxwfrphv1 Reylrxvo|/ li wkh| fdq gr wkdw/ wkhlu h{shfwhg
xwlolw| e| sod|lqj wkhvh vwudwhjlhv lv qrw jlyhq e| wkh rxwfrphv wkdw wkh phfkdqlvp
vhohfwv1 Wr dyrlg wkdw vlwxdwlrq zh zloo ghpdqg wkdw wkh phfkdqlvpv dozd|v fkrrvh
frqwudfwv wkdw fdq qrw eh uhmhfwhg e| djhqwv1 Ri frxuvh/ wklv phdqv d uhvwulfwlrq
rq wkh rxwfrphv wkdw fdq eh vhohfwhg e| wkh phfkdqlvpv41

Vxssrvh qrz wkdw/ rqfh wkh phfkdqlvp kdv vhohfwhg vrph rxwfrphv/ wkh djhqwv
uhqhjrwldwh dprqj wkhp1 Djdlq/ li wkhvh uhqhjrwldwlrq wdnhv sodfh/ wkh djhqwv*
h{shfwhg xwlolw| e| sod|lqj dq| sur�oh ri vwudwhjlhv lv qrw jlyhq e| wkh rxwfrphv
wkdw wkh phfkdqlvp fkrrvhv/ exw lw zloo eh jlyhq e| wkh rxwfrphv wkdw wkh|
rewdlq diwhu wkh uhqhjrwldwlrq1 Wkh lpsohphqwlqj phfkdqlvpv vkrxog wdnh wklv
lqwr dffrxqw1 Xvxdoo|/ lq wkh lpsohphqwdwlrq olwhudwxuh vwxg|lqj wklv w|sh ri
sureohpv/ wkh uhqhjrwldwlrq uxoh lv wdnhq dv jlyhq +vhh Prruh ^45`,1 Krzhyhu/ lq
jhqhudo zh pd| kdyh qr lghd derxw zklfk lv wklv uhqhjrwldwlrqv uxoh1 D phfkdqlvp
lv uhqhjrwldwlrq0surri zkhq lw zrunv zkdwhyhu wkh uhqhjrwldwlrq uxoh lv1

Wkh remhfwlyh ri wkh rwkhu irxu surshuwlhv lv wr pdnh wkh vhdufk iru wkh htxl0
oleulxp vwudwhjlhv hdvlhu1 Iru wkdw/ zh �uvw uhtxluh wkdw wkh vwudwhj| vsdfhv eh
dv vpdoo dv srvvleoh1 Olnh wklv/ wkh uxohv ri wkh phfkdqlvp duh pruh vlpsoh/ dqg
djhqwv kdyh ohvv sureohpv wr frruglqdwh dprqj wkhp wr sod| wkh Qdvk htxloleulxp
vwudwhjlhv1 Lq wkh vdph vslulw/ wkh xqltxh lpsohphqwdwlrq surshuw| fodlpv wkdw/
iru hdfk vwdwh ri wkh zruog/ wkhuh vkrxog qrw eh pruh wkdq rqh Qdvk htxloleulxp1
Lq wklv zd| zh dyrlg sureohpv ri frruglqdwlrq rq zklfk htxloleulxp wr sod|1 Wkh
dlp ri wkh xqltxh0ehvw uhso| surshuw| lv wr jlyh wr djhqwv vwurqj lqfhqwlyhv wr
vwlfn wr wkh htxloleulxp vwudwhjlhv/ e| uhtxlulqj wkdw wkh htxloleulxp vwudwhj| ri

4Lq d edujdlqlqj prgho/ Mdfnvrq dqg Sdoiuh| ^;` h{dplqh wklv irup ri lpsohphqwdwlrq zlwk
lqglylgxdoo| udwlrqdo phfkdqlvpv +wkh| fdoo lw yroxqwdu| lpsohphqwdwlrq,1
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hdfk djhqw pxvw eh wkh xqltxh ehvw uhvsrqvh wr wkh htxloleulxp vwudwhjlhv ri wkh
rwkhu djhqwv1 Ilqdoo|/ zh dovr zdqw wr dyrlg wkh h{lvwhqfh ri pl{hg htxloleulxp
vwudwhjlhv1 Rq wkh rqh kdqg/ wkh h{lvwhqfh ri pl{hg dqg sxuh Qdvk htxloleulxp
zrxog frqwudglfw wkh xqltxh lpsohphqwdwlrq dqg wkh xqltxh ehvw0uhso| surshuwlhv1
Rq wkh rwkhu kdqg/ vlqfh pl{hg htxloleulxp vwudwhjlhv duh xvxdoo| kdug wr �qg/ li
wkhuh lv rqo| rqh Qdvk htxloleulxp dqg lw lqyroyhv sod|lqj pl{hg vwudwhjlhv/ lw lv
suredeoh wkdw wkh djhqwv gr qrw sod| wkdw htxloleulxp +dqg wkhq wkh phfkdqlvp
zrxog qrw zrun,1

Xqiruwxqdwho| vrph ri wkhvh surshuwlhv duh qrw frpsdwleoh1 Vshfl�fdoo|/ hq0
irufhdelolw| lv d elj uhvwulfwlrq/ vlqfh lw uhgxfhv wkh vhw ri rxwfrphv wkdw wkh phfkd0
qlvpv fdq vhohfw1 Zh suryh wkdw wklv surshuw| lv qrw frpsdwleoh zlwk uhqhjrwldwlrq0
surriqhvv ru zlwk wkh xqltxh ehvw0uhso| surshuw|1 Pruhryhu/ dowkrxjk zh kdyh qrw
suryh lw/ zh kdyh wkh lqwxlwlrq wkdw hqirufhdelolw| lv qrw frpsdwleoh zlwk qr pl{hg
vwudwhjlhv hlwkhu1

Wkhq/ zh sursrvh wzr gl�huhqw phfkdqlvpv lpsohphqwlqj wkh �uvw0ehvw frq0
wudfwv lq Qdvk htxloleulxp1 Wkh �uvw phfkdqlvp +Phfkdqlvp 4, lv hqirufhdeoh/
kdv vpdoo vwudwhj| vsdfhv dqg vdwlv�hv wkh xqltxh lpsohphqwdwlrq surshuw|1 Wkh
vhfrqg phfkdqlvp +Phfkdqlvp 5, gurs rxw hqirufhdelolw|1 Lq h{fkdqjh iru wkdw
lw lv uhqhjrwldwlrq0surriqhvv/ kdv vpdoo vwudwhj| vsdfhv/ dqg vdwlv�hv wkh xqltxh
lpsohphqwdwlrq/ xqltxh ehvw0uhso| dqg qr pl{hg vwudwhjlhv surshuwlhv1 Pruhryhu/
iroorzlqj wkh vslulw ri uhqhjrwldwlrq0surriqhvv/ lw vdwlv�hv wkh odvw wkuhh surshuwlhv
uhjdugohvv ri wkh uhqhjrwldwlrq uxoh xvhg e| djhqwv1 Phfkdqlvp 5 wulhv wr pdnh
xs iru wkh odfn ri hqirufhdelolw| e| lqfoxglqj d vwudwhj| iru hdfk djhqw wkdw jxdu0
dqwhhv klp wkh uhvhuydwlrq xwlolw| ohyho/ uhjdugohvv ri wkh vwudwhj| dqqrxqfhg e|
klv frxqwhusduw1

Wkh uhpdlqghu ri wklv sdshu lv dv iroorzv1 Vhfwlrq 5 suhvhqwv wkh prgho dqg
vrph edvlf gh�qlwlrqv1 Lq Vhfwlrq 6 zh suhvhqw wkh ghvludeoh surshuwlhv ri wkh
phfkdqlvpv1 Vhfwlrq 7 vwxglhv wkh frpsdwlelolw| ri wkhvh surshuwlhv1 Lq Vhfwlrq 7
zh sursrvh wkh wzr phfkdqlvpv1 Frqfoxvlrqv duh jlyhq lq Vhfwlrq 81

51 WKH PRGHO

D ulvn0qhxwudo sulqflsdo rzqv wzr surgxfwlrq surfhvvhv/ � dqg �1 Lq rughu wr

rshudwh wkhvh whfkqrorjlhv kh zdqwv wr kluh wzr djhqwv/ djhqw � dqg djhqw �

uhvshfwlyho|1 Hdfk surfhvv/ %� ' f�Ee�c w��/ � 5 i�c�j/ ghshqgv rq wkh ohyho ri

h�ruw h{huwhg e| djhqw �/ e�/ dqg d udqgrp yduldeoh zlwk elqdu| vxssruw/ w� 5
iw�/w2j +zlwk f 	 w

�
	 w

2,/ wkdw fdq eh lqwhusuhwhg dv d surgxfwlylw| sdudphwhu1
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Zh zloo uhihu wr wklv sdudphwhu dv wkh w|sh ri wkh djhqw1 Zkhq djhqw � lv ri w|sh
& +& 5 i�c 2j, zh zloo zulwh w&

�
+ru w& zkhq lw lv fohdu hqrxjk,1 Iru doo djhqw �/ wkh

kljkhu w� uhdol}dwlrq sodfhv wkh djhqw lq d pruh surgxfwlyh vhwwlqj= iru doo e� : f/

f�Ee�c w
2� : f�Ee�c w

��1 Wkhuhiruh/ zkhq w� ' w
2 +w� ' w

�,/ zh zloo vd| wkdw djhqw
� lv pruh surgxfwlyh +ohvv surgxfwlyh,1 Dvvxph wkdw iru hdfk surfhvv wkhuh duh
ghfuhdvlqj uhwxuqv wr h�ruw +f�e : f dqg f�ee 	 f/ zkhuh f�e dqg f�ee ghqrwhv

wkh �uvw dqg vhfrqg ghulydwlyh ri f� zlwk uhvshfw wr dujxphqw e,1 Zh zloo dovr
dvvxph wkdw iru doo e� : f dqg w� 5 iw�c w2j/ f�Ee�c w�� ' f�Ee�c w��

51

Hdfk djhqw revhuyhv Ew�c w�� ehiruh kh ghflghv zkhwkhu kh vljqv d frqwudfw1

Krzhyhu/ wkh sulqflsdo grhv qrw revhuyh hlwkhu Ew�c w�� ru Ee�c e��1 Wkhuhiruh

frqwudfwv kdyh wr eh edvhg rq wkh ohyhov ri rxwsxwv1 D frqwudfw iru djhqw � zloo

eh d sdlu/ S� ' E%�c-�� 5 U
2

n
/ zkhuh %� lv d ohyho ri rxwsxw surgxfhg e| klp/ dqg

-� lv d sd|phqw iurp wkh sulqflsdo1 Zh zloo dvvxph wkdw wkh sulfh ri wkh rxwsxw
lv qrupdol}hg wr rqh +vr %� uhsuhvhqwv erwk rxwsxw dqg ydoxh ri wkdw rxwsxw,1
Wkhq/ zkhq djhqw � vljqv d frqwudfw S� ' E%�c -�� 5 U2

n/ wkh sulqflsdo*v sur�wv duh

ZS�
' %� � -�1 Dvvxph dovr wkdw wkhuh lv d uhvhuydwlrq zdjh/ -f

/ ghqrwlqj wkh
sd|r�v wkdw dq djhqw zrxog rewdlq li kh glg qrw vljq dq| frqwudfw +zh fdq wklqn
rq -f dv wkh xqhpsor|phqw frpshqvdwlrq,1 Qrwlfh wkdw -f grhv qrw ghshqg rq
wkh w|sh ri wkh djhqw1

Iru doo djhqw � 5 i�c�j dqg doo w� 5 iw�/w2j/ zh fdq frpsxwh wkh ohyho ri h�ruw

zklfk lv qhfhvvdu| iru djhqw �/ e�/ wr surgxfh d ohyho ri rxwsxw %�1 Wkhq/ djhqw

�*v suhihuhqfh uhodwlrq fdq eh gh�qhg ryhu %� dqg -�1 Ohw ��E�c w�� G U2

n $ U eh

d xwlolw| ixqfwlrq uhsuhvhqwlqj wklv suhihuhqfh uhodwlrq ryhu wkh frqwudfwv lq U2

n
1

Iru vlpsolflw|/ zh zloo dvvxph wkdw li erwk djhqwv duh ri wkh vdph w|sh/ wkh| duh

lghqwlfdo/ wkdw lv/ iru doo � 5 i�c�j dqg & 5 i�c 2j/ ��E�c w
&� � �E�c w&�1 Dvvxph

dovr z1o1r1j1 wkdw �Efc -fc w�� ' �Efc -fc w2� � Lf1 Zh zloo fdoo wr wklv ydoxh L
f

wkh uhvhuydwlrq xwlolw| ohyho1 Iru doo � 5 i�c�j/ doo w� 5 iw�/w2j/ dqg doo S 5 U2

n/

zh vd| wkdw frqwudfw S lv lqglylgxdoo| udwlrqdo iru djhqw � zkhq �ESc w�� � L f1

Zh zloo vxssrvh wkdw/ iru doo w& 5 iw�c w2j/ wkh xwlolw| ixqfwlrqv �E�c w&� vdwlvi|

wkh iroorzlqj dvvxpswlrqv=

Dvvxpswlrq 41 Iru doo w
&
5 iw�/w2j/ �E�c w&� lv wzlfh frqwlqxrxv dqg gl�huhq0

wldeoh lq E%c-�/ ghfuhdvlqj lq %/ lqfuhdvlqj lq - dqg vwulfwo| frqfdyh lq E%c-�1

Dvvxpswlrq 5 +Vlqjoh0furvvlqj surshuw|,1 Iru doo E%c -� 5 U
2

n dqg doo %
�
:

5Qrwlfh wkdw wklv prgho grhv qrw lqfoxgh mrlqw surgxfwlrq surfhvvhv zkhuh wkh h�ruw ri erwk

djhqwv lv qhfhvvdu| wr surgxfh d xqltxh rxwsxw1
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%/ ohw -�c -2 5 Un eh vxfk wkdw �E%c -c w�� ' �E%�c -�c w
�� dqg �E%c-c w2� '

�E%�c -2c w
2�1 Wkhq -� : -21

Iurp wkhvh dvvxpswlrqv lw iroorzv wkdw suhihuhqfhv rq U2

n
duh vwulfwo| frqyh{

dqg wkdw wkh lqgl�huhqfh fxuyhv ri wkh ohvv dqg wkh pruh surgxfwlyh djhqw rqo|

furvv lq rqh srlqw61

Vxssrvh wkdw wkh sulqflsdo frxog revhuyh wkh w|sh ri wkh djhqwv ehiruh vljqlqj
dq| frqwudfw +l1h1 kh kdg frpsohwh lqirupdwlrq,1 Wkhq/ iru doo � 5 i�c�j dqg

doo & 5 i�c 2j/ li djhqw � lv ri w|sh &/ wkh sulqflsdo zrxog r�hu klp wkh iroorzlqj

frqwudfw=

S
W

&
' E%W

&
c -W

&
� 5 @h}4@ 

SMU
2
n

iZS G �ESc w&� � L fj +4,

Wkh vroxwlrqv wr wkhvh surjudpv iru doo & 5 i�c2j duh zkdw zh fdoo �uvw0ehvw

frqwudfwv1 Zh zloo dvvxph wkdw wkhvh frqwudfwv duh vxfk wkdw ZS
W

�
: f dqg ZS

W

2
: f1

Lw lv hdv| wr vhh wkdw wkh �uvw ehvw frqwudfwv duh gh�qhg e| wkh iroorzlqj wzr

htxdwlrqv=

�ESW
&
c w&� ' Lf +5,

Y�E%W
&
c -W

&
c w&�

Y-
' �

Y�E%W
&
c -W

&
c w&�

Y%
+6,

dqg wkdw wkh| yhuli| wkh iroorzlqj surshuwlhv=

ZS
W

�
	 ZS

W

2
+7,

�ESW
2
c w�� 	 L f 	 �ESW

�
c w2� +8,

Zh kdyh uhsuhvhqwhg judsklfdoo| wkh �uvw0ehvw frqwudfwv lq Iljxuh 5141 Khuh/
vrolg +grwwhg, fxuyhv uhsuhvhqw lqgl�huhqfh fxuyhv ri dq djhqw ri w|sh 4 +w|sh 5,1
Lw lv fohdu wkdw dq| lqglylgxdoo| udwlrqdo frqwudfw iru dq djhqw ri w|sh 4 lv dovr
lqglylgxdoo| udwlrqdo iru dq djhqw ri w|sh 51 Vwudljkw olqhv zlwk vorsh rqh uhsuhvhqw
frqwudfwv zklfk jlyh wr wkh sulqflsdo wkh vdph sur�wv1

6Prvw sdshuv vwxg|lqj wklv sureohp dvvxph wkdw suhihuhqfhv fdq eh uhsuhvhqwhg e| dq dg0

glwlyho| vhsdudeoh xwlolw| ixqfwlrq/ x+{>U> �l, @ X+U, � G+{> �l,/ zkhuh X lv lqfuhdvlqj dqg

vwulfwo| frqfdyh/ G lv lqfuhdvlqj dqg vwulfwo| frqyh{ lq {/ dqg iru doo {/ G+{> �4, A G+{> �5, dqg
G
{
+{> �4, AG

{
+{> �5,1 Wkhvh ixqfwlrqv duh lqfoxghg lq rxu grpdlq1
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Iljxuh 514=

Lq rughu wr eh vxuh wkdw wkh djhqwv zloo dffhsw wr vljq wkh �uvw0ehvw frqwudfwv zh

dvvxph wkdw wkh| vwulfwo| suhihu wr vljq d frqwudfw zklfk jlyhv wkhp wkh uhvhuydwlrq

xwlolw| ohyho/ udwkhu wkdq qrw vljqlqj dq| frqwudfw71 Iurp qrz/ zh ghqrwh dv ��

wr wkh vlwxdwlrq lq zklfk dq djhqw vljqv qr frqwudfw1 Wkhq zh fdq zulwh rxu

dvvxpswlrq dv iroorzv=

Dvvxpswlrq 61 Iru doo � 5 i�c�j dqg doo S 5 U2

n
zlwk �ESc w�� � L

f
/ djhqw �

vwulfwo| suhihuv S udwkhu wkdq ��1 Pruhryhu/ iru doo S�
5 U

2

n zlwk �ES�c w�� 	 Lf
/

djhqw � vwulfwo| suhihuv �� udwkhu wkdq S�
1

Xqghu Dvvxpswlrq 6/ lw lv fohdu wkdw zh fdq qrw lghqwli| wkh vlwxdwlrq ��

zlwk dq| frqwudfw lq U2

n1 Wr uhsuhvhqw wkh suhihuhqfh uhodwlrq ryhu wkh zkroh vhw

U
2

n
^�� zh gh�qh d xwlolw| ixqfwlrq �E�c w�� G U2

n
^�� $ U vxfk wkdw/ +l, iru doo

7Iru wkdw/ zh fdq dvvxph wkdw wkh djhqwv gr qrw olnh wr eh xqhpsor|hg/ dqg wkdw wkhq/ wkh|
suhihu wr kdyh d mre wkdw doorzv wkhp wr rewdlq wkh uhvhuydwlrq xwlolw| ohyho udwkhu wkdq wr eh
rxw ri zrun dqg wr eh sdlg wkh xqhpsor|phqw frpshqvdwlrq +dowkrxjk wkh| vwloo suhihu wr eh
xqhpsor|hg udwkhu wkdq wr vljq d frqwudfw zklfk jlyhv wkhp dq xwlolw| ohyho vpdoohu wkdq X3,1

;



S 5 U
2

n zlwk �ESc w�� � Lf
/ �ESc w�� ' �ESc w�� n 0 +zkhuh 0 : f,/ +ll, iru doo S 5 U2

n

zlwk �ESc w�� 	 L f
/ �ESc w�� ' �ESc w��/ dqg +lll, �E��c w�� ' L f

1

Qrz/ zh lqwurgxfh vrph dgglwlrqdo qrwdwlrq1 D vwdwh ri wkh zruog lv d sur�oh

Ew�c w�� 5 iw�/w2j�iw�/w2j1 Iru doo &c , 5 i�c 2j zh ghqrwh w&, wr wkh vwdwh ri wkh

zruog Ew�c w�� ' Ew&c w,�1 Ohw X ' iw��c w�2c w2�c w22j eh wkh vhw ri ihdvleoh vwdwhv

ri wkh zruog1 Iru doo w
&,
5 X/ doo S ' E%c-� 5 U2

n dqg doo � 5 i�c�j/ ohw ��ESc w
&,�

eh wkh xwlolw| ohyho rewdlqhg e| djhqw � zlwk frqwudfw S jlyhq wkdw wkh vwdwh ri wkh
zruog lv w

&, +l1h1 ��ESc w&,� � �ESc w&� dqg ��ESc w&,� � �ESc w,�,1 Lq wkh vdph zd|/
��E��c w&,� uhsuhvhqwv wkh xwlolw| ohyho ri djhqw � li kh grhv qrw vljq dq| frqwudfw
dqg wkh vwdwh ri wkh zruog lv w

&, +l1h1 ��E��c w&,� � Lf,1
Ohw � ' iS ' E%c-� 5 U2

n G % � - � fj eh wkh vhw ri ihdvleoh frqwudfwv1 Wkh

vhw ri ihdvleoh rxwfrphv wkdw fdq eh r�huhg e| wkh sulqflsdo lv � ^��1 D fkrlfh

uxoh lv d pdsslqj ) G X$ E� ^���� E� ^���/ zklfk dvvrfldwhv hdfk vwdwh ri

wkh zruog zlwk d ihdvleoh rxwfrph iru hdfk djhqw1 Vshfl�fdoo|/ ohw x eh wkh fkrlfh
uxoh wkdw vhohfwv iru hdfk vwdwh ri wkh zruog wkh �uvw ehvw frqwudfwv +l1h1 iru doo
w
&,
5 X/ xEw&,� ' ESW

&
c SW

,
�,1 Zh fdoo wklv uxoh wkh Iluvw Ehvw Fkrlfh Uxoh +IEFU,1

D phfkdqlvp lv d wxsoh K ' E7c }� zkhuh iru doo � 5 i�c�j/ 7� lv wkh vwudwhj|

vsdfh iru djhqw �/ 7 ' 7��7�/ dqg } G 7 $ E� ^���� E� ^��� lv dq rxwfrph

ixqfwlrq zklfk dvvrfldwhv wr hdfk sur�oh ri vwudwhjlhv vrph ihdvleoh rxwfrphv1 Iru

doo sur�oh ri vwudwhjlhv r 5 7 dqg doo � 5 i�c�j/ r� dqg r
3� ghqrwh wkh vwudwhjlhv

ri djhqw � dqg wkh vwudwhj| ri wkh rwkhu djhqw uhvshfwlyho|1 Iru doo r 5 7 dqg doo

� 5 i�c�j/ zh ghqrwh dv }�Er� wkh rxwfrph vhohfwhg e| wkh phfkdqlvp iru djhqw �

zkhq djhqwv dqqrxqfh r1 Iru doo w&, 5 X/ doo r 5 7 dqg doo � 5 i�c�j/ ��E}Er�c w
&,�

ghqrwh wkh xwlolw| ohyho rewdlqhg e| � zlwk wkh rxwfrph wkdw wkh phfkdqlvp vhohfw
iru klp jlyhq wkdw wkh djhqwv kdyh dqqrxqfhg r dqg wkh vwdwh ri wkh zruog lv w

&,

+l1h1 ��E}Er�c w
&,� � ��E}�Er�c w

&,�,1
D frqfhsw ri htxloleulxp/ ./ lv d pdsslqj iurp X wr 7/ . G X $ 71 Lq

sduwlfxodu/ wkh Qdvk htxloleulxp lv gh�qhg dv iroorzv=

Gh�qlwlrq 41 Ohw K ' E7c }� eh d phfkdqlvp1 Zh vd| wkdw Er�c r�� 5 7 lv d

Qdvk htxloleulxp ri phfkdqlvp K iru wkh vwdwh ri wkh zruog w
&, zkhq/ iru doo

� 5 i�c�j dqg doo r�

�
5 7�/ ��E}Er�c r��c w&,� � ��E}Er�

�
c r3��c w

&,�1

Iru doo frqfhsw ri htxloleulxp . dqg doo vwdwh ri wkh zruog w&, 5 X/ ohw .EKc w&,�
eh wkh vhw ri htxloleulxp vwudwhjlhv ri phfkdqlvp K zkhq wkh vwdwh ri wkh zruog

lv w
&,

1 Vshfl�fdoo|/ �EKc w&,� ghqrwhv wkh vhw ri Qdvk htxloleulxp vwudwhjlhv1 Zh

vd| wkdw phfkdqlvp K lpsohphqwv wkh fkrlfh uxoh ) lq .0htxloleulxp zkhq/ iru

doo w&, 5 X/ }E.EKc w&,�� ' )Ew&,� 9' >�

<



Vlqfh zh duh dvvxplqj wkdw wkh sulqflsdo grhv qrw revhuyh wkh uhdol}dwlrq ri

Ew�c w��/ klv dlp lv wkhq wr ghvljq d phfkdqlvp wkdw lpsohphqwv wkh IEFU1
Iurp Htxdwlrq 8 zh kdyh wkdw/ li djhqw � lv pruh surgxfwlyh +w2,/ kh vwulfwo|

suhihuv wkh frqwudfw ghvljqhg iru d ohvv surgxfwlyh w|sh1 Iru wklv uhdvrq/ lq dq|
gluhfw phfkdqlvp lq zklfk hdfk djhqw rqo| kdv wr dqqrxqfh klv w|sh dqg zkhuh
wkh rxwfrph ixqfwlrq jlyhv hdfk djhqw wkh �uvw0ehvw frqwudfw fruuhvsrqglqj wr
klv dqqrxqfhphqw/ wuxwk whoolqj lv qrw d grplqdqw vwudwhj| iru vrph vwdwhv ri
wkh zruog1 D zhoo0nqrzq uhvxow lq wkh olwhudwxuh +wkh Uhyhodwlrq Sulqflsoh/ vhh
Jleedug ^8`, whoo xv wkdw wkhq/ wkh IEFU fdq qrw eh lpsohphqwhg lq grplqdqw
vwudwhjlhv1 Wklv ohdg xv wr irfxv rq lpsohphqwdwlrq lq Qdvk htxloleulxp1

61 GHVLUDEOH SURSHUWLHV IRU WKH LPSOHPHQW0

LQJ PHFKDQLVPV

Pdvnlq ^44` vkrzhg wkdw dq| fkrlfh uxoh zklfk lv Qdvk lpsohphqwdeoh pxvw vdwlvi|
d prqrwrqlflw| frqglwlrq1 Urxjko| vshdnlqj/ wklv frqglwlrq vd|v wkdw li wkh fkrlfh
uxoh vhohfwv vrph rxwfrph iru vrph suhihuhqfhv sur�oh/ lw pxvw vhohfw wkh vdph
rxwfrph li wkh suhihuhqfhv ri doo djhqwv fkdqjh lq vxfk d zd| wkdw wklv rxwfrph
kdv pryhg xs lq hyhu|rqh udqnlqjv1 Qrwlfh wkdw wkh IEFU vdwlv�hv wklv frqglwlrq
lq dq reylrxv zd|= jlyhq dq| suhihuhqfhv sur�oh dqg wkh rxwfrph vhohfwhg e|
wkh IEFU iru lw/ wkhuh lv qr rwkhu suhihuhqfhv sur�oh vxfk wkdw wklv rxwfrph kdv
pryhg xs lq wkh udqnlqj ri erwk djhqwv1 Li wkhuh duh wkuhh ru pruh djhqwv/ wklv
prqrwrqlflw| frqglwlrq wrjhwkhu zlwk dq dgglwlrqdo uhtxluhphqw fdoohg qr yhwr
srzhu8 duh vx!flhqw iru lpsohphqwdwlrq lq Qdvk htxloleulxp1 Iru wkh fdvh lq
zklfk wkhuh duh rqo| wzr djhqwv/ Prruh dqg Uhsxoor ^46`/ dqg Gxwwd dqg Vhq ^7`
kdyh hvwdeolvkhg d qhfhvvdu| dqg vx!flhqw frqglwlrq iru Qdvk lpsohphqwdwlrq1

Lq wkh surriv ri wkhvh jhqhudo uhvxowv wkh dxwkruv sursrvh vrph phfkdqlvpv
zklfk zrun iru dq| fkrlfh uxoh1 Krzhyhu/ wkhvh phfkdqlvpv duh qrw yhu| dsshdolqj
dqg wkh| kdyh ehhq wkh remhfw ri fulwlflvp lq wkh olwhudwxuh1 Rqh ri wkh pdlq
remhfwlrqv djdlqvw wkhp lv wkdw wkh| xvh lqwhjhu jdphv +l1h1 jdphv lq zklfk wkh
djhqw zkr dqqrxqfhv wkh kljkhvw lqwhjhu rewdlqv klv prvw suhihuuhg rxwfrph,91

Wklv lqglfdwhv wkdw vxfk phfkdqlvpv vkrxog eh wdnhq mxvw dv d wrro lq wkh surri
ri jhqhudo uhvxowv1 Zkhq zh idfh xs wr d vshfl�f sureohp/ zh kdyh wr orrn iru

8Qr yhwr srzhu phdqv wkdw/ li wkhuh h{lvwv dq rxwfrph zklfk lv wkh prvw suhihuuhg iru doo
exw rqh djhqw/ lw pxvw eh vhohfwhg e| wkh fkrlfh uxoh1

9Vhh Mdfnvrq ^:` dqg Prruh ^45` iru d fulwlflvp ri lqwhjhu jdphv1

43



vshfl�f phfkdqlvpv zkrvh ehkdylru lv ehwwhu zlwklq wklv sduwlfxodu iudphzrun1

Wkdw lv zkdw zh wu| wr gr lq wklv sdshu= zh vwxg| wkh srvvlelolw| ri lpsohphqwlqj

wkh IEFU lq Qdvk htxloleulxp e| phdqv ri phfkdqlvpv vdwlvi|lqj ghvludeoh surs0

huwlhv1 Lq sduwlfxodu/ zh zloo wu| wr dyrlg phfkdqlvpv zklfk xvh lqwhjhu jdphv1

Qhyhuwkhohvv/ wklv lv qrw rxu rqo| dlp1 Qrz zh ghwdlo wkh surshuwlhv wkdw zh

zrxog olnh wr eh vdwlv�hg e| dq| phfkdqlvp lpsohphqwlqj wkh IEFU lq Qdvk

htxloleulxp1

6141 Vwudwhj| Vsdfhv dv Vpdoo dv Srvvleoh

Zh wu| wr dyrlg phfkdqlvpv zlwk odujh vwudwhj| vsdfhv ehfdxvh wkh| xvxdoo| pdnh

lw gl!fxow wr xqghuvwdqg wkhlu uxohv wr wkh djhqwv1 Pruhryhu/ wkh odujhu duh wkh

vwudwhj| vsdfhv/ wkh pruh gl!fxow lv wkdw djhqwv frruglqdwh dprqj wkhp wr sod|

wkh htxloleulxp vwudwhjlhv1 Wkh qh{w wzr sursrvlwlrqv whoo xv wkh plqlpxp vl}h ri

wkh vwudwhj| vsdfhv ri dq| phfkdqlvp lpsohphqwlqj wkh IEFU lq Qdvk htxlole0

ulxp1

Sursrvlwlrq 41 Ohw K ' E7c }� eh d phfkdqlvp lpsohphqwlqj wkh IEFU lq Qdvk

htxloleulxp1 Wkhq/ dw ohdvw iru rqh djhqw � 5 i�c�j/ wkh vwudwhj| vsdfh 7� lv

frpsrvhg e| pruh wkdq wkuhh hohphqwv1

Surri1 Ohw K ' E7c }� eh d phfkdqlvp wkdw lpsohphqwv wkh IEFU lq Qdvk

htxloleulxp dqg vxssrvh e| frqwudglfwlrq wkdw/ iru doo � 5 i�c�j/ 7� kdv dv

pxfk dv wkuhh hohphqwv1 Iru hdfk w
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Sursrvlwlrq 51 Ohw K ' E7c }� eh d phfkdqlvp lpsohphqwlqj wkh IEFU lq Qdvk

htxloleulxp vxfk wkdw/ dw ohdvw iru rqh djhqw � 5 i�c�j/ wkh vwudwhj| vsdfh 7�

lv frpsrvhg e| rqo| irxu hohphqwv1 Wkhq/ wkh vwudwhj| vsdfh ri wkh rwkhu djhqw

� 5 i�c�j/ � 9' �/ lv frpsrvhg e| pruh wkdq wzr hohphqwv1

Wkh surri ri wklv sursrvlwlrq lv vlplodu wr wkh rqh ri Sursrvlwlrq 4 dqg zh rplw

lw1 Iurp Sursrvlwlrqv 4 dqg 5 zh kdyh wkdw/ lq dq| phfkdqlvp lpsohphqwlqj wkh

IEFU lq Qdvk htxloleulxp/ dw ohdvw wkh vwudwhj| vsdfh ri rqh djhqw kdv irxu

hohphqwv dqg wkh vwudwhj| vsdfh ri wkh rwkhu djhqw kdv wkuhh hohphqwv:1

:Wkh lvvxh ri wkh glphqvlrqdolw| ri wkh vwudwhj| vsdfh kdv ehhq vwxglhg e| Uhlfkhovwhlq dqg
Uhlwhu ^47` dprqj rwkhuv1 Wkh| rqo| frqvlghu wkh fdvh lq zklfk vwudwhj| vsdfhv duh Hxfolghdq
dqg wkxv/ d qdwxudo phdvxuh ri vl}h lv glphqvlrqdolw|1 Lq rxu fdvh/ jlyhq wkh qdwxuh ri wkh
phfkdqlvpv wkdw zh zloo sursrvh/ wkh qdwxudo phdvxuh ri vl}h lv wkh qxpehu ri hohphqwv ri wkh
vwudwhj| vsdfh1
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6151 Hqirufhdelolw|

Dq lpsruwdqw lvvxh wr eh wdnhq lqwr frqvlghudwlrq zkhq zh ghvljq d phfkdqlvp
lpsohphqwlqj wkh IEFU lv zkhwkhu wkh djhqwv zkr sod| wkh phfkdqlvp duh uhdoo|
reoljhg wr dffhsw wkh frqwudfwv wkdw wkh rxwfrph ixqfwlrq fkrrvhv1 Wklv idfw zloo
eh ri ixqgdphqwdo lpsruwdqfh lq rughu wr nqrz wkh zd| lq zklfk djhqwv zrun rxw
wkhlu h{shfwhg xwlolw| ohyhov dvvrfldwhg wr hdfk sur�oh ri vwudwhjlhv +dqg wkhuhiruh/
wr nqrz zklfk duh wkh htxloleuld ri wkh jdph dvvrfldwhg zlwk wkh phfkdqlvp,1
Li zh zhuh deoh wr irufh djhqwv wr vljq wkh frqwudfwv wkdw wkh phfkdqlvp vhohfwv
iru hdfk sur�oh ri vwudwhjlhv wkdw wkh| sod| +zkdwhyhu lw lv,/ wkhq djhqwv* h{shfwhg
xwlolw| zlwk wkhvh vwudwhjlhv zloo rqo| ghshqg rq vxfk frqwudfwv1 Rq wkh frqwudu|/ li
wkh| pd| uhmhfw wkh rxwfrph ri wkh phfkdqlvp/ qr djhqw zloo dffhsw dq| frqwudfw
zklfk lv qrw lqglylgxdoo| udwlrqdo iru klp1 Lq wkdw fdvh/ wkh xwlolw| ohyho wkdw dq
djhqw jhwv zloo qrw eh wkh rqh iru wkh qrq0lqglylgxdoo| udwlrqdo frqwudfw wkdw wkh
phfkdqlvp fkrrvhv/ exw wkh uhvhuydwlrq xwlolw| ohyho1

Lghdoo|/ zh zrxog doorz djhqwv wr uhmhfw frqwudfwv dqg zh zrxog ghvljq d phfk0
dqlvp wkdw lpsohphqwv wkh IEFU wdnlqj lqwr dffrxqw wkdw li zh jlyh d qrq0
lqglylgxdoo| udwlrqdo frqwudfw wr vrph djhqw/ kh zloo rewdlq wkh uhvhuydwlrq xwlolw|
ohyho1 Vxfk phfkdqlvp frxog lqfoxgh frqwudfwv ri wkuhh fdwhjrulhv= +4, frqwudfwv
wkdw duh lqglylgxdoo| udwlrqdo iru qrqh w|sh ri djhqw/ dqg wkdw wkhq zrxog qhyhu
eh dffhswhg +wkdw lv/ frqwudfwv zklfk duh qrq0lqglylgxdoo| udwlrqdo iru dq djhqw
ri w|sh 5/ vlqfh vxfk frqwudfwv duh qrq0lqglylgxdoo| udwlrqdo iru dq djhqw ri w|sh
4 dv zhoo,/ +5, frqwudfwv wkdw duh lqglylgxdoo| udwlrqdo iru erwk w|shv ri djhqwv/
dqg wkdw wkhq/ zrxog dozd|v eh dffhswhg +wkdw lv/ frqwudfwv wkdw duh lqglylgxdoo|
udwlrqdo iru dq djhqw ri w|sh 4/ vlqfh wkh| zrxog eh lqglylgxdoo| udwlrqdo iru dq
djhqw ri w|sh 5 dv zhoo, dqg/ +6, frqwudfwv wkdw duh lqglylgxdoo| udwlrqdo rqo| iru
djhqwv ri w|sh 5/ dqg wkdw wkhq/ vrphwlphv zrxog eh dffhswhg dqg vrphwlphv
zrxog eh uhmhfwhg +iru h{dpsoh frqwudfw S� lq Iljxuh 814/ zklfk lv lqglylgxdoo|
udwlrqdo iru dq djhqw ri w|sh 5/ ex4w lw lv qrw lqglylgxdoo| udwlrqdo iru dq djhqw ri
w|sh 4,1

Xqiruwxqdwho|/ dv wkh qh{w sursrvlwlrq vkrzv/ li djhqwv pd| zdon dzd| iurp
wkh phfkdqlvp zh fdq qrw lpsohphqw lq Qdvk htxloleulxp wkh IEFU1

Sursrvlwlrq 61 Li djhqwv pd| uhixvh wr vljq wkh frqwudfwv fkrvhq e| wkh phfkd0

qlvp wkhq wkh IEFU fdq qrw eh lpsohphqwhg lq Qdvk htxloleulxp1

Surri1 Ohw K ' E7c }� eh d phfkdqlvp wkdw lpsohphqwv wkh IEFU lq Qdvk

htxloleulxp dqg vxssrvh e| frqwudglfwlrq wkdw djhqwv pd| uhixvh wr vljq wkh
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frqwudfwv wkdw wkh phfkdqlvp fkrrvhv1 Qrwlfh wkdw/ iru doo � 5 i�c�j/ doo

w� 5 iw�/w2j/ dqg doo r 5 7 zlwk �E}�Er�c w�� 	 L f
/ djhqw � zloo uhmhfw frqwudfw

}�Er� dqg wkhq klv h{shfwhg xwlolw| iurp wkdw sur�oh ri vwudwhjlhv zloo eh L f1

Ohw Er22
�

c r
22

�
� 5 � EKc w22�1 Zh kdyh wkdw iru doo � 5 i�c�j dqg doo r� 5 7�/

�E}�Er�c r
22

3�
�c w2� � �E}�Er22� c r22

�
�c w2� ' �ESW

2
c w2�/ dqg wkhuhiruh �E}�Er�c r

22

3�
�c w�� 	

Lf
1 Wklv lpsolhv wkdw iru doo � 5 i�c�j zlwk w� ' w

�
dqg doo r� 5 7�/ wkh

djhqw �*v h{shfwhg xwlolw| iurp vwudwhjlhv Er�c r
22

3�
� lv L

f
1 Wkhuhiruh Er22

�
c r

22

�
� lv d

Qdvk htxloleulxp ri phfkdqlvp K zkhq wkh vwdwh ri wkh zruog lv w
��

/ zklfk lv d
frqwudglfwlrq1

Wklv qhjdwlyh uhvxow lv gxh wr wkh idfw wkdw zkhq djhqwv duh ri w|sh 4 wkhuh
duh Qdvk htxloleuld lq zklfk wkh| gr qrw vljq dq| frqwudfw1 Lw vhhpv wkdw/ lq
rughu wr lpsohphqw wkh IEFU lq Qdvk htxloleulxp/ zh kdyh wr irufh wkh djhqwv
wr vljq wkh uhvxowlqj frqwudfwv ri wkh phfkdqlvp1 Iru wkdw zh kdyh wr wklqn derxw
wkh phfkdqlvp ghvljq dv d wkuhh0vwdjh sureohp1 Lq wkh �uvw vwdjh wkh sulqflsdo
sursrvhv d phfkdqlvp1 Lq wkh vhfrqg vwdjh wkh djhqwv ghflgh zkhwkhu wkh| zdqw
wr frpplw wkhpvhoyhv wr sod| wkh phfkdqlvp1 Ilqdoo|/ lq wkh wklug vwdjh wkrvh
djhqwv zkr dffhswhg wkh phfkdqlvp sod| wkh jdph lqgxfhg e| lw1 Zh zloo dvvxph
wkdw djhqwv dqwlflsdwh wkdw wkh rxwfrph ri wkh phfkdqlvp zloo eh wkh htxloleulxp
rqh/ dqg wkhuhiruh wkh| zloo frpplw wkhpvhoyhv wr sod| dq| phfkdqlvp zkrvh
htxloleulxp frqwudfwv jlyh wkhp d xwlolw| ohyho htxdo ru juhdwhu wkdq uhvhuydwlrq
xwlolw| ohyho +dqg lq sduwlfxodu/ dq| phfkdqlvp lpsohphqwlqj wkh IEFU,1

Krzhyhu/ wklv dssurdfk fuhdwhv d qhz sureohp1 Lw lv fohdu wkdw dq| phfkdqlvp
lpsohphqwlqj wkh IEFU zloo dozd|v vhohfw qrq0lqglylgxdoo| udwlrqdo frqwudfwv iru
vrph w|sh ri djhqw +iru h{dpsoh/ wkh phfkdqlvp kdyh wr fkrrvh frqwudfw S

W

2
iru

vrph vwudwhjlhv/ dqg vxfk frqwudfw lv qrw lqglylgxdoo| udwlrqdo iru dq djhqw ri w|sh
4,1 Wkh txhvwlrq lv wkhq= hyhq wkrxjk dq djhqw kdv frpplwwhg klpvhoi wr sod|
wkh phfkdqlvp/ fdq kh eh irufhg wr vljq wkh frqwudfw wkdw wkh phfkdqlvp fkrrvhv
lq fdvh lw zdv qrq0lqglylgxdoo| udwlrqdo iru klpB

Lw vhhpv uhdvrqdeoh wkdw/ li dq djhqw lv deoh wr suryh lq frxuw wkdw wkh frqwudfw
wkdw kdv ehhq fkrvhq e| wkh phfkdqlvp lv qrw lqglylgxdoo| udwlrqdo iru klp/ wkhq
wkh sulqflsdo fdq qrw pdnh klp vljq wkdw frqwudfw +mxvw dv zh fdq qrw irufh dq|rqh
wr eh d vodyh/ dowkrxjk kh kdg frpplwwhg klpvhoi wr eh rqh,1 Zkhq zloo dq djhqw
eh deoh wr suryh wkdw d frqwudfw lv qrw lqglylgxdoo| udwlrqdo iru klpB

Vxssrvh wkdw djhqwv fdq dozd|v suryh zkhq d frqwudfw lv qrq0lqglylgxdoo|
udwlrqdo iru klp1 Wklv zrxog eh htxlydohqw wr vd| wkdw dq djhqw w|sh 4 fdq suryh
zkdw klv w|sh lv +kh mxvw kdv wr suryh wkdw d frqwudfw olnh S� lq Iljxuh 814 lv
qrq0lqglylgxdoo| udwlrqdo iru klp,1 Lq wkdw fdvh wkh sureohp ri lpsohphqwlqj wkh
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IEFU zrxog eh reylrxv1 Doo zh kdyh wr gr lv wr dvn hdfk djhqw wr suryh wkdw
kh lv w|sh 41 Li kh suryh wkdw/ wkhq zh r�hu klp frqwudfw S

W

�
/ rwkhuzlvh zh r�hu

klp frqwudfw S
W

2
+qrwlfh wkdw/ xqghu Dvvxpswlrq 6/ iru dq djhqw w|sh 4 zrxog eh d

grplqdqw vwudwhj| wr suryh zkdw klv w|sh lv,1 Wkhuhiruh/ wklv fdvh kdv qr lqwhuhvw1
Krzhyhu/ wkh orjlfdo wklqj lv wkdw djhqwv fdq qrw suryh zkdw wkhlu w|shv duh1 Lq

wklv fdvh/ wkh rqo| frqwudfwv wkdw dq djhqw frxog uhixvh wr vljq +hyhq wkrxjk wkh|
kdg ehhq fkrvhq e| wkh phfkdqlvp wkdw wkh djhqw surplvhg wr dffhsw, zrxog eh
wkh rqhv wkdw duh qrw lqglylgxdoo| udwlrqdo iru erwk w|shv ri djhqwv1 Dq lpsduwldo
mxu| zrxog eh deoh wr xqghuvwdqg wkdw vxfk frqwudfwv duh qrw lqglylgxdoo| udwlrqdo
iru dq| djhqw +dowkrxjk wkh| gr qrw nqrz wkhlu w|shv,1 Wklv/ wrjhwkhu zlwk
Sursrvlwlrq 6/ ohdgv xv wr frqvlghu wkdw lw zrxog eh ghvludeoh wkdw rxu phfkdqlvpv
qhyhu vhohfw frqwudfwv olnh wkhvh1 Lq wklv vhqvh/ zh kdyh wkh iroorzlqj gh�qlwlrq=

Gh�qlwlrq 51 Zh vd| wkdw d phfkdqlvp K ' E7c }� lv hqirufhdeoh li iru doo r 5 7

dqg doo � 5 i�c�j/ wkhuh lv vrph w� 5 iw�/w2j zlwk �E}�Er�c w�� � Lf

Dv Iljxuh 514 pdnhv fohdu/ xqghu rxu dvvxpswlrqv wkh odwhu surshuw| lv htxlyd0

ohqw wr vd|lqj wkdw iru doo � 5 i�c�j dqg doo r 5 7/ �E}�Er�c w
2� � L

f
1 Dv zh kdyh

dujxhg/ li d phfkdqlvp lpsohphqwlqj wkh IEFU grhv qrw vdwlvi| wklv surshuw|/

wkhq lw dfklhyhv lwv remhfwlyh zlwk wkuhdwv zklfk duh qrw fuhgleoh1

6161 Uhqhjrwldwlrq Surriqhvv Dprqj Djhqwv

Zkhq dq djhqw � 5 i�c�j vljqv frqwudfw E%�c -�� 5 � zlwk wkh sulqflsdo/ wkh| duh

hvwdeolvklqj d grxeoh frpplwphqw1 Rq wkh rqh kdqg/ djhqw � lv frpplwwlqj klpvhoi

wr surgxfh dq dprxqw ri rxwsxw %� iru wkh sulqflsdo1 Rq wkh rwkhu kdqg/ wkh

sulqflsdo lv frpplwwlqj klpvhoi wr sd| dq dprxqw -� wr djhqw �1 Vxssrvh qrz wkdw

rqfh wkh sulqflsdo kdv vljqhg d frqwudfw E%�c -�� 5 � zlwk hdfk djhqw � 5 i�c�j/
djhqwv ghflgh wr uhqhjrwldwh wkhvh frqwudfwv dprqj wkhp1 Iru h{dpsoh/ wkh djhqwv
frxog uhdfk dq djuhhphqw lq vxfk d zd| wkdw djhqw � jlyhv wr djhqw � sduw ri
wkh sd|r� wkdw kh zloo uhfhlyh iurp wkh sulqflsdo dqg/ lq h{fkdqjh iru wkdw/ djhqw
� kdv wr surgxfh sduw ri wkh rxwsxw wkdw djhqw � kdg frpplwwhg wr surgxfh iru
wkh sulqflsdo1 Reylrxvo|/ dq| ri vxfk uhqhjrwldwlrqv kdyh wr eh vxfk wkdw/ dw wkh
hqg= +l, wkh vxp ri wkh txdqwlwlhv surgxfhg e| erwk djhqwv htxdov wkh vxp ri wkh
txdqwlwlhv wkdw hdfk djhqw vhsdudwho| kdg frpplwwhg klpvhoi wr surgxfh/ dqg +ll,
wkh vxp ri wkh sd|r�v wkdw hdfk djhqw uhdoo| uhfhlyhv htxdov wkh vxp ri wkh sd|r�v
wkdw wkh sulqflsdo kdg frpplwwhg klpvhoi wr jlyh wr hdfk djhqw vhsdudwho|1
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Lw lv xqolnho| wkdw wkh sulqflsdo fdq suhyhqw wklv nlqg ri uhqhjrwldwlrq dprqj
wkh djhqwv= �uvw/ wkh sulqflsdo pd| qrw nqrz zkhwkhu wkh rxwsxw wkdw hdfk djhqw
lv jlylqj wr klp kdv ehhq uhdoo| surgxfhg e| wklv djhqw/ dqg vhfrqgo|/ wkh sulqflsdo
fdq qrw frqwuro zkdw djhqwv gr zlwk wkhlu lqfrph1 Djhqwv zloo kdyh lqfhqwlyhv wr
fduu| rxw vxfk uhqhjrwldwlrqv zkhq/ e| grlqj wkdw/ wkh| hqg ehwwhu r� +frpsduhg
zlwk wkh frqwudfwv wkdw wkh| uhdoo| vljqhg,1 Qrwlfh wkdw wkh zd| lq zklfk wkh
djhqwv vkduh rxw vrph jlyhq frqwudfwv pd| ghshqgv rq wkhlu w|shv +iru h{dpsoh/
wkh vdph uhqhjrwldwlrq ri vrph jlyhq sur�oh ri frqwudfwv frxog eh ehqh�fldo iru
dq djhqw zkhq kh lv ri w|sh 4/ dqg wr eh gdpdjlqj iru klp zkhq kh lv ri w|sh 5,1

Uhqhjrwldwlrq fkdqjhv wkh vwudwhjlf dvshfw ri wkh sureohp ri ghvljqlqj d phfk0
dqlvp1 Qrz/ djhqw �*v xwlolw| ohyho dvvrfldwhg wr vrph sur�oh ri vwudwhjlhv lv qrw
ghwhuplqhg e| wkh frqwudfw wkdw wkh phfkdqlvp vhohfwv iru klp/ exw lw lv gh0
whuplqhg e| wkh �qdo uhglvwulexwlrq ri wkh sur�oh ri frqwudfwv vhohfwhg e| wkh
phfkdqlvp1 Wkhq/ sur�ohv ri frqwudfwv wkdw zhuh qrw ghvludeoh iru vrph djhqw
pd| ehfrph pruh dwwudfwlyh iru klp li uhqhjrwldwlrq lv frqvlghuhg1 D phfkdqlvp
lpsohphqwlqj wkh IEFU vkrxog wdnh wklv lqwr dffrxqw1

Qrz zh lqwurgxfh vrph qrwdwlrq1 Ohw S 5 E� ^���� E� ^��� eh d sur�oh

ri ihdvleoh rxwfrphv1 D uhqhjrwldwlrq uxoh zloo eh d pdsslqj 8 G E� ^���� E� ^
����X$ EU2

n ^���� EU2

n ^���/ vxfk wkdw=

+l, iru doo S ' ES�c S�� 5 ��� dqg doo w
&,
5 X/ 8 ESc w&,�@E8�ESc w

&,�/8�ESc w
&,�� 5

U
2

n
�U

2
n

vdwlv�hv wkdw 8�ESc w
&,�n8�ESc w

&,� ' S�n S� +zkhuh/ iru doo � 5 i�c�j/

8�ESc w
&,� ghqrwhv wkh rxwsxw dqg wkh sd|r� fruuhvsrqglqj wr djhqw � diwhu wkh

uhqhjrwldwlrq ri wkh frqwudfwv S jlyhq wkdw wkh vwdwh ri wkh zruog lv w
&,,/ dqg

+ll, iru doo S 5 � dqg doo w
&,
5 X/ 8 EESc���c w&,� ' ESc���/ 8 EE��c S�c w&,� '

E��c S� dqg 8 EE��c���c w&,� ' E��c��� +wkdw lv/ li wkhuh lv rqh djhqw zkr
grhv qrw vljq dq| frqwudfw wkhq qr uhqhjrwldwlrq lv srvvleoh,1

Iru doo vwdwh ri wkh zruog w
&,
5 X/ doo sur�oh ri ihdvleoh rxwfrphv S 5 E� ^

����E�^���/ doo djhqw � 5 i�c�j/ dqg doo uhqhjrwldwlrq uxoh 8 / ohw ��E8 ES�c w&,�
eh wkh xwlolw| rewdlqhg e| djhqw � diwhu uhqhjrwldwh dffruglqj wr 8 wkh rxwfrphv
S zkhq wkh vwdwh ri wkh zruog lv w

&, +l1h1 ��E8 ES�c w&,� � ��E8�ESc w
&,�c w&,�,1

Zh zloo vd| wkdw d uhqhjrwldwlrq uxoh 8 lv dgplvvleoh zkhq iru doo � 5 i�c�j/
doo S 5 � � � dqg doo w&, 5 X/ ��E8 ES�c w&,� � ��ESc w

&,�1 Wkdw lv/ zh gr qrw
dgplw uhqhjrwldwlrq uxohv zkhuh vrph djhqw lv zruvh diwhu wkh uhqhjrwldwlrq wkdq
zlwk klv lqlwldo frqwudfw +wklv fdq eh lqwhusuhwhg dv d uhtxluhphqw ri lqglylgxdo
udwlrqdolw| rq wkh uhqhjrwldwlrq,1 Ohw I eh wkh fodvv ri dgplvvleoh uhqhjrwldwlrq
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uxohv1 Qrwlfh wkdw iru doo 8 5 I / doo S ' ES�c S�� 5 � � � dqg doo w
&,
5 X/

Z
S�
n Z

S�
' Z

8�EScw&,� n Z8�EScw&,�1

Qrz/ zh kdyh wkh iroorzlqj gh�qlwlrq=

Gh�qlwlrq 61 Iru doo phfkdqlvp K ' E7c }�/ doo dgplvvleoh uhqhjrwldwlrq uxoh

8 5 I dqg doo vwdwh ri wkh zruog w
&,
5 X/ zh vd| wkdw r 5 7 lv d I0Qdvk

htxloleulxp ri K iru vwdwh ri wkh zruog w
&, zkhq/ iru doo � 5 i�c�j dqg doo

r
�

�
5 7�/ ��E8 E}Er��c w&,� � ��E8 E}Er�

�
c r3���c w

&,�1 Ohw 8 ��EKw&,� ghqrwh wkh vhw ri

8 0Qdvk htxloleulxp ri phfkdqlvp K zkhq wkh vwdwh ri wkh zruog lv w
&,

1

Lq zrugv/ d sur�oh ri vwudwhjlhv lv d 8 0Qdvk htxloleulxp zkhq/ wdnlqj lqwr

dffrxqw wkdw wkh uhqhjrwldwlrq uxoh xvhg e| wkh djhqwv lv 8 / qr djhqw fdq lpsuryh

e| phdqv ri dq xqlodwhudo ghyldwlrq1

Ohw 8 U ghqrwhv wkh vlwxdwlrq zkhuh wkh djhqwv gr qrw uhqhjrwldwh wkhlu frq0

wudfwv1 Lw lv fohdu wkdw 8 U
5 I / dqg wkdw wkh qrwlrq ri 8 U0Qdvk htxloleulxp

pdwfkhv wkh xvxdo gh�qlwlrq ri Qdvk htxloleulxp1 Iru vlpsolflw|/ zh zloo vwloo
zulwh Qdvk htxloleulxp zkhq zh duh wdonlqj derxw d 8 U0Qdvk htxloleulxp +dqg/
iru doo phfkdqlvp K ' E7c }� dqg doo w&, 5 X/ zh zloo vwloo zulwh �EKc w&,� lqvwhdg

ri 8
U
��EKc w&,�,1

Vxssrvh wkdw wkh sulqflsdo nqrzv wkdw wkh djhqwv zloo uhqhjrwldwh wkhlu frq0
wudfwv lq dffrugdqfh zlwk vrph jlyhq uhqhjrwldwlrq uxoh 8 5 I1 Lq wkdw fdvh kh
kdyh wr ghvljq d phfkdqlvp lpsohphqwlqj wkh IEFU qrw lq Qdvk htxloleulxp/
exw lq 8 0Qdvk htxloleulxp1

Reylrxvo|/ jlyhq dq| 8 5 I/ d phfkdqlvp lpsohphqwlqj wkh IEFU lq 8 0Qdvk
htxloleulxp pd| qrw zrun iru dq| rwkhu gl�huhqw uhqhjrwldwlrq uxoh +l1h1 jlyhq dq|
h8 5 I zlwk h8 9' 8 / wkh iruphu phfkdqlvp pd| qrw lpsohphqw wkh IEFU lq h8 0
Qdvk htxloleulxp,1 Wkhq/ zkdw kdsshqv li wkh sulqflsdo grhv qrw nqrz wkh vshfl�f
uhqhjrwldwlrq uxoh wkdw zloo eh xvhg e| wkh djhqwv/ ru li kh grhv qrw hyhq nqrz
zkhwkhu djhqwv zloo uhqhjrwldwh wkhlu frqwudfwv dw wkh hqgB

Wkh ehvw wklqj zrxog eh wr ghvljq d phfkdqlvp lpsohphqwlqj wkh IEFU lq
8 0Qdvk htxloleulxp zkdwhyhu wkh uhqhjrwldwlrq uxoh 8 5 I lv1 Li zh duh deoh

wr ghvljq d phfkdqlvp olnh wkdw/ wkhq lw grhv qrw pdwwhu wkdw wkh sulqflsdo grhv

qrw nqrz wkh uhqhjrwldwlrq uxoh xvhg e| wkh djhqwv1 Lq wklv vhqvh zh kdyh wkh

iroorzlqj gh�qlwlrq=

Gh�qlwlrq 71 Zh vd| wkdw d phfkdqlvp K ' E7c }� lv uhqhjrwldwlrq0surri

zkhq/ iru doo dgplvvleoh uhqhjrwldwlrq uxoh 8 5 I / K lpsohphqwv wkh IEFU lq
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8 0Qdvk htxloleulxp;1

6171 Xqltxh Lpsohphqwdwlrq

Ohw 8 5 I eh wkh uhqhjrwldwlrq uxoh xvhg e| wkh djhqwv dqg ohw K ' E7c }� eh d

phfkdqlvp wkdw lpsohphqwv wkh IEFU lq 8 0Qdvk htxloleulxp1 Vxssrvh wkdw rxu

lpsohphqwlqj phfkdqlvp lv vxfk wkdw iru vrph vwdwh ri wkh zruog wkhuh duh dw ohdvw

wzr sur�ohv ri vwudwhjlhv zklfk duh d 8 0Qdvk htxloleulxp1 Lw lv fohdu wkdw erwk

sur�ohv ri vwudwhjlhv |lhog wkh vdph rxwfrph= wkh �uvw0ehvw frqwudfwv1 Krzhyhu/ li

rqh ri wkh djhqwv ghflghv wr sod| wkh vwudwhj| fruuhvsrqglqj wr wkh �uvw sur�oh ri

vwudwhjlhv dqg wkh rwkhu djhqw sod|v wkh vwudwhj| fruuhvsrqglqj wr wkh vhfrqg rqh/

wkh uhvxowlqj rxwfrph pd| qrw eh wkh �uvw0ehvw frqwudfwv1 Wkh h{lvwhqfh ri pruh

wkdq rqh htxloleulxp iru vrph vwdwh ri wkh zruog fuhdwhv d sureohp ri frruglqdwlrq

dprqj djhqwv1 Lq rughu wr lpsohphqw wkh IEFU zh kdyh wr eh fhuwdlq wkdw djhqwv

frruglqdwh wkhlu ghflvlrqv wr sod| wkh vdph htxloleulxp1

Wr dyrlg wklv sureohp zh zrxog olnh wkdw rxu phfkdqlvpv kdg d xqltxh htxl0

oleulxp iru hdfk vwdwh ri wkh zruog1 Iru wkdw/ zh kdyh wkh iroorzlqj gh�qlwlrq=

Gh�qlwlrq 81 Ohw 8 5 I eh dq dgplvvleoh uhqhjrwldwlrq uxoh dqg ohw K ' E7c }�
eh d phfkdqlvp wkdw lpsohphqwv wkh IEFU lq 8 0Qdvk htxloleulxp1 Zh vd|

wkdw K vdwlv�hv wkh I0xqltxh lpsohphqwdwlrq surshuw| zkhq iru doo w
&,
5 X/

8 �� EKc w&,� kdv rqo| rqh hohphqw1

Wr frqwlqxh zlwk wkh qrwdwlrq ri wkh suhylrxv vxevhfwlrq/ zh zloo zulwh xqltxh

lpsohphqwdwlrq surshuw| wr ghqrwh wkh 8 U0xqltxh lpsohphqwdwlrq surshuw|1

6181 Xqltxh Ehvw0Uhso|

Ohw 8 5 I eh wkh uhqhjrwldwlrq uxoh xvhg e| wkh djhqwv dqg ohw K ' E7c }� eh
d phfkdqlvp wkdw lpsohphqwv wkh IEFU lq 8 0Qdvk htxloleulxp1 Li d sur�oh ri
vwudwhjlhv lv d 8 0Qdvk htxloleulxp wkhq qr djhqw fdq lpsuryh e| phdqv ri dq|
xqlodwhudo ghyldwlrq1 Iru wklv uhdvrq zh xvxdoo| dgplw wkdw/ li dq| djhqw +vd| djhqw
�, wklqnv wkdw wkh uhvw ri djhqwv zloo sod| wkh htxloleulxp vwudwhjlhv/ kh zloo sod|
klv htxloleulxp vwudwhj| wrr1 Krzhyhu/ zkdw kdsshq li wkhuh lv dqrwkhu vwudwhj|
iru djhqw �/ gl�huhqw iurp wkh htxloleulxp rqh/ zklfk jlyhv klp wkh vdph xwlolw|B

;Qrwlfh wkdw/ vlqfh I L
5 I / dq| uhqhjrwldwlrq0surri phfkdqlvp dovr lpsohphqwv wkh IEFU

lq Qdvk htxloleulxp1
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Lq wkdw fdvh djhqw � zloo eh lqgl�huhqw ehwzhhq erwk vwudwhjlhv1 Wklv pdgh xv

zrqghu zkhwkhu djhqw � zloo sod| klv htxloleulxp vwudwhj|1

Wr fohdu xs wklv grxew zh zrxog olnh wkdw/ lq fdvh wkdw wkh uhvw ri djhqwv sod|

wkhlu htxloleulxp vwudwhjlhv/ dq| vwudwhj| ri djhqw � gl�huhqw iurp wkh htxloleulxp

rqh jhwv klp d ohyho ri xwlolw| vwulfwo| vpdoohu1 Iru wkdw zh pdnh xvh ri wkh

iroorzlqj wzr gh�qlwlrqv=

Gh�qlwlrq 91 Jlyhq dq| uhqhjrwldwlrq uxoh 8 5 I / dq| phfkdqlvp K ' E7c }�/
dqg dq| vwdwh ri wkh zruog w&, 5 X/ zh vd| wkdw r 5 7 lv d I0vwulfw0Qdvk

htxloleulxp ri phfkdqlvp K zkhq wkh vwdwh ri wkh zruog lv w
&, zkhq/ iru doo

� 5 i�c�j dqg doo r
�

�
5 7�qir�j/ ��E8 E}�Er��c w

&,� : ��E8 E}�Er�

�
c r3���c w

&,�1 Ohw

8 � 7�EKc w&,� ghqrwh wkh vhw ri wkhvh vwulfw0Qdvk htxloleulxp1

Gh�qlwlrq :1 Jlyhq dq| uhqhjrwldwlrq uxoh 8 5 I/ ohw K ' E7c }� eh d phfkdqlvp

lpsohphqwlqj wkh IEFU lq 8 0Qdvk htxloleulxp1 Zh zloo vd| wkdw K vdwlv�hv

wkh I0xqltxh ehvw0uhso| surshuw| zkhq/ iru doo vwdwh ri wkh zruog/ dq| 8 0
Qdvk htxloleulxp lv dovr d 8 0vwulfw Qdvk htxloleulxp +wkdw lv/ iru doo w&, 5 X/

8 � 7�EKc w&,� ' 8 ��EKc w&,�,1

Ohw 8 5 I eh wkh uhqhjrwldwlrq uxoh xvhg e| wkh djhqwv/ dqg ohw K ' E7c }�
eh d phfkdqlvp wkdw lpsohphqwv wkh IEFU lq 8 0Qdvk htxloleulxp1 Li wkh lp0

sohphqwlqj phfkdqlvp vdwlv�hv wkh 8 0xqltxh ehvw0uhso| surshuw|/ wkhq wkh djhqwv

kdyh vwurqj lqfhqwlyhv wr vwlfn wr htxloleulxp vwudwhjlhv1 Qrwlfh wkdw li d phfk0

dqlvp lpsohphqwv wkh IEFU lq 8 0Qdvk htxloleulxp dqg vdwlv�hv wkh 8 0xqltxh

ehvw0uhso| surshuw|/ wkhq lw grxeo| lpsohphqwv wkh IEFU lq 8 0Qdvk dqg 8 0vwulfw0

Qdvk htxloleulxp1 Dowkrxjk wkh lqyhuvh lv qrw qhfhvvdulo| wuxh/ lw zloo eh li wkh

phfkdqlvp dovr vdwlv�hv wkh 8 0xqltxh lpsohphqwdwlrq surshuw|1

Djdlq/ wr frqwlqxh zlwk suhylrxv qrwdwlrq/ zh zloo zulwh xqltxh ehvw0uhso|

surshuw| wr ghqrwh wkh 8 U0xqltxh ehvw0uhso| surshuw|1

6191 Qr Pl{hg Vwudwhjlhv

Ohw K ' E7c }� eh d phfkdqlvp1 D pl{hg vwudwhj| iru djhqw � lv d suredelolw|

glvwulexwlrq rq 7�1 Irupdoo|/ d pl{hg vwudwhj| iru djhqw � lv d pdsslqj j� G 7� $

dfc �o vxfk wkdw
S

r�M7�
j�Er�� ' � +zkhuh j�Er�� ghqrwhv wkh suredelolw| wkdw djhqw

� dvvljqv wr dqqrxqfh r�,1 Iru doo � 5 i�c�j/ ohw P� eh wkh vhw ri dgplvvleoh

suredelolw| glvwulexwlrqv rq 7�/ dqg ohw P ' P� � P� eh wkh vhw ri dgplvvleoh

sur�ohv ri pl{hg vwudwhjlhv1 Iru doo j� 5 P�/ ohw 7�Ej�� eh wkh vhw ri hohphqwv ri
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7� wkdw duh dqqrxqfhg zlwk vwulfwo| srvlwlyh suredelolw| dffruglqj wr vwudwhj| j�/

wkdw lv 7�Ej�� ' ir� 5 7� G j�Er�� : fj1 Zh vd| wkdw j� 5 P� lv d sxuh vwudwhj| iru

djhqw � zkhq/ iru vrph r� 5 7�/ 7�Ej�� ' r� +l1h1 djhqw � dqqrxqfh zlwk suredelolw|
rqh vrph hohphqw ri 7�,1

Xs wr qrz zh kdyh rqo| frqvlghuhg wkh vshfl�f fdvh lq zklfk djhqwv sod| sxuh
vwudwhjlhv1 Krzhyhu/ vrphwlphv djhqwv pd| �qg sur�wdeoh wr sod| dqrwkhu w|sh
ri pl{hg vwudwhjlhv1 Wkhuhiruh/ li zh zdqw wr eh vxuh wkdw zh duh lpsohphqwlqj
wkh IEFU/ rxu phfkdqlvpv vkrxog zrun qrw rqo| iru sxuh vwudwhjlhv/ exw dovr iru
pl{hg vwudwhjlhv1

Frqvlghulqj pl{hg vwudwhjlhv irufh xv wr jhqhudol}h vrph ri rxu suhylrxv ghi0
lqlwlrqv rq lpsohphqwdwlrq1 Iluvw qrwlfh wkdw zkhq djhqwv sod| pl{hg vwudwhjlhv
zh pd| qrw nqrz h{dfwo| zklfk zloo eh wkh rxwfrph vhohfwhg e| wkh phfkdqlvp1
Doo wkdw zh zloo kdyh lv d suredelolw| glvwulexwlrq dprqj doo srvvleoh rxwfrphv
wkdw fdq eh vhohfwhg e| wkh phfkdqlvp1 Irupdoo|/ iru doo phfkdqlvp K ' E7c }�/
doo Ej�c j�� 5 P dqg doo Er�c r�� 5 7/ phfkdqlvp K zloo vhohfw wkh rxwfrph

}Er�c r�� zlwk suredelolw| j�Er���j�Er��1 Pruhryhu/ li wkh djhqwv duh xvlqj wkh

uhqhjrwldwlrq uxoh 8 5 I dqg wkh vwdwh ri wkh zruog lv w&, 5 X/ wkhq wkh| zloo

rewdlq wkh rxwfrph 8 E}Er�c r��c w&,� zlwk suredelolw| j�Er�� � j�Er��1 Wkhuh0

iruh/ iru nqrzlqj krz jrrg lv d sur�oh ri pl{hg vwudwhjlhv iru dq djhqw/ kh kdv

wr fdofxodwh klv h{shfwhg xwlolw|1 Wr eh frqvlvwhqw zlwk suhylrxv qrwdwlrq/ iru doo

8 5 I /doo � 5 i�c�j/ doo w&, 5 X/ dqg doo j 5 P/ ohw �
e

�
E8 E}Ej��c w&,� ghqrwh wkh

h{shfwhg xwlolw|< ri djhqw � zkhq djhqwv sod| wkh sur�oh ri pl{hg vwudwhjlhv j/ wkh

uhqhjrwldwlrq uxoh lv 8 dqg wkh vwdwh ri wkh zruog lv w&,1

Lq wklv zd|/ qrz d frqfhsw ri htxloleulxp . zloo eh d pdsslqj iurp wkh vhw

ri ihdvleoh vwdwhv ri wkh zruog wr wkh vhw ri dgplvvleoh sur�ohv ri pl{hg vwudwhjlhv/

. G X$ P1 Lq sduwlfxodu/ zh kdyh wkh iroorzlqj gh�qlwlrq ri 8 0Qdvk htxloleulxp

zkhq pl{hg vwudwhjlhv duh frqvlghuhg=

Gh�qlwlrq ;1 Iru doo phfkdqlvp K ' E7c }�/ doo dgplvvleoh uhqhjrwldwlrq uxoh

8 5 I dqg doo vwdwh ri wkh zruog w
&,
5 X/ zh vd| wkdw j 5 P lv d I0Qdvk

htxloleulxp ri K iru vwdwh ri wkh zruog w
&, zkhq/ iru doo � 5 i�c�j dqg doo

j
�

�
5 P�/ �e

�
E8 E}Ej��c w&,� � �e

�
E8 E}Ej�

�
c j3���c w

&,�1 Ohw 8 � �EKc w&,� vwloo ghqrwh

wkh vhw ri 8 0Qdvk htxloleulxp ri phfkdqlvp K zkhq wkh vwdwh ri wkh zruog lv w
&,

+zkhuh 8 ��EKc w&,� pd| lqfoxgh qrz qrq0sxuh sur�ohv ri vwudwhjlhv,1

Lq wkh vdph zd| wkdw zkhq zh rqo| frqvlghuhg sxuh vwudwhjlhv/ zh zloo vd| wkdw

d phfkdqlvp K ' E7c }� lpsohphqwv wkh IEFU lq 8 0Qdvk htxloleulxp zkhq/ iru

<Zh zloo vxssrvh wkdw wkh xvxdo yrq Qhxpdqq0Prujhqvwhuq dvvxpswlrqv krog1
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doo vwdwh ri wkh zruog/ wkh vhw ri 8 0Qdvk htxloleulxp rxwfrphv frlqflghv zlwk wkh
�uvw0ehvw frqwudfwv +l1h1 iru doo w&, 5 X/ }E8 �� EKc w&,�� ' xEw&,�,1 Qrz wkdw 8 �
�EKc w&,� pd| lqfoxgh qrq0sxuh sur�ohv ri vwudwhjlhv/ wkh qdwxudo zd| ri gh�qlqj

wkh htxloleulxp rxwfrphv lv olnh wkrvh zklfk kdyh d vwulfwo| srvlwlyh suredelolw| wr

rffxu jlyhq wkdw wkh djhqwv duh sod|lqj d 8 0Qdvk htxloleulxp sur�oh ri vwudwhjlhv1

Wkdw lv/ }E8 � � EKc w&,�� ' i}Er�c r�� G <Ej�c j�� 5 8 � �EKc w&,� zlwk r� 5

7�Ej�� dqg r� 5 7�Ej��j1 Qrwlfh wkdw wkhq/ vlqfh wkh IEFU lv vlqjoh ydoxhg/ iru

doo sdlu Er�c r�� 5 7 zklfk lv dqqrxqfhg zlwk vwulfwo| srvlwlyh suredelolw| lq vrph

8 0Qdvk htxloleulxp/ wkh phfkdqlvp zloo vhohfw wkh vdph rxwfrph= wkh �uvw0ehvw

frqwudfwv1 Wkdw lv/ iru doo w&, 5 X/ doo Ej�c j�� 5 8 �� EKc w&,�/ doo r� 5 7�Ej��
dqg doo r� 5 7�Ej��/ zh kdyh wkdw }Er�c r�� ' ESW

&
c S

W

,
�1

Wkh h{lvwhqfh ri qrq0sxuh htxloleulxp vwudwhjlhv lq rxu lpsohphqwlqj phfkd0

qlvpv fdq fuhdwh vrph gl!fxowlhv1 Iluvw/ qrq0sxuh htxloleulxp vwudwhjlhv zloo eh

xvxdoo| gl!fxow wr �qg1 Li zh zdqw wkdw wkh djhqwv �qg hdvlo| wkh vroxwlrq wr

wkh jdph wkdw zh duh sursrvlqj wr wkhp/ zh vkrxog wu| wr dyrlg wkdw wklv vrox0

wlrq lqyroyhv sod|lqj d qrq0sxuh vwudwhj|1 Ri frxuvh/ rqh frxog dujxh wkdw rxu

lpsohphqwlqj phfkdqlvpv frxog kdyh sxuh dqg qrq0sxuh htxloleulxp vwudwhjlhv/

dqg wkdw lq wkdw fdvh wkh djhqwv zrxog eh deoh wr �qg hdvlo| dw ohdvw rqh ri wkh

vroxwlrqv ri wkh jdph1 Iru wkdw uhdvrq/ zh frqvlghu wkdw d plqlpxp uhtxluhphqw

wkdw dq| phfkdqlvp vkrxog vdwlvi| lv wkdw/ iru doo vwdwh ri wkh zruog/ wkhuh h{lvwv

dw ohdvw rqh htxloleulxp frqvlvwlqj ri sxuh vwudwhjlhv1

Gh�qlwlrq <1 Ohw 8 5 I eh dq dgplvvleoh uhqhjrwldwlrq uxoh dqg ohw K ' E7c }�
eh d phfkdqlvp lpsohphqwlqj wkh IEFU lq 8 0Qdvk htxloleulxp1 Zh vd| wkdw K
vdwlv�hv wkh I0sxuh htxloleulxp surshuw| zkhq/ iru doo w&, 5 X/ wkhuh h{lvwv

vrph Ej�c j�� 5 8 �� EKc w&,� vxfk wkdw/ iru doo � 5 i�c�j/ j� lv d sxuh vwudwhj|1

Krzhyhu/ hyhq lq wkh fdvh wkdw rxu phfkdqlvpv vdwlvi| wklv surshuw|/ wkh h{0

lvwhqfh ri qrq0sxuh htxloleulxp vwudwhjlhv lv vwloo sureohpdwlf1 Rq wkh rqh kdqg/

qrwlfh wkdw wkh h{lvwhqfh ri sxuh dqg qrq0sxuh htxloleulxp vwudwhjlhv zrxog frq0

wudglfw wkh vslulw ri wkh 8 0xqltxh lpsohphqwdwlrq surshuw|1 Rq wkh rwkhu kdqg/

wkh h{lvwhqfh ri qrq0sxuh htxloleulxp vwudwhjlhv dovr frq lfwv zlwk wkh vslulw ri

wkh 8 0xqltxh ehvw0uhso| surshuw|1 Wr vhh wkdw frqvlghu wkh iroorzlqj h{dpsoh1

Ohw 8 5 I eh wkh uhqhjrwldwlrq uxoh xvhg e| wkh djhqwv/ dqg ohw K ' E7c }�
eh d phfkdqlvp lpsohphqwlqj wkh IEFU lq 8 0Qdvk htxloleulxp1 Jlyhq dq|

w&, 5 X/ ohw Ej�c j�� 5 8 � � EKc w&,� eh vxfk wkdw/ iru vrph � 5 i�c�j/ j�

lv qrw d sxuh vwudwhj|1 Wkhq wkhuh h{lvwv dw ohdvw wzr hohphqwv r�c r
�

�
5 7�Ej��1

Ohw qrz j
�

�
5 P� eh vxfk wkdw 7�Ej

�

�
� ' r

�

�
1 Qrwlfh wkdw zkhq wkh djhqwv sod|
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wkh sur�oh ri vwudwhjlhv Ej�c j3�� ru Ej�

�
c j
3��/ wkh phfkdqlvp zloo vhohfw zlwk

suredelolw| htxdo wr rqh wkh vdph rxwfrph/ ESW
&
c S

W

,
�1 Wkhuhiruh zh kdyh wkdw

�e

�
E8 E}Ej�c j3���c w

&,� ' �e

�
E8 E}Ej�

�
c j3���c w

&,�/ dqg vr j� lv qrw wkh xqltxh ehvw0

uhso| wr j
3�1

Wkhuhiruh/ jlyhq dq| 8 5 I/ li rxu phfkdqlvpv vdwlvi| wkh 8 0xqltxh lpsohphq0

wdwlrq ru wkh 8 0xqltxh ehvw0uhso| surshuwlhv/ zh vkrxog wrwdoo| dyrlg wkh h{lvwhqfh

ri qrq0sxuh htxloleulxp vwudwhjlhv1 Iru wkdw zh gh�qh wkh iroorzlqj surshuw|

Gh�qlwlrq 431 Jlyhq dq| uhqhjrwldwlrq uxoh 8 5 I/ ohw K ' E7c }� eh d phfk0

dqlvp lpsohphqwlqj wkh IEFU lq 8 0Qdvk htxloleulxp1 Zh vd| wkdw K vdw0

lv�hv wkh 8 0rqo| sxuh htxloleuld surshuw| zkhq/ iru doo w
&,
5 X dqg doo

Ej�c j�� 5 8 ��EKc w&,�/ j� dqg j� duh sxuh vwudwhjlhv1

Wkdw lv/ li d phfkdqlvp vdwlv�hv wklv surshuw|/ doo htxloleulxp vwudwhjlhv duh
sxuh1 Reylrxvo|/ iru doo 8 5 I / wkh 8 0rqo| sxuh htxloleuld surshuw| lpsolhv
wkh 8 0sxuh htxloleulxp surshuw|1 Dv zh kdyh douhdg| dujxhg/ zh zloo dozd|v
orrn iru phfkdqlvpv vdwlvi|lqj wkh 8 0sxuh htxloleulxp surshuw|/ dqg lq fdvh wkdw
wkhvh phfkdqlvpv dovr vdwlvi| wkh 8 0xqltxh lpsohphqwdwlrq surshuw| ru wkh 8 0
xqltxh ehvw0uhso| surshuw|/ wkhq zh zloo dovr zdqw wkdw wkh| yhuli| wkh 8 0rqo|
sxuh htxloleuld surshuw|1

Dv xvxdo/ zh zloo zulwh +rqo|, sxuh htxloleuld surshuw| wr ghqrwh wkh 8 U0+rqo|,
sxuh htxloleulxp surshuw|1 Lq wkh vdph zd|/ iurp qrz/ iru doo phfkdqlvp K '
E7c }� zh zloo vwloo zulwh r ' Er�c r�� 5 7 wr ghqrwh wkh sxuh vwudwhj| zkhuh hdfk

djhqw � 5 i�c�j lv dqqrxqflqj zlwk suredelolw| rqh r�1

Wr vxppdul}h/ wkhvh duh wkh surshuwlhv wkdw zh frqvlghu ghvludeoh iru rxu
lpsohphqwlqj phfkdqlvpv= +l, vwudwhj|0vsdfhv dv vpdoo dv srvvleoh/ +ll, hqirufh0
delolw|/ +lll, uhqhjrwldwlrq0surriqhvv/ +ly, 8 0xqltxh lpsohphqwdwlrq/ +y, 8 0xqltxh
ehvw0uhso|/ dqg +yl, 8 0rqo| sxuh htxloleuld1 Uhjduglqj surshuwlhv +lll,0+yl,/ vxs0
srvh wkdw zh duh deoh wr ghvljq d uhqhjrwldwlrq0surri phfkdqlvp1 Vlqfh wkh edvlf
lghd ehklqg uhqhjrwldwlrq0surriqhvv lv wkdw dq| phfkdqlvp vdwlvi|lqj wklv surs0
huw| lpsohphqwv wkh IEFU iru doo 8 5 I / zh zrxog dovr olnh wkdw vxfk phfkdqlvp

vdwlv�hv wkh 8 0xqltxh lpsohphqwdwlrq/ wkh 8 0xqltxh ehvw0uhso|/ dqg wkh 8 0rqo|

sxuh htxloleuld surshuwlhv/ qrw iru vrph jlyhq uhqhjrwldwlrq uxoh/ exw iru doo 8 5 I 1

Zh zloo glvfxvv derxw wkh frqqhfwlrq ehwzhhq wkhvh surshuwlhv lq wkh qh{w vhfwlrq1
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71 FRPSDWLELOLW\ RI GHVLUDEOH SURSHUWLHV

Xqiruwxqdwho|/ vrph ri wkh surshuwlhv dqdo|}hg lq wkh suhylrxv vhfwlrq duh qrw

frpsdwleoh1 Iluvw/ zh zloo suryh wkdw dq| hqirufhdeoh phfkdqlvp vdwlvi|lqj wkh

sxuh htxloleulxp surshuw| lv qrw uhqhjrwldwlrq0surri1 Iru wkdw zh qhhg �yh suh0

ylrxv ohppdv=

Ohppd 41 Wkhuh h{lvwv vrph 8 5 I zlwk ��E8�EES
W

2
c SW

2
��c w�2� : ��ES

W

2
c w�2�1

Zh rplw wkh surri ri wklv ohppd1 Lw iroorzv iurp Dvvxpswlrqv 4 dqg 5 dqg

iurp wkh gh�qlwlrq ri SW
2
1 Urxjko| vshdnlqj wklv ohppd vd|v wkdw/ li djhqw � lv ri

w|sh 4 dqg djhqw � lv ri w|sh 5/ wkh uhglvwulexwlrq ri 2SW
2
zkhuh erwk djhqwv uhfhlyh

S
W

2
lv qrw Sduhwr0h!flhqw1 Lq Iljxuh 714 zh kdyh uhsuhvhqwhg wklv uhglvwulexwlrq

sureohp e| phdqv ri wkh Hgjhzruwk er{1 Wkhuh zh fdq vhh wkdw wkhuh duh vrph
uhglvwulexwlrqv +olnh wkh rqh jlyhq e| srlqw 5,/ zkhuh erwk djhqwv duh vwulfwo|
ehwwhu wkdq zlwk S

W

2
1

Wkh qh{w ohppd vd|v wkdw/ li zh jlyh wr wkh djhqwv wkh �uvw0ehvw frqwudfwv/

wkh| zloo qrw uhqhjrwldwh=

Ohppd 51 Iru doo 8 5 I dqg doo w
&,
5 X/ zh kdyh wkdw 8 EESW

&
c SW

,
�c w&,� ' ESW

&
c SW

,
�1

Surri1 Vxssrvh e| frqwudglfwlrq dqg z1o1r1j1 wkdw wkhuh lv vrph 8 5 I dqg

vrph w
&,
5 X vxfk wkdw 8�EES

W

&
c SW

,
�c w&,� 9' S

W

&
1 Wkhq/ vlqfh ��E8�EES

W

&
c SW

,
��c w&,� �

��ES
W

&
c w&,�/ e| gh�qlwlrq ri S

W

&
zh kdyh wkdw Z

8�EESW
&
cSW
,
�cw&,� 	 Z

S
W

&
1 Lq wkdw fdvh

Z
8�EESW

&
cSW
,
�cw&,� : ZS

W

,
1 Wkhq/ e| gh�qlwlrq ri S

W

,
/ ��E8�EESW

&
c SW

,
��c w&,� 	 ��ESW

,
c w&,�/

zklfk frqwudglfwv wkdw 8 5 I 1

Wkh iroorzlqj ohppd vwdwhv wkdw/ li d phfkdqlvp lv uhqhjrwldwlrq0surri/ wkhq

dq| sur�oh ri vwudwhjlhv zklfk lv d 8 0Qdvk htxloleulxp iru vrph 8 5 I lv dovr d

Qdvk htxloleulxp=

Ohppd 61 Ohw K ' E7c }� eh d uhqhjrwldwlrq0surri phfkdqlvp1 Wkhq/ iru doo

8 5 I / doo w&, 5 X dqg doo r 5 8 ��EKc w&,� zh kdyh wkdw r 5 � EKc w&,�1
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Surri1 Ohw K ' E7c }� eh d uhqhjrwldwlrq0surri phfkdqlvp1 Wkhq/ iru doo 8 5 I /

doo w&, 5 X dqg doo r 5 8 ��EKc w&,� zh kdyh wkdw }Er� ' ESW
&
c S

W

,
�/ dqg wkhuhiruh/

e| Ohppd 5/ 8 E}Er�c w&,� ' ESW
&
c S

W

,
�1 Vxssrvh e| frqwudglfwlrq wkdw iru vrph

8 5 I/ vrph w
&,
5 X dqg vrph r 5 8 � �EKc w&,� zh kdyh wkdw r *5 � EKc w&,�1

Wkhq/ wkhuh h{lvwv vrph � 5 i�c�j dqg vrph r�

�
5 7� vxfk wkdw ��E}Er�

�
c r3��c w

&,� :
��E}Er�c w

&,�1 Wkhuhiruh/ e| gh�qlwlrq ri I zh kdyh wkdw ��E8 E}Er�

�
c r3���c w

&,� �
��E}Er

�

�
c r3��c w

&,� : ��E}Er�c w
&,� ' ��E8 E}Er��c w&,�/ zklfk frqwudglfwv wkdw r 5

8 �� EKc w&,�1

Ilqdoo|/ wkh qh{w wzr ohppdv vkrz wkdw/ lq dq| hqirufhdeoh phfkdqlvp vdwlv0

i|lqj wkh sxuh htxloleulxp surshuw|/ doo sxuh Qdvk htxloleulxp iru wkh vwdwh ri wkh

zruog w
�2 lv vxfk wkdw/ iru vrph xqlodwhudo ghyldwlrq ri djhqw �/ wkh phfkdqlvp

vhohfwv frqwudfwv ESW
2
c S

W

2
�1

Ohppd 71 Ohw K ' E7c }� eh d phfkdqlvp lpsohphqwlqj wkh IEFU lq Qdvk

htxloleulxp dqg vdwlvi|lqj wkh sxuh htxloleulxp surshuw|1 Iru doo w&, 5 X/ ohw

Er&,
�
c r&,

�
� 5 �EKc w&,�1 Wkhq zh kdyh wkdw r

�2

�
9' r

22

�
1

Surri1 Ohw K ' E7c }� eh d phfkdqlvp lpsohphqwlqj wkh IEFU lq Qdvk htxlole0

ulxp dqg vdwlvi|lqj wkh sxuh htxloleulxp surshuw|1 Iru doo w&, 5 X/ ohw Er&,
�
c r&,

�
� 5

�EKc w&,�1 Vxssrvh e| frqwudglfwlrq wkdw r
�2

�
' r

22

�
1 Lq wkdw fdvh lw lv fohdu wkdw

r
�2

�
9' r

22

�
dqg wkdw �E}�Er�2� c r22

�
�c w2� ' �E}�Er�2� c r�2

�
�c w2� ' �ESW

�
c w2� : �ESW

2
c w2� '

�E}�Er
22

�
c r22
�

�c w2�/ zklfk frqwudglfwv wkdw Er22
�

c r
22

�
� 5 �EKc w22�1

Ohppd 81 Ohw K ' E7c }� eh dq hqirufhdeoh phfkdqlvp lpsohphqwlqj wkh IEFU

lq Qdvk htxloleulxp dqg vdwlvi|lqj wkh sxuh htxloleulxp surshuw|1 Iru doo w&, 5 X/

ohw Er&,
�
c r&,

�
� 5 �EKc w&,�1 Wkhq zh kdyh wkdw }Er�2

�
c r

22

�
� ' ESW

2
c S

W

2
�1

Surri1 Ohw K ' E7c }� eh dq hqirufhdeoh phfkdqlvp lpsohphqwlqj wkh IEFU lq

Qdvk htxloleulxp dqg vdwlvi|lqj wkh sxuh htxloleulxp surshuw|/ dqg iru doo w&, 5 X/

ohw Er&,
�
c r&,

�
� 5 �EKc w&,�1

Vwhs 41 Vlqfh Er22
�

c r
22

�
� 5 �EKc w22� lw lv fohdu wkdw }�Er

22

�
c r

22

�
� ' S

W

2
/ dqg wkhq zh

kdyh wkdw/ iru doo r
�

�
5 7�/ hlwkhu +l, }�Er�

�
c r

22

�
� 5 � zlwk �E}�Er�

�
c r

22

�
�c w2� '

�ESW
2
c w2� +dqg wkhq �E}�Er

�

�
c r

22

�
�c w�� 	 Lf,/ ru +ll, }�Er

�

�
c r

22

�
� ' ��1

Vwhs 51 Vlqfh Er�2
�

c r
�2

�
� 5 �EKc w�2� lw lv fohdu wkdw }�Er

�2

�
c r

�2

�
� ' S

W

2
/ dqg wkhq zh

kdyh wkdw/ iru doo r�

�
5 7�/ hlwkhu +l, }�Er�2� c r

�

�
�c w2� 5 � zlwk �E}�Er�2� c r

�

�
�c w2� '

�ESW
2
c w2� +dqg wkhq �E}�Er

�2

�
c r

�

�
�c w�� 	 Lf�/ ru }�Er�2

�
c r

�

�
�c w2� ' ��1

Vxssrvh qrz e| frqwudglfwlrq wkdw }Er�2
�
c r

22

�
� 9' ESW

2
c S

W

2
�1 Wkhq zh kdyh irxu fdvhv=
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Fdvh 41 Vxssrvh wkdw }Er�2
�
c r22
�

� ' E��c���1 Wkhq e| Vwhsv 4 dqg 5 zh kdyh

wkdw Er�2
�

c r
22

�
� 5 � EKc w���/ zklfk frqwudglfwv wkdw K lpsohphqwv wkh IEFU lq

Qdvk htxloleulxp1

Fdvh 51 Vxssrvh wkdw }�Er�2� c r
22

�
� 9' �� dqg }�Er�2

�
c r22
�
� ' ��1 Wkhq e| Vwhs 4

�E}�Er�2� c r22
�

�c w2� ' �ESW
2
c w2�1 Wkhuhiruh/ e| Vwhsv 4 dqg 5 zh kdyh wkdw Er�2

�
c r

22

�
� 5

�EKc w2��/ zklfk frqwudglfwv wkdw K lpsohphqwv wkh IEFU lq Qdvk htxloleulxp1

Fdvh 61 Vxssrvh wkdw }�Er
�2

�
c r22
�
� ' �� dqg }�Er�2

�
c r

22

�
� 9' ��1 Wkhq e| Vwhs 5

�E}�Er
�2

�
c r22
�
�c w2� ' �ESW

2
c w2�1 Wkhuhiruh/ e| Vwhsv 4 dqg 5 zh kdyh wkdwEr�2

�
c r

22

�
� 5

�EKc w�2�/ zklfk frqwudglfwv wkdw K lpsohphqwv wkh IEFU lq Qdvk htxloleulxp1

Fdvh 71 Vxssrvh wkdw }�Er�2� c r
22

�
� 9' �� dqg }�Er�2� c r

22

�
� 9' ��1 Wkhq e| Vwhsv 4

dqg 5 zh kdyh wkdw �E}�Er
�2

�
c r22
�
�c w2� ' �ESW

2
c w2� dqg �E}�Er

�2

�
c r22
�
�c w2� ' �ESW

2
c w2�1

Wkhuhiruh/ e| Vwhsv 4 dqg 5 zh kdyh wkdw Er�2
�

c r
22

�
� 5 � EKc w22�1 Vlqfh zh kdyh

dvvxphg wkdw }Er�2
�

c r
22

�
� 9' ESW

2
c S

W

2
�/ wklv frqwudglfwv wkdw K lpsohphqwv wkh IEFU

lq Qdvk htxloleulxp1

Qrz zh fdq suryh wkdw hqirufhdelolw| dqg wkh sxuh htxloleulxp surshuw| duh

qrw frpsdwleoh zlwk uhqhjrwldwlrq0surriqhvv=

Sursrvlwlrq 71 Ohw K ' E7c }� eh dq hqirufhdeoh phfkdqlvp lpsohphqwlqj wkh

IEFU lq Qdvk htxloleulxp dqg vdwlvi|lqj wkh sxuh htxloleulxp surshuw|1 Wkhq K
lv qrw uhqhjrwldwlrq0surri1

Surri1 Ohw K ' E7c }� eh dq hqirufhdeoh phfkdqlvp lpsohphqwlqj wkh IEFU lq

Qdvk htxloleulxp1 Vxssrvh e| frqwudglfwlrq wkdw K lv uhqhjrwldwlrq0surri1 Ohw

8 5 I eh vxfk wkdw ��E8�EESW
2
c SW

2
��c w�2� : ��ESW2c w

�2� +e| Ohppd 4 zh nqrz
wkdw vxfk 8 h{lvwv,1 Ohw r ' Er�c r�� 5 8 � �EKc w�2�1 Vlqfh K lv uhqhjrwldwlrq0

surri/ }Er� ' ESW
�
c S

W

2
�1 Wkhq/ e| Ohppd 5 8�E}Er�c w

�2� ' S
W

2
1 Pruhryhu/ e|

Ohppd 6 r 5 �EKc w�2�1 Wkhq/ e| Ohppdv 7 dqg 8/ wkhuh h{lvwv vrph r
�

�
5 7�

vxfk wkdw }Er�c r�

�
� ' ESW

2
c S

W

2
�1 Wkhuhiruh/ zh kdyh wkdw ��E8�E}Er�c r�

�
��c w�2�

' ��E8�EESW2c S
W

2
��c w�2� : ��ESW2c w

�2� ' ��E8�E}Er��c w
�2�/ zklfk frqwudglfwv wkdw

r 5 8 ��EKc w�2�1

Dv zh kdyh dujxhg lq wkh suhylrxv vhfwlrq/ zh frqvlghu wkdw wkh sxuh htxlole0
ulxp surshuw| lv d uhtxluhphqw wkdw fdq qrw eh zdlyhg li zh zdqw wr eh vxuh wkdw
wkh djhqwv zloo sod| fruuhfwo| wkh phfkdqlvp1 Lq wkdw fdvh/ iurp Sursrvlwlrq 7 lw
lv fohdu wkdw/ li zh gr qrw nqrz wkh vshfl�f uhqhjrwldwlrq uxoh wkdw zloo eh xvhg e|
wkh djhqwv dqg wkh grpdlq ri wkrvh dgplvvleoh uhqhjrwldwlrq uxohv lv I/ wkhq zh
zloo qrw eh deoh wr lpsohphqw wkh IEFU e| phdqv ri dq hqirufhdeoh phfkdqlvp1
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Li zh lqvlvw rq hqirufhdeoh phfkdqlvpv/ zh zloo kdyh wr lpsrvh dgglwlrqdo uhvwulf0
wlrqv rq wkh grpdlq ri dgplvvleoh uhqhjrwldwlrq uxohv1 Wkdw lv/ zh kdyh wr eh vxuh
wkdw vrph uhqhjrwldwlrq uxohv lq I zloo qrw eh xvhg e| wkh djhqwv +iru h{dpsoh/
zh vkrxog eh vxuh wkdw hlwkhu dq| uhqhjrwldwlrq uxoh olnh wkrvh gh�qhg lq Ohppd
4 ru 8 U zloo qrw eh xvhg e| wkh djhqwv,1

Zh zloo vd| wkdw d vxegrpdlq I � � I lv frpsdwleoh zlwk hqirufhdelolw| zkhq

wkhuh h{lvwv vrph hqirufhdeoh phfkdqlvp K ' E7c }� vxfk wkdw/ iru doo 8 5 I �
/ K

lpsohphqwv wkh IEFU lq 8 0Qdvk htxloleulxp dqg lw vdwlv�hv wkh 8 0sxuh htxlole0

ulxp surshuw|1 Iru vlpsolflw|/ zkhq orrnlqj iru hqirufhdeoh phfkdqlvpv/ zh zloo

uhvwulfw rxuvhoyhv wr wkh vxegrpdlq I �
' 8

U +wkdw lv/ zh zloo dvvxph wkdw wkh
djhqwv gr qrw uhqhjrwldwh wkhlu frqwudfwv,1 Ri frxuvh/ wklv lv qrw wkh rqo| vxegr0
pdlq ri I frpsdwleoh zlwk hqirufhdelolw|/ exw lw lv wkh vlpsohvw rqh431 Pruhryhu/
lq wkdw fdvh zh zloo olnh wkdw wkh lpsohphqwlqj phfkdqlvpv rqo| vdwlvi| wkh xqltxh
lpsohphqwdwlrq/ xqltxh ehvw0uhso| dqg rqo| sxuh htxloleulxp surshuwlhv/ lqvwhdg
ri uhtxlulqj wkh yhuvlrq ri wkhvh surshuwlhv iru doo 8 5 I 1

Xqiruwxqdwho|/ dv wkh qh{w sursrvlwlrq vwdwhv/ hyhq li zh dvvxph wkdw wkh

djhqwv gr qrw uhqhjrwldwh wkhlu frqwudfwv dprqj wkhp/ hqirufhdelolw| dqg wkh sxuh

htxloleulxp surshuw| duh qrw frpsdwleoh zlwk wkh xqltxh ehvw0uhso| surshuw|=

Sursrvlwlrq 81 Ohw K ' E7c }� eh dq hqirufhdeoh phfkdqlvp lpsohphqwlqj wkh

IEFU lq Qdvk htxloleulxp dqg vdwlvi|lqj wkh sxuh htxloleulxp surshuw|1 Wkhq K

grhv qrw vdwlvi| wkh xqltxh ehvw0uhso| surshuw|1

Surri1 Ohw K ' E7c }� eh dq hqirufhdeoh phfkdqlvp lpsohphqwlqj wkh IEFU lq

Qdvk htxloleulxp dqg vdwlvi|lqj wkh sxuh htxloleulxp surshuw|1 Iru doo w&, 5

X/ ohw Er&,
�
c r&,

�
� 5 �EKc w&,�1 E| Ohppd 7 zh kdyh wkdw r

�2

�
9' r

22

�
1 Vlqfh

Er�2
�
c r

�2

�
� 5 �EKc w�2�/ zh kdyh wkdw }�Er

�2

�
c r

�2

�
� ' S

W

2
1 Wkhq/ e| Ohppd 8 zh

kdyh wkdw }�Er�2� c r
22

�
� ' S

W

2
' }�Er�2� c r

�2

�
�/ zklfk frqwudglfwv wkh xqltxh ehvw0uhso|

surshuw|1

Ilqdoo|/ dowkrxjk zh kdyh qr surri ri wkdw/ zh kdyh wkh lqwxlwlrq wkdw dq|

hqirufhdeoh phfkdqlvp zloo dozd|v kdyh xqzdqwhg pl{hg htxloleulxp vwudwhjlhv441

Wkhq/ zkhq zh frqvlghu hqirufhdeoh phfkdqlvpv/ zh zloo lpsohphqw rqo| lq sxuh

vwudwhjlhv1

43Dq lqwhuhvwlqj h{whqvlrq ri wklv zrun zrxog eh wr vwxg| zklfk lv wkh odujhvw vxegrpdlq

I 3 � I wkdw lv frpsdwleoh zlwk hqirufhdelolw|1
44Li d phfkdqlvp lv hqirufhdeoh/ wkhuh lv qr frqwudfw wkdw fdq eh frqvlghuhg dv d edg rxwfrph

iru erwk w|sh ri djhqwv1 Wkdw vhhpv wr sod| d fuxfldo uroh khuh1

5:



Iurp wkhvh uhvxowv zh kdyh wkdw/ uhjduglqj wkh surshuwlhv vwdwhg lq wkh suhylrxv
vhfwlrq/ zh zloo kdyh wr fkrrvh dprqj wkh iroorzlqj wzr ghvlghudwd=

Ghvlghudwd 4

+414, Vwudwhj|0vsdfhv dv vpdoo dv srvvleoh
+415, Hqirufhdelolw|
+416, Xqltxh lpsohphqwdwlrq

Ghvlghudwd 5

+514, Vwudwhj|0vsdfhv dv vpdoo dv srvvleoh
+515, Uhqhjrwldwlrq0surriqhvv
+516, 8 0xqltxh lpsohphqwdwlrq iru doo 8 5 I

+517, 8 0xqltxh ehvw0uhso| iru doo 8 5 I

+518, 8 0rqo| sxuh htxloleuld iru doo 8 5 I

81 WZR PHFKDQLVPV

Lq wklv vhfwlrq zh sursrvh wzr gl�huhqw phfkdqlvpv lpsohphqwlqj wkh IEFU lq

Qdvk htxloleulxp dqg vdwlvi|lqj Ghvlghudwd 4 dqg 5 uhvshfwlyho|1

8141 D Phfkdqlvp Vdwlvi|lqj Ghvlghudwd 4

Ehiruh gh�qlqj wkh �uvw phfkdqlvp zh qhhg wkh iroorzlqj uhvxow=

Ohppd 91 Ohw S
W

�
c SW

2
5 � eh wkh �uvw0ehvw frqwudfwv iru wkh ohvv dqg wkh pruh

surgxfwlyh djhqwv uhvshfwlyho|1 Wkhq/ xqghu Dvvxpswlrqv 4 dqg 5/ wkhuh h{lvw

vrph frqwudfwv S�c Se 5 � vxfk wkdw=
+l, �ESW

�
c w�� : �ES�c w

�� : �ESec w
�� : �ESW

2
c w�� dqg

+ll, �ES�c w
2� : �ESW

�
c w2� : �ESW

2
c w2� ' �ESec w

2�1

Wkh surri ri wklv ohppd iroorzv iurp Dvvxpswlrqv 4 dqg 5 dqg zh rplw lw1
Qrwlfh wkdw wkhuh duh pdq| frqwudfwv vdwlvi|lqj Frqglwlrqv +l, dqg +ll, ri Ohppd
91 Lq Iljxuh 814 zh surylgh dq h{dpsoh ri wkhvh frqwudfwv1 Qrz/ zh gh�qh
Phfkdqlvp 4 dv iroorzv=

Phfkdqlvp 41 Ohw S�c Se 5 � eh dv gh�qhg lq Ohppd 91 Wkhq/ K� ' E7c }� lv

vxfk wkdw/ 7� ' ir�
�
c r

2

�
c r

�

�
c r

e

�
j/ 7� ' ir�

�
c r

2

�
c r

�

�
j/ dqg wkh rxwfrph ixqfwlrq lv

vkrzq lq wkh iroorzlqj wdeoh=
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Wdeoh 4

Wkhruhp 8141 Phfkdqlvp 4 lpsohphqwv wkh IEFU lq Qdvk htxloleulxp1 Pruh0

ryhu/ lw vdwlv�hv Ghvlghudwd 41

Surri1 Wkdw wkh vwudwhj| vsdfhv ri Phfkdqlvp 4 duh dv vpdoo dv srvvleoh iroorzv

iurp Sursrvlwlrqv 4 dqg 5/ dqg wkdw lw lv hqirufhdeoh iroorzv iurp wkh idfw wkdw iru

doo r 5 7 dqg doo � 5 i�c�j/ �E}�Er�c w
2� � L

f
1 Qrz zh suryh wkdw K� xqltxho|

lpsohphqwv wkh IEFU lq Qdvk htxloleulxp1

Fodlp 41 Er�
�
c r

�

�
� 5 �EK�c w

���/ Er2
�
c r

2

�
� 5 �EK�c w

�2�/ Er�
�
c r

�

�
� 5 �EK�c w

2�� dqg
Er2
�
c r

�

�
� 5 �EK�c w

22�1
Rq wkh rqh kdqg/ iru doo � 5 i�c�jzlwk w� ' w

�
/ S

W

�
lv wkh ehvw frqwudfw wkdw fdq

eh vhohfwhg e| K�1 Rq wkh rwkhu kdqg/ iru doo � 5 i�c�j zlwk w� ' w
2
/ S

W

�
dqg S�

duh wkh rqo| frqwudfwv zklfk duh vwulfwo| suhihuuhg wr S
W

2
iru djhqw �1 Wkhq/ iurp

wkh pdwul{ gh�qlqj K� lw iroorzv wkdw Er�
�
c r

�

�
� 5 �EK�c w

���/ Er2
�
c r

2

�
� 5 �EK�c w

�2�/
Er�
�
c r

�

�
� 5 �EK�c w

2�� dqg Er2
�
c r

�

�
� 5 �EK�c w

22�1
Fodlp 51 +514, Iru doo w

&, 9' w
��

/ Er�
�
c r�
�
� *5 �EK�c w

&,�/ +515, iru doo w
&, 9' w

�2
/

Er2
�
c r2
�
� *5 � EK�c w

&,�/ +516, iru doo w&, 9' w
2�

/ Er�
�
c r�
�
� *5 � EK�c w

&,� dqg/ +517, iru
doo w&, 9' w

22
/ Er2

�
c r�
�
� *5 � EK�c w

&,�1
Lw iroorzv iurp wkh pdwul{ gh�qlqj K� dqg wkh idfw wkdw/ iru doo � 5 i�c�j/
�ES�c w

2� : �ESW
�
c w2� dqg �ESec w

�� : �ESW
2
c w��1

Fodlp 61 Iru doo w
&,
5 X/ wkhuh lv qr r

�
5 � EK�c w

&,� zlwk r
� *5 iEr�

�
c r

�

�
�c Er2

�
c r

2

�
�c

Er�
�
c r

�

�
�c Er2

�
c r

�

�
�j1

Ohw r
�
' Er�

�
c r

�

�
� 5 7 eh vxfk wkdw r� *5 iEr�

�
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�
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�
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�
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�
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�

�
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�
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�

�
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Ere
�
c r

�

�
�j1 Wkhq/ wkhuh lv vrph � 5 i�c�j zlwk }�Er�� ' S

W

2
dqg vxfk wkdw/ iru

vrph r
��

�
5 7�/ }�Er��

�
c r

�

3�
� ' S

W

�
1 Vlqfh iru doo w� 5 iw�c w2j/ �ESW

�
c w�� : �ESW

2
c w��/ zh

kdyh wkdw/ iru doo w&, 5 X/ r
� *5 �EK�c w

&,�1 Pruhryhu/ vlqfh iru doo w� 5 iw�/w2j/

�ESW
�
c w�� : �ESec w��/ zh kdyh wkdw/ iru doo w&, 5 X/ Ere

�
c r�
�
� *5 � EK�c w

&,�1

Qrwlfh wkdw dv Sursrvlwlrq 7 suhglfwv/ Phfkdqlvp 4 lv qrw uhqhjrwldwlrq0surri
+vshfl�fdoo|/ iru doo 8 5 I vxfk wkdw ��E8�EESW2c S

W

2
�c w�2� : ��ESW2c w

�2� dqg doo

r 5 7 zlwk }Er� ' ESW
�
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2
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suhglfwv/ lw grhv qrw vdwlvi| wkh xqltxh ehvw0uhso| surshuw| +iru lqvwdqfh/ Er2
�
c r

2

�
� 5

�EK�c w
�2�/ exw ��E}EEr

2

�
c r2
�
�c w�2� ' ��E}EEr

2

�
c r�
�
�c w�2�,1

8151 D Phfkdqlvp Vdwlvi|lqj Ghvlghudwd 5

Qrz zh sursrvh d phfkdqlvp vdwlvi|lqj Ghvlghudwd 51 Iru doo S 5 � dqg doo

w 5 iw�c w2j/ ohw ZESc wj ' 4@ iZ
S
� G �ES�c w� � �ESc w�j1 Wkhq zh kdyh wkh iroorzlqj

uhvxow1

Ohppd :1 Ohw S
W

�
c SW

2
5 � eh wkh �uvw0ehvw frqwudfwv iru wkh ohdvw dqg wkh prvw

surgxfwlyh djhqwv uhvshfwlyho|1 Wkhq/ xqghu Dvvxpswlrqv 4 dqg 5/ wkhuh h{lvw

vrph frqwudfwv SDc SS 5 � zkhuh=
+4, SD 5 � lv vxfk wkdw ZSD

' ZESDc w
2� ' ZS

W

�
/

+5, SS 5 � lv vxfk wkdw +l, ZSS
' ZESSc w

2�/ +ll, ZSS
: 4@ iZESW

2
c w��c ZESDc w

��j/

dqg 2ZSS
: ZS

W

2
n ZESSc w

��1

Zh rplw wkh surri ri wklv ohppd1 Lq Iljxuh 815 zh surylgh dq h{dpsoh ri

wkhvh frqwudfwv1 Qrz zh fdq gh�qh wkh phfkdqlvp1

Phfkdqlvp 51 Ohw S
W

�
c SW

2
c SDc SS 5 � eh vrph frqwudfwv dv gh�qhg lq Ohppd :1

Wkhq/ K2 ' E7c }�/ lv vxfk wkdw/ iru doo � 5 i�c�j/ 7� ' ir��
�

c r
��

�
c r

2�

�
c r

22

�
j/ dqg wkh

rxwfrph ixqfwlrq lv wkh iroorzlqj=

r
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�
r
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r
22

�
r
f

�

r
��

�
ESW

�
c SW

�
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�
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�
c SW

2
� ESSc SS� ESSc SS� E��c���

r2�
�

ESDc ��� E��c��� ESW
2
c SW

�
� ESSc SD� ESDc ���

r22
�

E��c SS� ESDc SS� ESSc SS� ESW
2
c SW

2
� E��c���

rf
�

E��c SW
�
� E��c SD� E��c��� E��c��� E��c���

Wdeoh 5

Dv zh vkrz lq wkh Dsshqgl{/ �ESSc w
2� 	 L f +dqg vr �ESSc w

�� 	 Lf,1 Wkhq/ lw
lv fohdu wkdw wklv phfkdqlvp grhv qrw vdwlvi| hqirufhdelolw|1 Phfkdqlvp 5 wulhv wr

pdnh xs iru wklv odfn e| lqfoxglqj d vwudwhj| iru hdfk djhqw � 5 i�c�j/ rf
�
/ wkdw

fdq eh lqwhusuhwhg dv wkh rswlrq ri qrw vljqlqj dq| frqwudfw1 Li dq djhqw ghflghv

wr sod| wklv vwudwhj|/ kh zloo qrw vljq dq| frqwudfw/ uhjdugohvv ri wkh vwudwhj|

dqqrxqfhg e| klv frxqwhusduw1 Dowkrxjk zh kdyh kdg wr jlyh xs hqirufhdelolw|/

dw ohdvw wkh phfkdqlvp jlyhv wr wkh djhqwv wkh fkdqfh ri qrw vljqlqj dq| frqwudfw1
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Wkhruhp 8151 Phfkdqlvp 5 vdwlv�hv Ghvlghudwd 51

Zh surylgh wkh surri ri wklv wkhruhp lq wkh Dsshqgl{1 Iurp Sursrvlwlrqv 4

dqg 5 zh kdyh wkdw wkhuh duh qrw dq| rwkhu phfkdqlvp lpsohphqwlqj wkh IEFU

lq Qdvk htxloleulxp zkhuh wkh vwudwhj| vsdfhv ri erwk djhqwv duh vxevwdqwldoo|

vpdoohu451 Wkh edvlf lghd ehklqg wkh uhvw ri wkh surri lv wkh iroorzlqj1 Iluvw

qrwlfh wkdw wkhuh lv d uhvwulfwlrq rq wkh plqlpxp xwlolw| ohyho wkdw dq djhqw fdq

rewdlq e| uhqhjrwldwlqj d sur�oh ri frqwudfwv= qr djhqw zloo dffhsw wr hqg xs zruvh

diwhu wkh uhqhjrwldwlrq wkdq zlwk wkh frqwudfw wkdw kh ruljlqdoo| vljqhg1 Wkdw lv/

iru doo vwdwh ri wkh zruog w
&,
5 X/ doo sur�oh ri frqwudfwv S 5 � � � dqg doo djhqw

� 5 i�c�j/ zh kdyh wkdw 4�?i��E8 ES�c w&,� G 8 5 Ij ' ��ESc w
&,�1 Reylrxvo| wklv

dovr lpsolhv d uhvwulfwlrq lq wkh pd{lpxp xwlolw| ohyho wkdw dq djhqw fdq rewdlq
e| uhqhjrwldwlqj d sur�oh ri frqwudfwv +l1h1 e| uhqhjrwldwlqj dq| jlyhq sur�oh
ri frqwudfwv/ qr djhqw � fdq rewdlq d xwlolw| ohyho dv odujh wkdw kh ohdyhv wr klv
frxqwhusduw/ vd| djhqw �/ zlwk d xwlolw| ohyho vpdoohu wkdq wkh rqh wkdw djhqw �

zrxog rewdlq zlwk klv lqlwldo frqwudfw,1 Wdnlqj wklv lqwr dffrxqw zh suryh wkdw/ +l,
iru doo vwdwh ri wkh zruog w&, 5 X/ doo uhqhjrwldwlrq uxoh 8 5 I / dqg doo sur�oh ri

vwudwhjlhv Ej�c j�� 5 P gl�huhqw iurp wkh sxuh vwudwhjlhv Er&,
�
c r&,

�
�/ Ej�c j�� lv qrw

d 8 0Qdvk htxloleulxp ri Phfkdqlvp 5 zkhq wkh vwdwh ri wkh zruog lv w
&,/ dqg +ll,

iru doo vwdwh ri wkh zruog w
&,
5 X dqg doo uhqhjrwldwlrq uxoh 8 5 I / wkh sur�oh ri

sxuh vwudwhjlhv Ej�c j�� ' Er&,
�
c r&,

�
� lv d 8 0vwulfw0Qdvk htxloleulxp ri Phfkdqlvp

5 zkhq wkh vwdwh ri wkh zruog lv w
&,
1

91 FRQFOXVLRQ

Zkhq wkh djhqwv kdyh frpsohwh lqirupdwlrq wkh sulqflsdo fdq xqltxho| lpsohphqw

lq Qdvk htxloleulxp wkh �uvw0ehvw e| phdqv ri vlpsoh dqg qdwxudo phfkdqlvpv wkdw

45Wkhuh duh dqrwkhu lpsohphqwlqj phfkdqlvpv zkhuh wkh vwudwhj| vsdfh ri rqh djhqw kdv
rqo| wkuhh hohphqwv dqg wkh vwudwuhj| vsdfh ri wkh rwkhu djhqw kdv irxu hohphqwv +iru h{dpsoh
Phfkdqlvp 4,1 Reylrxvo|/ wklv lv qrw d vxevwdqwldo uhgxfwlrq rq wkh vl}h ri wkh vwudwhj| vsdfhv1
Pruhryhu/ wkh idfw wkdw lq Phfkdqlvp 5 hdfk djhqw kdv �yh vwudwhjlhv doorz xv wr jlyh dq
hfrqrplf lqwhusuhwdwlrq wr wklv vwudwhjlhv1 Iru doo l 5 iD>Ej/ v3

l
fdq eh lqwhusuhwhg dv wkh

rswlrq ri qrw vljqlqj dq| frqwudfw1 Pruhryhu/ dv lw lv vkrzq lq wkh surri ri Wkhruhp 815/ zh
fdq dvvrfldwh hdfk vwdwh ri wkh zruog zlwk d gl�huhqw vwudwhj| iru hdfk djhqw +vshfl�fdoo|/ iru doo
�
no
5 �/ wkh htxloleulxp vwudwhj| ri djhqw l 5 iD>Ej lv vno

l
,1 Wklv lv qrw srvvleoh lq Phfkdqlvp

4= dowkrxjk zh fdq dgg d qhz vwudwhjlhv iru wkh djhqwv/ lw fdq eh suryhg wkdw lq dq| phfkdqlvp
vdwlvi|lqj Ghvlghudwd 4 wkhuh zloo eh dozd|v dq djhqw zkr kdv wkh vdph htxloleulxp vwudwhj| iru
wzr gl�huhqw vwdwhv ri wkh zruog1
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duh hqirufhdeoh lq wkh vhqvh wkdw doo wkh frqwudfwv wkdw lw vhohfwv duh lqglylgxdoo|
udwlrqdo iru vrph w|sh ri djhqw1 Pruhryhu/ li zh uhqrxqfh wr hqirufhdelolw|/ zh fdq
grxeo| dqg xqltxho| lpsohphqw wkh �uvw0ehvw lq Qdvk dqg vwulfw0Qdvk htxloleulxp
e| phdqv ri d vlpsoh phfkdqlvp wkdw kdv qrw pl{hg vwudwhjlhv1 Wkh idfw wkdw
djhqwv uhqhjrwldwh dprqj wkhp rqfh wkh| kdyh vljqhg wkhlu frqwudfwv grhv qrw
fkdqjh wklv uhvxow= wkh vdph vlpsoh dqg qdwxudo phfkdqlvp zrunv zkdwhyhu wkh
uhqhjrwldwlrq uxoh xvhg e| wkh djhqwv lv1

Wkhuh lv qrwklqj hvvhqwldo lq wkh gh�qlwlrq ri rxu phfkdqlvpv wkdw suhyhqw xv
iurp h{whqglqj wkhp wr wkh fdvh zkhuh wkhuh duh dq duelwudu| qxpehu ri djhqwv
dqg w|shv1 Zkhq wkhuh duh ? djhqwv +zkhuh ? lv dq hyhq lqwhjhu juhdwhu wkdq wkuhh,
dqg rqo| wzr gl�huhqw w|shv/ dq reylrxv zd| wr lpsohphqw �uvw0ehvw frqwudfwv lv
e| glylglqj wkh djhqwv lqwr jurxsv ri wzr dqg dsso|lqj rxu phfkdqlvpv lq hdfk
ri wkhvh jurxsv vhsdudwho|1

D srvvleoh h{whqvlrq lv wr hqylurqphqwv zkhuh wkh wzr surgxfwlrq surfhvvhv
duh frpsohphqwdu|1 Krzhyhu/ khuh d qhz sureohp dulvhv/ wkdw ri rujdql}dwlrqdo
vwuxfwxuh +vhh Edurq dqg Ehvdqnr ^4`,1 D sulrul/ lw vhhpv wkdw lpsohphqwdwlrq ri
�uvw0ehvw frqwudfwv lv pruh gl!fxow xqghu frpsohphqwdulwlhv vlqfh wkh sulqflsdo
fdq qrw wkuhdwhqv zlwk xvlqj rqo| rqh ri wkh wzr surgxfwlrq surfhvvhv1

:1 DSSHQGL[

Wkh surri ri Wkhruhp 815 lv suhfhghg e| vhyhudo ohppdv1 Wkurxjkrxw doo wkh

surri zh vxssrvh wkdw Dvvxpswlrqv 4/ 5 dqg 6 duh vdwlv�hg1 Wkh �uvw ohppd whoo

xv krz duh wkh suhihuhqfhv ri wkh ohdvw dqg wkh prvw surgxfwlyh djhqw ryhu wkh

rxwfrphv vhohfwhg e| Phfkdqlvp 5/ dqg krz duh wkh sulqflsdo*v sur�wv zlwk vrph

ri wkhvh rxwfrphv1

Ohppd ;1 Ohw S
W

�
c S

W

2
c SDc SS 5 � eh dv gh�qhg lq Ohppd :1 Wkhq zh kdyh wkdw=

+l, �ESW
�
c w�� : �E��c w�� : �ESDc w

�� : �ESSc w
�� dqg �E��c w�� : �ESW

2
c w�� :

�ESSc w
��/

+ll, �ESDc w
2� : �ESW

�
c w2� : �ESW

2
c w2� : �E��c w2� : �ESSc w

2�/ dqg
+lll, ZS

W

�
' ZSD

	 ZS
W

2
	 ZSS

1

Zh rplw wkh surri ri wklv ohppd1 Lw iroorzv iurp iruphu gh�qlwlrqv dqg iurp

Dvvxpswlrqv 4/ 5 dqg 61 Zh zloo xvh wkhvh ohppd lq wkh uhvw ri wkh surri/ dowkrxjk

zh zloo qrw phqwlrq lw h{solflwo|1 Wkh iroorzlqj ohppd vwdwhv wkdw li erwk djhqwv

duh ri wkh vdph w|sh dqg wkh| vljq wkh vdph frqwudfw/ wkhq qr uhqhjrwldwlrq lv

srvvleoh1
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Ohppd <1 Iru doo w
&&
5 X +& 5 i�c 2j,/ doo S ' ES�c S�� 5 U2f2

n zlwk S� ' S�/

dqg doo 8 5 I / zh kdyh wkdw 8�ESc w
&&� ' 8�ESc w

&&� ' S� ' S� 1

Surri1 Vxssrvh e| frqwudglfwlrq wkdw iru vrph w
&&
5 X +& 5 i�c 2j,/ vrph

S ' ES�c S�� 5 U
2f2

n zlwk S� ' S�/ dqg vrph 8 5 I/ zh kdyh wkdw 8�ESc w
&&� 9'

8�ESc w
&&�1 Qrwlfh wkdw wkhq/ iru vrph b 5 Efc ��/ S� ' S� ' b8�ESc w

&&� n E� �
b�8�ESc w

&&�1 Vxssrvh z1o1r1j1 wkdw ��E8�ES�c w
&&� � ��E8�ES�c w&&�1 Vlqfh/ e| dv0

vxpswlrq/ suhihuhqfhv duh vwulfwo| frqyh{/ zh kdyh wkdw ��ES�c w
&&�:��E8�ES�c w&&�/

zklfk lv d frqwudglfwlrq1 Ilqdoo|/ e| gh�qlwlrq ri I / lw lv fohdu wkdw li S ' ES�c S�� 5
U

2f2

n lv vxfk wkdw S� ' S�/ dqg 8 5 I lv vxfk wkdw 8�ESc w
&&� ' 8�ESc w

&&�/ wkhq
8�ESc w

&&� ' 8�ESc w
&&� ' S� ' S� 1

Wkh uhvw ri ohppdv hvwdeolvk vrph olplwv rq wkh pd{lpxp ohyho ri xwlolw| wkdw

wkh djhqwv fdq rewdlq zkhq wkh| uhqhjrwldwh wkh sur�ohv ri frqwudfwv wkdw wkh

phfkdqlvp pd| vhohfw1

Ohppd 431 Ohw S
W

�
c SW

2
c SDc SS 5 � eh dv gh�qhg lq Ohppd :1 Wkhq zh kdyh wkdw=

+l, 4@ i��E8 EESW
�
c SW

�
��c w�2� G 8 5 Ij 	 ��ESDc w

�2�/ dqg
+ll, 4@ i��E8 EESW

�
c SW

�
��c w2�� G 8 5 Ij 	 ��ESDc w

2��1

Surri1 Vxssrvh e| frqwudglfwlrq wkdw/ iru vrph 8 5 I / ��E8 EESW
�
c SW

�
��c w�2� �

��ESDc w
�2�1 Ohw 8 EESW

�
c SW

�
�c w�2� ' ES�

�
c S

�

�
�1 Wkhq/ e| gh�qlwlrq ri S

W

�
dqg SD/ zh

kdyh wkdw Z
S
�

�
� Z

SD
' Z

S
W

�
dqg S

�

�
9' S

W

�
1 Wkhuhiruh/ Z

S
�

�
� Z

S
W

�
dqg S

�

�
9' S

W

�
1 Khqfh/

e| gh�qlwlrq ri S
W

�
/ ��ESW�c w

�2� : ��ES�

�
c w�2�/ zklfk frqwudglfwv wkdw 8 5 I 1 Wkh

surri ri Srlqw +ll, lv dqdorjrxv1

Ohppd 441 Ohw S
W

�
c SW

2
c SDc SS 5 � eh wkh �uvw0ehvw frqwudfw iru dq djhqw ri w|sh

51 Wkhq zh kdyh wkdw=
+l, 4@ i��E8 EESW

2
c SW

2
��c w�2� G 8 5 Ij 	 L f

/ dqg
+ll, 4@ i��E8 EESW2c S

W

2
��c w2�� G 8 5 Ij 	 Lf

1

Surri1 Vxssrvh e| frqwudglfwlrq wkdw/ iru vrph 8 5 I / ��E8 EESW
2
c SW

2
��c w�2� � L

f
1

Ohw 8 EESW
2
c SW

2
�c w�2� ' ES�

�
c S

�

�
�1 Wkhq/ e| gh�qlwlrq ri SW

2
/ zh kdyh wkdw Z

S
�

�
	 ZS

W

2
/

dqg wkhuhiruh/ Z
S
�

�
: ZS

W

2
1 Khqfh/ e| gh�qlwlrq ri S

W

2
/ ��ESW

2
c w�2� : ��ES�

�
c w�2�/

zklfk frqwudglfwv wkdw 8 5 I 1 Wkh surri ri Srlqw +ll, lv dqdorjrxv1

Ohppd 451 Ohw S
W

�
c S

W

2
c SDc SS 5 � eh dv gh�qhg lq Ohppd :1 Wkhq zh kdyh wkdw=

+l, 4@ i��E8 EES
W

2
c SW

�
��c w��� G 8 5 Ij 	 L f

/

+ll, 4@ i��E8 EES
W

�
c SW

2
��c w��� G 8 5 Ij 	 Lf

/
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+lll, 4@ i��E8 EESW
2
c SW

�
��c w�2� G 8 5 Ij 	 L f

/

+ly, 4@ i��E8 EESW
�
c SW

2
��c w2�� G 8 5 Ij 	 Lf

/

+y, 4@ i��E8 EES
W

�
c SW

2
��c w22� G 8 5 Ij 	 ��ESDc w

22�/ dqg
+yl, 4@ i��E8 EESW

2
c SW

�
��c w22� G 8 5 Ij 	 ��ESDc w

22�1

Surri1 Srlqw +l,1 Vxssrvh e| frqwudglfwlrq wkdw/ iru vrph 8 5 I/ ��E8 EESW
2
c SW

�
��/

w
��� � L

f
1 Ohw 8 EESW

2
c SW

�
�c w��� ' ES�

�
c S

�

�
�1 Wkhq/ e| gh�qlwlrq ri S

W

�
dqg S

W

2
/ zh

kdyh wkdw Z
S
�

�
� Z

S
W

�
	 Z

S
W

2
/ dqg wkhuhiruh Z

S
�

�
: Z

S
W

�
1 Khqfh/ e| gh�qlwlrq ri S

W

�
/

��ES
W

�
c w��� : ��ES

�

�
c w���/ zklfk frqwudglfwv wkdw 8 5 I 1

Srlqw +ll,1 Dqdorjrxv wr Srlqw +l,1

Srlqw +lll,1 Vxssrvh e| frqwudglfwlrq wkdw/ iru vrph 8 5 I/ ��E8 EESW
2
c SW

�
��c w�2� �

L
f
1 Ohw 8 EESW

2
c SW

�
�c w�2� ' ES�

�
c S

�

�
�1 Wkhq/ e| gh�qlwlrq ri S

W

�
dqg S

W

2
/ zh kdyh

wkdw Z
S
�

�
� Z

S
W

�
	 Z

S
W

2
1 Wkhuhiruh/ Z

S
�

�
� Z

S
W

2
1 Khqfh/ e| gh�qlwlrq ri S

W

�
dqg S

W

2
/

��ESW�c w
�2� : ��ESW2c w

�2� � ��ES�

�
c w�2�/ zklfk frqwudglfwv wkdw 8 5 I 1

Srlqw +ly,1 Dqdorjrxv wr Srlqw +lll,1

Srlqw +y,1 Vxssrvh e| frqwudglfwlrq wkdw/ iru vrph 8 5 I / ��E8 EESW
�
c SW

2
��c w22� �

��ESDc w
22�1 Ohw 8 EESW

�
c SW

2
�c w22� ' ES�

�
c S

�

�
�1 Wkhq/ e| gh�qlwlrq ri S

W

�
/ dqg SD/ zh

kdyh wkdw Z
S
�

�
� Z

SD
' Z

S
W

�
dqg S

�

�
9' S

W

�
1 Wkhuhiruh/ Z

S
�

�
� Z

S
W

2
dqg S

�

�
9' S

W

2
1 Khqfh/

e| gh�qlwlrq ri SW
2
/ ��ESW2c w

22� : ��ES�

�
c w22�/ zklfk frqwudglfwv wkdw 8 5 I1

Srlqw +yl,1 Dqdorjrxv wr Srlqw +y,1

Ohppd 461 Ohw S
W

�
c SW

2
c SDc SS 5 � eh dv gh�qhg lq Ohppd :1 Wkhq zh kdyh wkdw=

+l, 4@ i��E8 EESSc SD��c w
��� G 8 5 Ij 	 L f

/

+ll, 4@ i��E8 EESDc SS��c w
��� G 8 5 Ij 	 Lf

/

+lll, 4@ i��E8 EESSc SD��c w
�2� G 8 5 Ij 	 L f

/

+ly, 4@ i��E8 EESDc SS��c w
2�� G 8 5 Ij 	 Lf

/

+y, 4@ i��E8 EESDc SS��c w
�2� G 8 5 Ij 	 L f

/

+yl, 4@ i��E8 EESSc SD��c w
2�� G 8 5 Ij 	 Lf

/

+yll, 4@ i��E8 EESSc SD��c w
22� G 8 5 Ij 	 L f

/ dqg
+ylll, 4@ i��E8 EESDc SS��c w

22� G 8 5 Ij 	 Lf
1

Surri1 Srlqw +l,1 Vxssrvh e| frqwudglfwlrq wkdw/ iru vrph 8 5 I/ ��E8 EESSc SD��/

w��� � L
f
1 Ohw 8 EESSc SD�c w

��� ' ES�

�
c S

�

�
�1 Wkhq/ e| gh�qlwlrq ri S

W

�
dqg SD/ zh

kdyh wkdw Z
S
�

�
� ZS

W

�
' ZSD

1 Wkhuhiruh/ Z
S
�

�
� ZSS

: ZESDc w
��1 Khqfh/ e| gh�qlwlrq

ri SD dqg SS/ ��ESDc w
��� : ��ES

�

�
c w���/ zklfk frqwudglfwv wkdw 8 5 I 1

Srlqw +ll,1 Dqdorjrxv wr Srlqw +l,1
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Srlqw +lll,1 Vxssrvh e| frqwudglfwlrq wkdw/ iru vrph 8 5 I/ ��E8 EESSc SD��c w
�2� �

L
f
1 Ohw 8 EESSc SD�c w

�2� ' ES�

�
c S

�

�
�1 Wkhq/ e| gh�qlwlrq ri S

W

�
dqg SD/ zh kdyh

wkdw Z
S
�

�
� ZS

W

�
' ZSD

1 Wkhuhiruh/ Z
S
�

�
� ZSS

1 Khqfh/ e| gh�qlwlrq ri SD dqg SS/

��ESDc w
�2� : ��ES

�

�
c w�2�/ zklfk frqwudglfwv wkdw 8 5 I 1

Srlqw +ly,1 Dqdorjrxv wr Srlqw +lll,1

Srlqw +y,1 Vxssrvh e| frqwudglfwlrq wkdw/ iru vrph 8 5 I / ��E8 EESDc SS��c w
�2� �

L
f
1 Ohw 8 EESDc SS�c w

�2� ' ES�

�
c S

�

�
�1 Wkhq/ e| gh�qlwlrq ri SW

�
dqg SD/ zh kdyh wkdw

Z
S
�

�
� ZS

W

�
' ZSD

dqg S
�

�
9' SD1 Wkhuhiruh/ Z

S
�

�
� ZSS

dqg S
�

�
9' SS1 Khqfh/ e|

gh�qlwlrq ri SS/ ��ESSc w
�2� : ��ES

�

�
c w�2�/ zklfk frqwudglfwv wkdw 8 5 I 1

Srlqw +yl,1 Dqdorjrxv wr Srlqw +y,1

Srlqw +yll,1 Vxssrvh e| frqwudglfwlrq wkdw/ iru vrph 8 5 I / ��E8 EESSc SD��c w
22� �

L
f
1 Ohw 8 EESSc SD�c w

22� ' ES�

�
c S

�

�
�1 Wkhq/ e| gh�qlwlrq ri SW

2
dqg SS/ zh kdyh wkdw

Z
S
�

�
� Z

S
W

2
	 Z

SS
1 Wkhuhiruh/ Z

S
�

�
: Z

SD
1 Khqfh/ e| gh�qlwlrq ri SD/ ��ESDc w

22� :

��ES
�

�
c w22�/ zklfk frqwudglfwv wkdw 8 5 I1

Srlqw +ylll,1 Dqdorjrxv wr Srlqw +yll,1

Ohppd 471 Ohw S
W

�
c SW

2
c SDc SS 5 � eh dv gh�qhg lq Ohppd :1 Wkhq zh kdyh wkdw=

+l, 4@ i��E8 EESSc SS��c w
�2� G 8 5 Ij 	 L f

/

+ll, 4@ i��E8 EESSc SS��c w
2�� G 8 5 Ij 	 Lf

/

+lll, 4@ i��E8 EESSc SS��c w
2�� G 8 5 Ij 	 L f

/ dqg
+ly, 4@ i��E8 EESSc SS��c w

�2� G 8 5 Ij 	 Lf
1

Surri1 Srlqw +l,1 Vxssrvh e| frqwudglfwlrq wkdw/ iru vrph 8 5 I/ ��E8 EESSc SS��/

w�2� � L
f
1 Ohw 8 EESSc SS�c w

�2� ' ES�

�
c S

�

�
�1 Wkhq/ e| gh�qlwlrq ri S

W

�
dqg SS/ zh

kdyh wkdw Z
S
�

�
� Z

S
W

�
	 Z

SS
/ dqg wkhuhiruh/ Z

S
�

�
: Z

SS
1 Khqfh/ e| gh�qlwlrq ri SS/

��ESSc w
�2� � ��ES�

�
c w�2�/ zklfk frqwudglfwv wkdw 8 5 I 1

Srlqw +ll,1 Dqdorjrxv wr Srlqw +l,1

Srlqw +lll,1 Vxssrvh e| frqwudglfwlrq wkdw/ iru vrph 8 5 I/ ��E8 EESSc SS��c w
2�� �

L
f
1 Ohw 8 EESSc SS�c w

2�� ' ES�

�
c S

�

�
�1 Wkhq/ e| gh�qlwlrq ri SW

2
/ zh kdyh wkdw Z

S
�

�
�

Z
S
W

2
1 Wkhuhiruh/ e| gh�qlwlrq ri S

W

2
dqg SS/ ZS

�

�
: ZESSc w

��1 Khqfh/ ��ESSc w
2�� :

��ES
�

�
c w2��/ zklfk frqwudglfwv wkdw 8 5 I1

Srlqw +ly,1 Dqdorjrxv wr Srlqw +lll,1

Surri ri Wkhruhp 8151

Iluvw qrwlfh wkdw/ iurp wkh gh�qlwlrq ri I / wkh plqlpxp ohyho ri xwlolw| wkdw
dq djhqw fdq rewdlq diwhu wkh uhqhjrwldwlrq lv zkdw kh rewdlqhg zlwkrxw dq|

6:



uhqhjrwldwlrq1 Pruhryhu/ zkdwhyhu wkh uhqhjrwldwlrq uxoh lv/ li wkh phfkdqlvp
vhohfwv �� iru vrph djhqw wkhq qr uhqhjrwldwlrq lv srvvleoh1

Fodlp 41 Iru doo 8 5 I dqg doo Ej�c j�� 9' Er��
�

c r
��

�
�/ Ej�c j�� *5 8 �� EK2c w

���1
Vwhs 4141 Iru doo 8 5 I dqg doo Ej�c j�� 5 8 �� EK2c w

���/ j�Er�2
�
� ' f1

Iurp wkh gh�qlwlrq ri I dqg iurp Srlqw +ll, ri Ohppd 45 dqg Srlqw +ll, ri
Ohppd 46/ zh kdyh wkdw/ iru doo r� 5 7�/ 4�?i��E8 E}Er�c r

f

�
��c w��� G 8 5 Ij �

4@ i��E8 E}Er�c r
�2

�
��c w��� G 8 5 Ij1 Pruhryhu/ iru doo r�

�
5 7� iru zklfk wkh

iruphu lqhtxdolw| lv qrw vwulfw/ zh kdyh wkdw 4�?i��E8 E}Er�

�
c r

2�

�
��c w��� G 8 5

Ij : 4@ i��E8 E}Er�

�
c r�2
�
��c w��� G 8 5 Ij/ dqg vr wkh uhvxow lv fohdu1

Vwhs 4151 Iru doo 8 5 I dqg doo Ej�c j�� 5 8 �� EK2c w
���/ j�Er2�� � ' f1

Iurp wkh gh�qlwlrq ri I dqg iurp Srlqw +l, ri Ohppd 45 dqg Srlqw +l, ri Ohppd
46 zh kdyh wkdw iru doo r� 5 7� q ir�2

�
j/ 4�?i��E8 E}Er��

�
c r���c w��� G 8 5 Ij :

4@ i��E8 E}Er
2�

�
c r���c w��� G 8 5 Ij1 Wklv idfw/ wrjhwkhu zlwk Vwhs 4141 suryh

rxu vwdwhphqw1

Vwhs 4161 Iru doo 8 5 I dqg doo Ej�c j�� 5 8 �� EK2c w
���/ j�Er22� � ' f1

Iurp wkh gh�qlwlrq ri I dqg iurp Ohppd < zh kdyh wkdw iru doo r� 5 7� q ir
�2

�
j/

4�?i��E8 E}Er��
�
c r���c w��� G 8 5 Ij : 4@ i��E8 E}Er

22

�
c r���c w��� G 8 5 Ij1

Wklv idfw/ wrjhwkhu zlwk Vwhs 4141 suryh rxu vwdwhphqw1

Vwhs 4171 Iru doo 8 5 I dqg doo Ej�c j�� 5 8 �� EK2c w
���/ j�Er22

�
� ' f1

Iurp wkh gh�qlwlrq ri I dqg iurp Ohppd < zh kdyh wkdw iru doo r� 5 7� q
ir2�
�
c r22
�
j/ 4�?i��E8 E}Er�c r��� ��c w��� G 8 5 Ij : 4@ i��E8 E}Er�c r22� ��c w��� G

8 5 Ij1 Wklv idfw/ wrjhwkhu zlwk Vwhsv 415 dqg 416 suryh rxu vwdwhphqw1

Vwhs 4181 Iru doo 8 5 I dqg doo Ej�c j�� 5 8 �� EK2c w
���/ j�Er2�

�
� ' f1

Lghqwlfdo wr Vwhs 4171

Vwhs 4191 Iru doo 8 5 I dqg doo Ej�c j�� 5 8 �� EK2c w
���/ j�Er�2� � ' f1

Iurp wkh gh�qlwlrq ri I zh kdyh wkdw iru doo r� 5 7�qir
�2

�
/r

2�

�
/r

22

�
j/ 4�?i��E8 E}Er��

�
/

r���/w
��� G 8 5 Ij : 4@ i��E8 E}Er�2

�
c r���c w��� G 8 5 Ij1 Wklv idfw/ wrjhwkhu

zlwk Vwhsv 414/ 417 dqg 418 suryh rxu vwdwhphqw1

Vwhs 41:1 Iru doo 8 5 I dqg doo Ej�c j�� 5 8 �� EK2c w
���/ j�Er

f

�
� ' f1

Lghqwlfdo wr Vwhs 4191

Vwhs 41;1 Iru doo 8 5 I dqg doo Ej�c j�� 5 8 �� EK2c w
���/ j�Erf

�
� ' f1

Iurp wkh gh�qlwlrq ri I zh kdyh wkdw 4�?i��E8 E}Er��
�
c r��
�

��c w��� G 8 5 Ij :
4@ i��E8 E}Er��� c rf

�
��c w��� G 8 5 Ij1 Wklv idfw/ wrjhwkhu zlwk Vwhsv 415/ 416/ 419

dqg 41: suryh rxu vwdwhphqw1

Fodlp 51 Iru doo 8 5 I dqg doo Ej�c j�� 9' Er�2
�

c r
�2

�
�/ Ej�c j�� *5 8 �� EK2c w

�2�1
Vwhs 5141 Iru doo 8 5 I dqg doo Ej�c j�� 5 8 �� EK2c w

�2�/ j�Er
2�

�
� ' f1

6;



Iurp wkh gh�qlwlrq ri I dqg iurp Srlqw +lll, ri Ohppd 45 dqg Srlqw +lll, ri
Ohppd 46/ zh kdyh wkdw/ iru doo r� 5 7�/ 4�?i��E8 E}Erf

�
c r���c w

�2� G 8 5 Ij �
4@ i��E8 E}Er

2�

�
c r���c w�2� G 8 5 Ij1 Pruhryhu/ iru doo r�

�
5 7� iru zklfk wkh

iruphu lqhtxdolw| lv qrw vwulfw/ zh kdyh wkdw 4�?i��E8 E}Er�2
�

c r
�

�
��c w�2� G 8 5

Ij : 4@ i��E8 E}Er2�
�
c r�

�
��c w�2� G 8 5 Ij/ dqg vr wkh uhvxow lv fohdu1

Vwhs 5151 Iru doo 8 5 I dqg doo Ej�c j�� 5 8 �� EK2c w
�2�/ j�Er

22

�
� ' f1

Iurp wkh gh�qlwlrq ri I dqg iurp Srlqw +l, ri Ohppd 44/ Srlqw +y, ri Ohppd 46
dqgSrlqw +l, ri Ohppd 47/ zh kdyh wkdw iru doo r� 5 7� / 4�?i��E8 E}Erf

�
c r���c w

�2� G
8 5 Ij � 4@ i��E8 E}Er22� c r���c w

�2� G 8 5 Ij1 Pruhryhu/ iru doo r�

�
5 7� iru

zklfk wkh iruphu lqhtxdolw| lv qrw vwulfw/ zh kdyh wkdw 4�?i��E8 E}Er��
�
c r

�

�
��c w�2� G

8 5 Ij : 4@ i��E8 E}Er22
�
c r�

�
��c w�2� G 8 5 Ij/ dqg vr wkh uhvxow lv fohdu1

Vwhs 5161 Iru doo 8 5 I dqg doo Ej�c j�� 5 8 �� EK2c w
�2�/ j�Er��

�
� ' f1

Iurp wkh gh�qlwlrq ri I dqg iurp Srlqw +l, ri Ohppd 43 zh kdyh wkdw iru doo r� 5
7�qir

2�

�
c r22
�
j/ 4�?i��E8 E}Er�c r�2� ��c w�2� G 8 5 Ij : 4@ i��E8 E}Er�c r��� ��c w�2� G

8 5 Ij1 Wklv idfw/ wrjhwkhu zlwk Vwhsv 514 dqg 515 suryh rxu vwdwhphqw1

Vwhs 5171 Iru doo 8 5 I dqg doo Ej�c j�� 5 8 �� EK2c w
�2�/ j�Er2�

�
� ' f1

Iurp wkh gh�qlwlrq ri I dqg iurp Srlqw +ly, ri Ohppd 47 zh kdyh wkdw iru doo r� 5
7�qir

2�

�
c r22
�
j/ 4�?i��E8 E}Er�c r

�2

�
��c w�2� G 8 5 Ij : 4@ i��E8 E}Er�c r

2�

�
��c w�2� G

8 5 Ij1 Wklv idfw/ wrjhwkhu zlwk Vwhsv 514 dqg 515 suryh rxu vwdwhphqw1

Vwhs 5181 Iru doo 8 5 I dqg doo Ej�c j�� 5 8 �� EK2c w
�2�/ j�Er22

�
� ' f1

Lghqwlfdo wr Vwhs 5171

Vwhs 5191 Iru doo 8 5 I dqg doo Ej�c j�� 5 8 �� EK2c w
�2�/ j�Erf

�
� ' f1

Iurp wkh gh�qlwlrq ri I zh kdyh wkdw iru doo r� 5 7� qir
2�

�
/r

22

�
j/ 4�?i��E8 E}Er�/

r�2
�
��/w�2� G 8 5 Ij : 4@ i��E8 E}Er�c r

f

�
��c w�2� G 8 5 Ij1 Wklv idfw/ wrjhwkhu

zlwk Vwhsv 514 dqg 515 suryh rxu vwdwhphqw1

Vwhs 51:1 Iru doo 8 5 I dqg doo Ej�c j�� 5 8 �� EK2c w
�2�/ j�Er��� � ' f1

Iurp wkh gh�qlwlrq ri I zh kdyh wkdw 4�?i��E8 E}Er�2
�
c r�2
�

��c w�2� G 8 5 Ij :
4@ i��E8 E}Er��� c r�2

�
��c w�2� G 8 5 Ij1 Wklv idfw/ wrjhwkhu zlwk Vwhsv 516/ 517/ 518

dqg 519 suryh rxu vwdwhphqw1

Vwhs 51;1 Iru doo 8 5 I dqg doo Ej�c j�� 5 8 �� EK2c w
�2�/ j�Er

f

�
� ' f1

Lghqwlfdo wr Vwhs 51:1

Fodlp 61 Iru doo 8 5 I dqg doo Ej�c j�� 9' Er2�
�

c r
2�

�
�/ Ej�c j�� *5 8 �� EK2c w

2��1
Vwhs 6141 Iru doo 8 5 I dqg doo Ej�c j�� 5 8 �� EK2c w

2��/ j�Er�2
�
� ' f1

Iurp wkh gh�qlwlrq ri I dqg iurp Srlqw +ly, ri Ohppd 45 dqg Srlqw +ly, ri
Ohppd 46/ zh kdyh wkdw/ iru doo r� 5 7�/ 4�?i��E8 E}Er�c r

f

�
��c w��� G 8 5 Ij �

4@ i��E8 E}Er�c r
�2

�
��c w��� G 8 5 Ij1 Pruhryhu/ iru doo r�

�
5 7� iru zklfk wkh

iruphu lqhtxdolw| lv qrw vwulfw/ zh kdyh wkdw 4�?i��E8 E}Er�

�
c r

2�

�
��c w��� G 8 5
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Ij : 4@ i��E8 E}Er�

�
c r�2
�
��c w��� G 8 5 Ij/ dqg vr wkh uhvxow lv fohdu1

Vwhs 6151 Iru doo 8 5 I dqg doo Ej�c j�� 5 8 �� EK2c w
2��/ j�Er

�2

�
� ' f1

Iurp wkh gh�qlwlrq ri I dqg iurp Srlqw +lll, ri Ohppd 47 zh kdyh wkdw iru doo r� 5
7� q ir�2

�
j/ 4�?i��E8 E}Er��

�
c r���c w2�� G 8 5 Ij : 4@ i��E8 E}Er�2� c r���c w

2�� G
8 5 Ij1 Wklv idfw/ wrjhwkhu zlwk Vwhs 614 suryh rxu vwdwhphqw1

Vwhs 6161 Iru doo 8 5 I dqg doo Ej�c j�� 5 8 �� EK2c w
2��/ j�Er22

�
� ' f1

Iurp wkh gh�qlwlrq ri I dqg iurp Srlqw +ll, ri Ohppd 44 dqg Srlqw +yl, ri Ohppd
46/ zh kdyh wkdw iru doo r� 5 7� q ir�2

�
j/ 4�?i��E8 E}Er�c r

f

�
��c w2�� G 8 5 Ij �

4@ i��E8 E}Er�c r22� ��c w2�� G 8 5 Ij1 Pruhryhu/ iru doo r�

�
5 7� q ir

�2

�
j iru zklfk

wkh iruphu lqhtxdolw| lv qrw vwulfw/ zh kdyh wkdw 4�?i��E8 E}Er�

�
c r��
�
��c w2�� G 8 5

Ij : 4@ i��E8 E}Er
�

�
c r

22

�
��c w2�� G 8 5 Ij1 Wklv idfw/ wrjhwkhu zlwk Vwhs 615/

suryh rxu vwdwhphqw1

Vwhs 6171 Iru doo 8 5 I dqg doo Ej�c j�� 5 8 �� EK2c w
2��/ j�Er

f

�
� ' f1

Iurp wkh gh�qlwlrq ri I zh kdyh wkdw iru doo r� 5 7� qir
�2

�
/r

22

�
j/ 4�?i��E8 E}Er2�

�
/

r���/w
2�� G 8 5 Ij : 4@ i��E8 E}Erf

�
c r���c w2�� G 8 5 Ij1 Wklv idfw/ wrjhwkhu

zlwk Vwhsv 614 dqg 616 suryh rxu vwdwhphqw1

Vwhs 6181 Iru doo 8 5 I dqg doo Ej�c j�� 5 8 �� EK2c w
2��/ j�Er

22

�
� ' f1
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