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VLQJOH0SHDNHG SUHIHUHQFHV

ZLWK VHYHUDO FRPPRGLWLHV

Sdeor Dpruöv

Devwudfw

Zh frqvlghu wkh sureohp ri doorfdwlqj p +p � 5, lq�qlwho| glylvleoh frp0
prglwlhv dprqj djhqwv zlwk vlqjoh0shdnhg suhihuhqfhv1 Lq wkh wzr0djhqwv
fdvh dq| vwudwhj|0surri dqg h!flhqw vroxwlrq lv glfwdwruldo1 Iluvw/ zh sur0
srvh d vroxwlrq wkdw/ lq wkh wzr0djhqwv fdvh/ lv wkh rqo| rqh wkdw vdwlv�hv
vwudwhj|0surriqhvv/ qr0hqy| dqg d zhdn uhtxluhphqw uhodwhg wr h!flhqf|1
Pruhryhu/ lw lv lpsohphqwdeoh lq grplqdqw vwudwhjlhv dqg vdwlv�hv frqvlv0
whqf| surshuwlhv1 Vhfrqg/ zh sursrvh dq h{whqvlrq ri wkh Pdv0Frohoo*v Zdo0
udvldq htxloleulxp zlwk vodfn wr fkdudfwhul}h wkh h!flhqw doorfdwlrqv1 Wklv
qhz vroxwlrq doorz xv wr dvvrfldwh zlwk hdfk h!flhqw doorfdwlrq dq lqfrph
uhglvwulexwlrq qhfhvvdu| wr rewdlq lw1 Zh suryh wkdw wkh ruljlqdo vroxwlrq
sursrvhg e| Pdv0Frohoo lv wkh h!flhqw vhohfwlrq zklfk uhtxluhv dq lqfrph
uhglvwulexwlrq zlwk vpdoohvw udqjh/ dqg wkdw lw vdwlv�hv frqvlvwhqf| surshu0
wlhv1

Nh|zrugv= Frqvlvwhqf|> Vlqjoh0shdnhg suhihuhqfhv> Vwudwhj|0surriqhvv>

Zdoudvldq htxloleulxp zlwk vodfn1

MHO Fodvvl�fdwlrq Qxpehuv= G83/ G96/ G:41

5



41 LQWURGXFWLRQ

Wkh sureohp ri doorfdwlqj dq lq�qlwho| glylvleoh frpprglw| dprqj d jurxs ri
djhqwv zkr kdyh vlqjoh0shdnhg suhihuhqfhv kdv ehhq h{whqvlyho| vwxglhg lq wkh
olwhudwxuh1 Lq wklv prgho lw lv dvvxphg wkdw d �{hg dprxqw ri d xqltxh frpprglw|
kdv wr eh glvwulexwhg/ dqg wkdw hdfk djhqw kdv d fulwlfdo frqvxpswlrq ohyho +fdoohg
klv shdn,= deryh +ehorz, wkdw ohyho/ lqfuhdvhv +ghfuhdvhv, lq wkh frqvxpswlrq pdnh
klp zruvh r�1 Wkh wrwdo dprxqw ri wkh jrrg pxvw eh doorfdwhg1 H{dpsohv ri wkhvh
vlwxdwlrqv duh h{fkdqjh2surgxfwlrq dw �{hg sulfhv2zdjhv +vhh Vsuxprqw ^48`,/ ru
wkh uhglvwulexwlrq ri wr{lf uhvlgxdov lq gl�huhqw yloodjhv lq vxfk d zd| wkdw hdfk
yloodjh zloo eh sdlg d �{hg sulfh shu wrq vwruhg1

Lq wklv sdshu zh vwxg| wkh srvvlelolw| ri h{whqglqj wkh vlqjoh0shdnhg suhihu0
hqfhv prgho wr wkh fdvh ri pruh wkdq rqh frpprglw|1 Wkh qrwlrq ri vlqjoh0shdnhg
suhihuhqfhv lq vhyhudo glphqvlrqv zdv �uvw lqwurgxfhg lq d glvfuhwh prgho e| Edu0
ehuã/ Jxo/ dqg Vwdffkhwwl ^4`1 Lq d frqwlqxrxv vhwwlqj/ wkh qrwlrq zdv lqwurgxfhg
e| Eduehuã/ Pdvvö/ dqg Vhul}dzd ^7`1 Vhh dovr Eduehuã/ Pdvvö/ dqg Qhph ^6`1
Iroorzlqj wkhvh sdshuv/ zh vd| wkdw d suhihuhqfh uhodwlrq gh�qhg ryhu wkh 6 frp0
prglwlhv lv vlqjoh0shdnhg li lw lv vlqjoh0shdnhg frpprglw| e| frpprglw|/ dffruglqj
wr wkh gh�qlwlrq iru mxvw rqh jrrg= wkhuh lv d fulwlfdo frqvxpswlrq ohyho iru hdfk
jrrg> deryh +ehorz, wkdw ohyho/ lqfuhdvhv +ghfuhdvhv, lq wkh frqvxpswlrq ri wklv
jrrg/ wkh frqvxpswlrq ri wkh uhvw ri frpprglwlhv �{hg/ pdnhv wkh djhqw zruvh
r�1

Wkhuh duh pdq| hfrqrplf vlwxdwlrqv lq zklfk wklv prgho pdnhv vhqvh1 Wklqn
iru h{dpsoh rq wkh prqhwdu| frqwulexwlrqv ri wkh frxqwulhv ri wkh Hxurshdq Xqlrq
+HX, wr gl�huhqw uhvhdufk surmhfwv/ vxfk dv wkh Hxurshdq Vsdfh Djhqf|/ wkh Hx0
urshdq Iljkwhu Sodqh/ hwf1 Lq rughu wr fduu| rxw hdfk surmhfw/ d �{hg dprxqw ri
prqh| lv qhfhvvdu|1 Wkh HX kdv wr ghflgh wkh shufhqwdjh ri wkh wrwdo frvw ri hdfk
surmhfw wkdw zloo eh sdlg e| hdfk frxqwu|1 Ghshqglqj rq wkhvh frqwulexwlrqv/ hdfk
frxqwu| zloo eh ehqh�whg iurp wkh uhvxowlqj vflhqwl�f glvfryhulhv1 Wkh suhihuhqfh
uhodwlrq ri hdfk frxqwu| ryhu wkhvh hfrqrplf frqwulexwlrqv zloo eh vlqjoh0shdnhg1
Dqrwkhu w|sh ri h{dpsohv duh wkh fdvhv lq zklfk ydulrxv shulvkdeoh jrrgv kdyh
wr eh glvwulexwhg dprqj d jurxs ri djhqwv1 Wkh djhqwv kdyh vlqjoh0shdnhg suhihu0
hqfhv gh�qhg ryhu wkhvh jrrgv1 Khuh/ wkh fulwlfdo frqvxpswlrq ohyho ri hdfk jrrg
lv wkh dprxqw wkdw kh fdq frqvxph ehiruh lw jrhv edg1

Wkh txhvwlrq lv wr �qg vroxwlrqv +l1h1 doorfdwlrq uxohv wkdw dvvrfldwh/ zlwk
hdfk sur�oh ri vlqjoh0shdnhg suhihuhqfhv/ vrph glvwulexwlrq ri wkh jrrg, vdwlvi|lqj
ghvludeoh surshuwlhv1 Wkh �uvw d{lrpdwlf dqdo|vlv lq wkh rqh0jrrg fdvh +Vsux0
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prqw ^48`, zdv frqfhuqhg zlwk vwudwhj|0surriqhvv +hyhu| djhqw*v ehvw lqwhuhvw lv
wr dqqrxqfh klv wuxh suhihuhqfhv, dqg Sduhwr0h!flhqf|/ lq dgglwlrq wr vrph rwkhu
surshuwlhv uhodwhg wr idluqhvv +dqrq|plw| ru qr0hqy|qhvv,1 Vsuxprqw suryhg wkdw/
lq hfrqrplhv zlwk rqh jrrg dqg vlqjoh0shdnhg suhihuhqfhv/ vwudwhj|0surriqhvv/
h!flhqf| dqg dqrq|plw| +dowhuqdwlyho|/ qr0hqy|qhvv, fkdudfwhul}h d xqltxh vrox0
wlrq= wkh Xqlirup Uxoh +vhh dovr Fklqj ^9` dqg ^:`,1 Lw jlyhv hyhu|rqh klv suhihuuhg
frqvxpswlrq zlwklq dq xsshu ru orzhu erxqg +wkh vdph iru doo djhqwv,/ zklfk
duh jlyhq e| wkh ihdvlelolw| frqglwlrq wkdw wkh wrwdo dprxqw ri jrrg pxvw eh glv0
wulexwhg1

Wkhvh vxffhvvixo uhvxowv hqfrxudjhg uhvhdufkhuv wr dwwdfn wkh vlqjoh0shdnhg
suhihuhqfhv prgho iurp rwkhu dqjohv1 Wkrpvrq irfxvhg rq htxlw| surshuwlhv1 Rqh
ri klv uhvxowv +Wkrpvrq ^49`, fkdudfwhul}hv wkh Xqlirup Uxoh pdnlqj xvh ri frq0
vlvwhqf| dqg rwkhu uhodwhg surshuwlhv +vxfk dv elodwhudo frqvlvwhqf| ru uhsolfdwlrq
lqyduldqfh,1 Wkhuh duh rwkhu fkdudfwhul}dwlrqv ri wkh Xqlirup Uxoh edvhg rq surs0
huwlhv vxfk dv uhvrxufh0prqrwrqlflw| +Wkrpvrq ^4:`, ru srsxodwlrq0prqrwrqlflw|
+Wkrpvrq ^4;`,1

Iroorzlqj wkh vwhsv jlyhq lq wkh fdvh ri rqh jrrg/ zh �uvw irfxv rq vwudwhj|0
surri vroxwlrqv1 Zh suryh wkdw/ lq wkh wzr djhqwv dqg 60frpprglwlhv +6 � 2,
vlqjoh0shdnhg suhihuhqfhv prgho/ dq| vwudwhj|0surri dqg h!flhqw vroxwlrq lv vxfk
wkdw rqh djhqw dozd|v jhwv klv prvw suhihuuhg doorfdwlrq +l1h1 lw lv glfwdwruldo,1

Krz fdq zh uhod{ wkh uhtxluhphqw ri h!flhqf| lq rughu wr rewdlq vwudwhj|0
surri vroxwlrqvB Zh zrxog olnh wkdw rxu vroxwlrqv yhuli| dw ohdvw d zhdn h!flhqf|
uhtxluhphqw wkdw zh fdoo Frqglwlrq H1 Zh vd| wkdw d vroxwlrq vdwlv�hv Frqglwlrq H
li lw lv qrw srvvleoh wr uhglvwulexwh wkh dprxqw ri rqo| rqh jrrg lq vxfk d pdqqhu
wkdw qr djhqw lv zruvh r� dqg dw ohdvw rqh djhqw lv ehwwhu r�1

Zh sursrvh d vwudwhj|0surri vroxwlrq yhuli|lqj Frqglwlrq H= wkh Jhqhudol}hg
Xqlirup Uxoh1 Lw lqyroyhv dsso|lqj wkh ruljlqdo gh�qlwlrq ri wkh Xqlirup Uxoh
lq hdfk vhsdudwh frpprglw|1 Wklv vroxwlrq vdwlv�hv vrph lqwhuhvwlqj surshuwlhv
uhodwhg wr idluqhvv/ vxfk dv Sduhwr0grplqdwlrq ri htxdo glylvlrq/ qr0hqy|qhvv dqg
prvw frqvlvwhqf| uhodwhg surshuwlhv1 Reylrxvo|/ lw idlov wr eh h!flhqw1 Krzhyhu/
zh surylgh d fkdudfwhul}dwlrq ri wklv vroxwlrq iru hfrqrplhv zlwk rqo| wzr djhqwv
edvhg rq vwudwhj|0surriqhvv/ qr0hqy|qhvv dqg Frqglwlrq H1 Pruhryhu/ zh suryh
wkdw lw lv lpsohphqwdeoh lq grplqdqw vwudwhjlhv e| phdqv ri lwv dvvrfldwhg pdqls0
xodwlrq jdph1

Qh{w/ zh irfxv rq h!flhqw vroxwlrqv1 Xqolnh wkh rqh0jrrg fdvh/ wkhuh lv qr
vlpsoh zd| wr fkdudfwhul}h wkh Sduhwr0h!flhqw doorfdwlrqv zkhq wkhuh duh vhyhudo
frpprglwlhv dqg suhihuhqfhv duh vlqjoh0shdnhg1 Krzhyhu/ zh fdq vroyh wklv gli0

7



�fxow| e| pdnlqj xvh ri d frqfhsw lqwurgxfhg e| Pdv0Frohoo ^<`= wkh Zdoudvldq
htxloleulxp zlwk htxdo vodfnv1 Wklv lv dq h{whqvlrq ri wkh Zdoudvldq htxloleulxp
iru hfrqrplhv zlwk srvvleo| vdwldwhg suhihuhqfhv/ e| jlylqj doo frqvxphuv dq lghq0
wlfdo h{wud dprxqw ri lqfrph +fdoohg vodfn,1

Zh xvh d jhqhudol}dwlrq ri wklv frqfhsw/ e| doorzlqj wkh vodfn wr eh gl�huhqw
dprqj djhqwv dqg dgglqj xs wr }hur1 Zh fdoo lw Zdoudvldq htxloleulxp zlwk
edodqfhg vodfnv1 Rqh fdq lqwhusuhw wkhvh vodfnv dv lqfrph uhglvwulexwlrq dprqj
frqvxphuv= djhqwv zlwk qhjdwlyh vodfnv vxevlgl}h djhqwv zlwk srvlwlyh rqhv1 Wklv
vroxwlrq doorz xv wr h{whqg wkh �uvw dqg vhfrqg zhoiduh wkhruhpv wr wkh vlqjoh0
shdnhg suhihuhqfhv prgho/ dqg wkhq wr fkdudfwhul}h wkh h!flhqw doorfdwlrqv1

Li zh orrn iru vroxwlrqv vdwlvi|lqj dgglwlrqdo surshuwlhv/ zh mxvw kdyh wr lpsrvh
dgglwlrqdo uhvwulfwlrqv ryhu wkh vodfnv1 Dq h{dpsoh ri wkdw lv wkh ruljlqdoZdoudvldq
htxloleulxp zlwk htxdo vodfnv +dq| Zdoudvldq doorfdwlrq zlwk htxdo vodfnv fdq eh
rewdlqhg dv d Zdoudvldq doorfdwlrq zlwk edodqfhg vodfnv,1 Zh suryh wkdw/ jlyhq d
Zdoudvldq doorfdwlrq zlwk htxdo vodfnv/ wkhuh lv qrw dq| rwkhu Zdoudvldq doorfdwlrq
zlwk edodqfhg vodfnv lq zklfk wkh lqfrph uhglvwulexwlrq wkdw doorzv xv wr dfklhyh lw
lv vpdoohu +l1h1 wkhuh lv qrw dq| rwkhu h!flhqw doorfdwlrq lq zklfk/ hlwkhu wkh djhqw
zkr pdnhv wkh odujhu lqfrph frqwulexwlrq sd|v ohvv/ ru wkh djhqw zkr uhfhlyhv
pruh lqfrph rewdlqv ohvv,1 Lq wklv vhqvh/ zh fdq wklqn ri Zdoudvldq doorfdwlrq zlwk
htxdo vodfnv dv wkh h!flhqw doorfdwlrq zklfk uhtxluhv vpdoohu lqfrph uhglvwulexwlrq1
Zh kdyh dovr fkhfnhg wkdw zkhq dsso|lqj wklv vroxwlrq iurp htxdo glylvlrq/ lw
vdwlv�hv prvw ri wkh frqvlvwhqf| uhodwhg surshuwlhv1 Lw lv dovr hdv| wr vhh wkdw wklv
vroxwlrq frlqflghv zlwk wkh Xqlirup Uxoh zkhq 6 ' �1

Wkh sdshu lv rujdql}hg dv iroorzv1 Wkh prgho dqg vrph edvlf gh�qlwlrqv duh
suhvhqwhg lq Vhfwlrq 51 Lq Vhfwlrq 6 zh suryh wkdw vwudwhj|0surriqhvv dqg h!flhqf|
duh qrw frpsdwleoh1 Lq Vhfwlrq 7 zh irfxv rq vwudwhj|0surriqhvv dqg suhvhqw wkh
Jhqhudol}hg Xqlirup Uxoh1 Vhfwlrq 8 ghdov zlwk h!flhqf| dqg Zdoudvldq vroxwlrqv
zlwk vodfnv1 Lq Vhfwlrq 9 zh vwxg| frqvlvwhqf| uhodwhg surshuwlhv1 Frqfoxglqj
frpphqwv duh jdwkhuhg lq Vhfwlrq :1
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51 WKH PRGHO

Ohw � ' i�c ���c6j eh wkh vhw ri 6 lq�qlwho| glylvleoh frpprglwlhv1 Iru hdfk

frpprglw| o 5� wkhuh lv dq dprxqw lo 5 Un wkdw kdv wr eh glvwulexwhg dprqj

wkh djhqwv lq d vhw � ' i�c ���c ?j1 Ohw l ' El�c ���cl6� 5 U6n 1 Hdfk djhqw � 5 �

kdv d suhihuhqfh uhodwlrq -� gh�qhg ryhu U6

n
zklfk lv vlqjoh0shdnhg ryhu dfclo �

U
6

n
1 Vlqjoh0shdnqhvv phdqv wkdw wkhuh lv d yhfwru RE-�� ' ER�E-��c ���c R6E-��� 5

dfclo fdoohg djhqw �*v shdn vxfk wkdw iru doo %� ' E%��c ���c %�6�/ %�

�
' E%�

��c ���c %
�

�6�
zlwk %�c %

�

�
5 dfclo dqg %� 9' %

�

�
/ li iru hdfk o 5 � hlwkhu RoE-�� � %�o � %

�

�o
ru

RoE-�� � %�o � %
�

�o
/ wkhq %���%

�

�
+zkhuh �� ghqrwhv wkh vwulfw suhihuhqfh uhodwlrq

dvvrfldwhg zlwk -�> lq wkh vdph zd|/ U� ghqrwh wkh lqgl�huhqfh uhodwlrq,1 Ohw ?
ghqrwh wkh fodvv ri doo wkhvh suhihuhqfh uhodwlrqv1 Iljxuhv 514 dqg 515 vkrz vrph

h{dpsohv1

Dq hfrqrp| lv d sur�oh - 5 ??1 D ihdvleoh doorfdwlrq iru - 5 ??
lv d olvw

% ' E%���M� 5 U
6

n
� U

?

n
vxfk wkdw

S
%� ' l +qrwlfh wkdw iuhh glvsrvdo ri wkh

frpprglwlhv lv qrw dvvxphg,1 Ohw f ghqrwh wkh vhw ri ihdvleoh doorfdwlrqv1 D
vroxwlrq lv d pdsslqj/ )/ zklfk dvvrfldwhv zlwk hyhu| suhihuhqfh sur�oh - 5 ?? d

qrq0hpsw| vxevhw )E-� ri wkh vhw ri ihdvleoh doorfdwlrqv1 Vrph h{dpsohv duh wkh

iroorzlqj=

Sduhwr0h!flhqw vroxwlrq/ SH1 Jlyhq - 5 ??
/ % 5 �.E-� li % 5 f dqg wkhuh

lv qr rwkhu ihdvleoh doorfdwlrq %
�
5 f vxfk wkdw iru doo � 5 � / %�

�
-�%�/ dqg iru vrph

� 5 � / %�

���%� 1

Qr0hqy| vroxwlrq/ I1 Jlyhq - 5 ??
/ % 5 8 E-� li % 5 f dqg iru doo �c � 5 � /

%�-�%�1

Sduhwr0grplqdqw ri htxdo glylvlrq vroxwlrq/ G1 Jlyhq - 5 ??
/ % 5 (E-� li

% 5 f dqg iru doo � 5 � / %�-�El*?�1
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;�

;�

3��5L�

3��5 L�

5 L

Iljxuh 514=

Rffdvlrqdoo|/ zh zloo �qg lw frqyhqlhqw wr pdnh dgglwlrqdo dvvxpswlrqv rq

hfrqrplhv1 Jlyhq - 5 ??
/ � 5 � dq %� 5 U

6

n
/ ohw L�E%�c -��@i%�

�
5 U6

n
G %

�

�
-�%�j

dqg u�E%�c -��@i%�

�
5 U6

n
G %�-�%

�

�
j eh wkh xsshu dqg orzhu frqwrxu vhwv ri -� dw %�

uhvshfwlyho| +zkhq lw lv fohdu zh zloo zulwh L�E%�� dqg u�E%��,1 Uhsodflqj suhihuhqfh
e| vwulfw suhihuhqfh zh kdyh wkh vwulfw xsshu dqg orzhu frqwrxu vhwv= 7L�E%�c -��
dqg 7u�E%�c -�� uhvshfwlyho|1 Djhqw �*v suhihuhqfh uhodwlrq -� 5 ? lv frqwlqxrxv li/

iru doo %� 5 U
6

n
/ L�E%�c-�� dqg u�E%�c -�� duh forvhg vhwv +htxlydohqwo|/ 7L�E%�c -��

dqg 7u�E%�c -�� duh rshq vhwv,1 Zh vd| wkdw -� lv zhdno| frqyh{ li/ iru doo %�c %
�

�
5

U
6

n
zlwk %�-�%

�

�
dqg iru doo > 5 Efc ��/ E>%� n E� � >�%�

�
�-�%

�

�
1 -� lv vwulfwo| frqyh{

li/ iru doo %�c %
�

�
5 U

6

n
zlwk %�-�%

�

�
dqg iru doo > 5 Efc ��/ E>%� n E� � >�%�

�
���%

�

�
1

Zh zloo vd| wkdw -� 5 ? lv prqrwrqh lq dfclo zkhq RE-�� ' l1 Ilqdoo|/ -� lv

vprrwk lq wkh lqwhulru ri dfclo +U?|dfclo, li iru doo %� 5 U?|dfclo zlwk %�RE-��/ wkh
lqgl�huhqfh fxuyh sdvvlqj wkurxjk %� fdq eh vxssruwhg e| rqo| rqh k|shusodqh1
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;�

3��5L�

3��5 L�

5 L

Iljxuh 515=

61 LQFRPSDWLELOLW\EHWZHHQVWUDWHJ\0SURRIQHVV

DQG HIILFLHQF\

Iru doo suhihuhqfh sur�oh - 5 ?? dqg doo djhqw � 5 � / zh ghqrwh e| -
3� wkh olvw

ri suhihuhqfhv iru doo djhqwv h{fhsw djhqw �/ wkdw lv/ -
3� � E-���M�.t��1

D vlqjoh0ydoxhg vroxwlrq ) lv vwudwhj|0surri li iru doo - 5 ??
/ doo � 5 � / dqg

doo -�

�
5 ?/ )

�
E-�c -3��-�)�

E-�

�
c -3��1

D vlqjoh0ydoxhg vroxwlrq ) lv glfwdwruldo zkhq wkhuh lv vrph � 5 � vxfk wkdw/

iru doo - 5 ??/ )
�
E-� ' RE-��1 Lq wkh fdvh ri rqo| rqh jrrg/ 6 ' �/ zh gh�qh wkh

Xqlirup Uxoh dv iroorzv=

Xqlirup Uxoh/ X1 Jlyhq - 5 ??
/ % ' L E-� li % 5 f dqg/ +l, zkhq

S
RE-�� �

l/ %� ' 4�?iRE-��c bj iru doo � 5 � / zkhuh b vroyhv
S

4�?iRE-��c bj ' l/

dqg +ll, zkhq
S

RE-�� � l/ %� ' 4@ iRE-��c bj iru doo � 5 � / zkhuh b vroyhvS
4@ iRE-��c bj ' l�

Wkh Xqlirup Uxoh kdv ehhq fkdudfwhul}hg pdnlqj xvh ri ydulhw| ri surshuwlhv
+vhh Wkrpvrq ^4<`/ Fkdswhu 44/ iru d jrrg vxuyh|,1 Vsuxprqw ^48` suryhg wkdw/

;



zkhq6 ' �/ wkh Xqlirup Uxoh lv wkh rqo| vwudwhj|0surri vhohfwlrq iurp wkh Sduhwr
dqg qr0hqy| vroxwlrq +vhh dovr Fklqj ^9`,1 Lv lw srvvleoh wr h{whqg d vlplodu uhvxow
wr wkh fdvh ri pruh wkdq rqh frpprglw|B Zkdw zh nqrz ri fodvvlfdo hfrqrplhv lv
qrw yhu| hqfrxudjlqj1 ]krx ^53` suryhg wkdw/ lq wzr0djhqwv/60jrrgv +6 � 2, sxuh
h{fkdqjh hfrqrplhv zlwk prqrwrqh/ frqwlqxrxv/ dqg vwulfwo| frqyh{ suhihuhqfhv/
dq| vwudwhj|0surri dqg h!flhqw vroxwlrq lv vxfk wkdw rqh djhqw dozd|v uhfhlyhv
qrwklqj1 Vlplodu uhvxowv krog lq hfrqrplhv zlwk sxeolf jrrgv +Erughu dqg Mrugdq
^8` dqg ]krx ^54`, dqg hfrqrplhv zlwk sxeolf dqg sulydwh jrrgv +Pruhqr dqg
Zdonhu ^44` dqg Pruhqr ^43`,1

Xqiruwxqdwho|/ dw ohdvw iru wkh wzr0djhqwv fdvh/ qhjdwlyh uhvxowv uhdsshdu zkhq
suhihuhqfhv duh vlqjoh0shdnhg ryhu pruh wkdq rqh frpprglw|1 Dv d pdwwhu ri idfw/
wklv fdq eh gluhfwo| ghgxfhg iurp wkh suhylrxv uhvxowv iru hfrqrplhv zlwk sxeolf
jrrgv1 Qrwlfh wkdw/ zkhq wkhuh duh rqo| wzr djhqwv/ wkh glvwulexwlrq sureohp ri
wkh vlqjoh0shdnhg suhihuhqfhv prgho fdq eh uhlqwhusuhwhg dv rqh ri sxeolf jrrgv
+vhh Eduehuã/ Mdfnvrq/ dqg Qhph ^5`,1 Vxssrvh wkdw � ' i�c �j1 Vlqfh wkh wrwdo

dprxqw ri doo frpprglwlhv kdv wr eh doorfdwhg/ zh kdyh wkdw iru doo % 5 f/

%� ' l � %�/ dqg wkhuhiruh wkh uhglvwulexwlrq sureohp lv mxvw wr vhohfw vrph

5 � %� 5 d5clo1 Wkhq/ iru doo -�c -� 5 ?/ zh fdq uhgh�qh wkh suhihuhqfh uhodwlrqv

ri wkh djhqwv lq vxfk d zd| wkdw erwk ri wkhp ghshqg rq wkh vdph yduldeoh 5/ dqg

wkh| uhpdlq vlqjoh0shdnhg1

Vrph ri wkh lpsrvvlelolw| uhvxowv rq vwudwhj|0surri dqg h!flhqw vroxwlrqv iru

hfrqrplhv zlwk sxuh sxeolf jrrgv fdq eh h{whqghg wr rxu prgho1 Zh �uvw lqwur0

gxfh vrph qrwdwlrq1 Zh vd| wkdw d suhihuhqfh uhodwlrq lv vhsdudeoh txdgudwlf li lw

fdq eh uhsuhvhqwhg e| d xwlolw| ixqfwlrq ri wkh irup �E%�� ' �
S

o
@oE%�o � R�o�

2
/

zkhuh @o : f iru doo o 5� 1 Ohw ?S eh wkh fodvv ri vhsdudeoh txdgudwlf suhihuhqfhv1
Qrwlfh wkdw ?S � ?1

Erughu dqg Mrugdq ^8` suryhg wkdw/ lq hfrqrplhv zlwk sxuh sxeolf jrrgv zkhuh
wkh vsdfh ri dgplvvleoh hfrqrplhv lv ?S dqg wkhuh duh wzr ru pruh frpprglwlhv/
dq| vwudwhj|0surri dqg Sduhwr0h!flhqw vroxwlrq lv glfwdwruldo41 Jlyhq wkh suhylrxv

lqwhusuhwdwlrq ri rxu prgho lq whupv ri sxeolf jrrgv zkhq ? ' 2/ zh fdq vwdwh

wkh iroorzlqj wkhruhp=

Wkhruhp 6141 +Erughu dqg Mrugdq ^8`,1 Ohw ? ' 2 dqg 6 � 21 Ohw ) G E?S�2 $
f eh d vwudwhj|0surri dqg Sduhwr0h!flhqw vroxwlrq1 Wkhq ) lv glfwdwruldo1

Dsso|lqj wklv uhvxow wr rxu prgho zh kdyh wkh iroorzlqj fruroodu|=

4Vhh Erughu dqg Mrugdq ^8`/ Fruroodu| 71
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Fruroodu| 6151 Ohw ? ' 2 dqg 6 � 21 Ohw ) G ??
$ f eh d vwudwhj|0surri dqg

Sduhwr0h!flhqw vroxwlrq1 Wkhq ) lv glfwdwruldo1

Surri1 Vxssrvh wkdw � ' i�c �j1 Ohw ?W eh d fodvv ri suhihuhqfh uhodwlrqv

gh�qhg ryhu U6
n

vxfk wkdw ?S � ?W

� ?1 Ohw )
W

G E?W�2 $ f eh d vwudwhj|0

surri dqg Sduhwr0h!flhqw vroxwlrq1 Ohw ) G E?S�2 $ f eh vxfk wkdw iru doo

- 5 E?S�2/ )E-� ' )WE-�1 Wkhq/ e| Wkhruhp 614/ ) lv glfwdwruldo1 Vxs0

srvh z1o1r1j1 wkdw djhqw � lv wkh glfwdwru1 Ohw -� 5 ?W

dqg -� 5 ?S
1 Wkhq

)
WE-�c -�� ' RE-��1 Vxssrvh qrw1 Ohw -�

�
5 ?S

eh vxfk wkdw RE-�

�
� ' RE-��1

Wkhq/ vlqfh )WE-�

�
c-�� ' )E-�

�c-�� ' RE-�

�� ' RE-�� 9' )
WE-�c-��/ zh kdyh wkdw

)WE-�

�
c -����)

WE-�c-��/ zklfk frqwudglfwv vwudwhj|0surriqhvv1 Ohw -� 5 ?S
dqg

-� 5 ?W

1 Wkhq )
WE-�c-�� ' RE-��1 Vxssrvh qrw1 Ohw -�

� 5 ?S
eh vxfk wkdw

RE-�

�� ' )WE-�c -��1 Wkhq/ vlqfh )WE-�c-
�

�� ' )E-�c -
�

�� ' RE-�� 9' )
WE-�c-�� '

RE-�

��/ zh kdyh wkdw )
WE-�c-���

�

�)
WE-�c -

�

��/ zklfk frqwudglfwv vwudwhj|0surriqhvv1

Ohw -� 5 ?
W

dqg -� 5 ?
W

1 Wkhq )
WE-�c -�� ' RE-��1 Vxssrvh qrw1 Ohw -�

�
5 ?

S

eh vxfk wkdw RE-�

�
� ' RE-��1 Wkhq/ vlqfh )WE-�

�
c-��@RE-�

�
�@RE-�� 9' )WE-�c -��/

zh kdyh wkdw )WE-�

�
c-����)

WE-�c -��/ zklfk frqwudglfwv vwudwhj|0surriqhvv1

Fruroodu| 615 vwdwhv wkdw Vsuxprqw*v srvlwlyh uhvxowv rq vwudwhj|0surriqhvv dqg
h!flhqf| ghshqg hvvhqwldoo| rq wkh qxpehu ri frpprglwlhv= li lw lv odujhu wkdq
rqh/ wkh uhvxowv gr qrw krog/ dw ohdvw iru wkh wzr0djhqw fdvh51

Wkh surri ri wklv fruroodu| lv edvhg rq dq dujxphqw vlplodu wr wkh rqh xvhg
lq Vfkxpphu6 ^46`/ dqg lw iroorzv iurp wkh uhvxow e| Erughu dqg Mrugdq dqg wkh
idfw wkdw wkh fodvv ri vhsdudeoh txdgudwlf suhihuhqfhv duh lqfoxghg lq wkh fodvv ri
vlqjoh0shdnhg suhihuhqfhv1 Lw lv hdv| wr vhh wkdw wkh qhjdwlyh uhvxow uhpdlqv iru doo
vxegrpdlq ri ? lqfoxglqj ?S

1

5
Iru hfrqrplhv zlwk pruh wkdq wzr djhqwv/ wkhuh duh h{dpsohv ri vwudwhj|0surri dqg hi0

�flhqw vroxwlrqv zkhuh wkhuh lv qr djhqw zkr dozd|v rewdlqv klv shdn +vhh Vdwwhuwkzdlwh dqg
Vrqqhqvfkhlq ^45`,1 Krzhyhu/ dq| vxfk vroxwlrq zloo qrw eh lqglylgxdoo| udwlrqdo iurp htxdo
glylvlrq1

6Vfkxpphu ^46` suryh wkdw/ lq sxuh h{fkdqjh hfrqrplhv/ hyhq li zh uhvwulfw wkh grpdlq
ri dgplvvleoh hfrqrplhv wr olqhdu dqg prqrwrqh suhihuhqfhv/ dq| vwudwhj|0surri dqg Sduhwr0
h!flhqw vroxwlrq lv vxfk wkdw rqh djhqw dozd|v uhfhlyhv qrwklqj1 Wkhq/ kh xvhv hvvhqwldoo| wkh
vdph dujxphqw ri wkh surri ri Fruroodu| 615 wr vkrz wkdw wkh uhvxow e| ]krx ^53` fdq eh rewdlqhg
mxvw dv d frqvhtxhqfh ri klv rzq uhvxow +wkh grpdlq frqvlghuhg e| Vfkxpphu lv lqfoxghg lq wkh
rqh frqvlghuhg e| ]krx,1 Rqh frxog wklqn wkdw/ vlqfh olqhdu dqg prqrwrqh suhihuhqfhv duh
dovr lqfoxghg lq wkh vlqjoh0shdnhg suhihuhqfhv grpdlq/ wkh vdph dujxphqw lv ydolg wr h{whqglqj
Vfkxpphu@v uhvxow wr rxu prgho1 Krzhyhu/ lq wkh surri ri Vfkxpphu/ wkh idfw wkdw doo suhihuhqfh
uhodwlrqv lq wkh odujhvw grpdlq duh prqrwrqh sod|v d fuxfldo uroh1
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Rqh frxog wklqn wkdw vrph rwkhu vwurqjhu lpsrvvlelolw| uhvxowv rq vwudwhj|0
surri vroxwlrqv iru hfrqrplhv zlwk sxeolf jrrgv dsso| khuh +iru lqvwdqfh/ wkh uhvxow
e| ]krx ^54` wkdw vwdwhv wkdw dq| vwudwhj|0surri vroxwlrq lv glfwdwruldo,1 Krzhyhu/
wklv lv qrw wuxh/ ehfdxvh wkh suhihuhqfh grpdlq frqvlghuhg lq wkhvh uhvxowv frqwdlqv
wkh fodvv ri doo txdgudwlf suhihuhqfhv/ zklfk lwvhoi frqwdlqv suhihuhqfhv zklfk gr
qrw yhuli| rxu gh�qlwlrq ri vlqjoh0shdnqhvv1

Fruroodu| 615 lv uhodwhg zlwk wkh uhvxow e| ]krx ^53` +ru wkh pruh jhqhudo
uhvxow e| Vfkxpphu ^46`, iru sxuh h{fkdqjh hfrqrplhv1 Prqrwrqh suhihuhqfhv
lv wkh vshfldo fdvh zkhuh djhqwv* shdnv duh htxdo wr l/ dqg wkhq Fruroodu| 615
suhglfwv wkdw/ wkh djhqw zkr lv qrw wkh glfwdwru rewdlqv qrwklqj1 Krzhyhu/ dv zh
frpphqw lq Irrwqrwh 6/ Fruroodu| 615 fdq qrw eh ghgxfhg iurp wkhvh uhvxowv1

Lq ylhz ri wklv lqfrpsdwlelolw| ehwzhhq vwudwhj|0surriqhvv dqg h!flhqf|/ zh
dqdo|}h erwk sureohpv vhsdudwho|1 Iluvw/ zh irfxv rq vwudwhj|0surri vroxwlrqv1

71 VWUDWHJ\0SURRI VROXWLRQV= WKH JHQHUDO0

L]HG XQLIRUP UXOH

D jrrg zd| wr orrn iru vwudwhj|0surri vroxwlrqv zlwk d jrrg ehkdylru lq rxu prgho

lv wr wu| wr h{whqg wkh Xqlirup Uxoh wr wkh pxowl0frpprglw| fdvh1 Wkhuh lv/ d

sulrul/ d qdwxudo zd| wr gr wkdw= wkh dssolfdwlrq/ lq hdfk vhsdudwh jrrg/ ri wkh

ruljlqdo gh�qlwlrq ri wkh Xqlirup Uxoh1 Wklv lv zkdw wkh qh{w vroxwlrq grhv=

Jhqhudol}hg Xqlirup Uxoh/ V1 Jlyhq - 5 ??
/ % ' T E-� li % 5 f dqg/ iru

doo o 5 � / +l, zkhq
S

�
RoE-�� � lo/ wkhq %�o ' 4�?iR

o
E-��c boj iru doo � 5 � /

zkhuh b
o
vroyhv

S
�
4�?iR

o
E-��c boj ' lo/ dqg +ll, zkhq

S
�
RoE-�� � lo/ wkhq

%�o ' 4@ iRoE-��c boj iru doo � 5 � / zkhuh bo vroyhv
S

�
4@ iRoE-��c boj ' lo1

Wkh Jhqhudol}hg Xqlirup Uxoh pdlqwdlqv vrph ri wkh qlfh surshuwlhv ri wkh

Xqlirup Uxoh1 Iluvw/ dv wkh iroorzlqj sursrvlwlrq vwdwhv/ T lv vwudwhj|0surri1

Sursrvlwlrq 7141 Wkh Jhqhudol}hg Xqlirup Uxoh lv vwudwhj|0surri1

Surri1 Jlyhq - 5 ??
/ � 5 � / -

�

�
5 ? dqg o 5 � / vxssrvh wkdw

S
�
RoE-�� �

lo1 Wkhq T�oE-� � RoE-��1 Lq fdvh wkdw T�oE-� 	 RoE-��/ li RoE-
�

�
� � T�oE-�/

T�oE-�

�
c-3�� ' T�oE-�/ dqg li RoE-�

�
� 	 T�oE-� wkhq/ hlwkhu +l, RoE-�

�
�n
S

� �'�
RoE-�� �

lo dqg T�oE-�

�
c-3�� ' RoE-�

�
� 	 T�oE-�/ ru +ll, RoE-�

�
� n
S

� �'�
RoE-�� 	 lo dqg

T�oE-
�

�
c-3�� � T�oE-�1 Khqfh/ T�oE-

�

�
c-3�� � T�oE-� � RoE-��1 Lq wkh vdph zd| lw

fdq eh suryhg wkdw/ li
S

�
R
o
E-�� � lo/ wkhq T�oE-

�

�
c-3�� � T�oE-� � RoE-��1
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Qrwlfh wkdw wkhq/ iru doo o 5 � / hlwkhu T�oE-
�

�
c-3�� � T�oE-� � RoE-��/ ru

T�oE-
�

�
c-3�� � T�oE-� � RoE-��1 Wkhuhiruh T�E-�-�T�E-

�

�
c-3��1

Ixuwkhupruh/ T dovr vdwlv�hv vrph lqwhuhvwlqj surshuwlhv uhodwhg wr idluqhvv/

vxfk dv qr0hqy| ru Sduhwr grplqdwlrq ri htxdo glylvlrq=

Sursrvlwlrq 7151 Wkh jhqhudol}hg xqlirup doorfdwlrq lv qr0hqy|1

Surri1 Jlyhq - 5 ??
/ % ' T E-�/ �c � 5 � dqg o 5� / vxssrvh wkdw

S
&
RoE-&� �

l
o
1 Wkhq/ wkhuh h{lvwv vrph b

o
� f vxfk wkdw/ iru doo & 5 � / %&o ' 4�?iR

o
E-&�c boj1

Wkhuhiruh/ hlwkhu %�o ' RoE-��/ ru %�o � %�o ' bo 	 RoE-��1 Vxssrvh qrz

wkdw
S

�
RoE-�� � lo1 Wkhq/ wkhuh lv bo � f vxfk wkdw/ iru doo & 5 � / %&o '

4@ iRoE-&�c boj1 Wkhuhiruh/ hlwkhu %�o ' RoE-��/ ru RoE-�� 	 %�o ' bo � %�o1 Lq

dq| fdvh/ hlwkhu RoE-�� � %�o � %�o ru RoE-�� � %�o � %�o1 Wkhuhiruh/ li %� 9' %�/

%���%�1

Sursrvlwlrq 7161 Wkh jhqhudol}hg xqlirup doorfdwlrq Sduhwr0grplqdwhv htxdo gl0

ylvlrq1

Surri1 Jlyhq- 5 ??
/ % ' T E-�/ � 5 � dqg o 5� / vxssrvh wkdw R

o
E-�� � lo*?1

Li
S

�
RoE-�� � lo/ %�o ' RoE-�� � lo*?/ dqg li

S
�
RoE-�� � lo/ RoE-�� � %�o �

lo*?1 Vxssrvh qrz wkdw RoE-�� � lo*?1 Li
S

�
RoE-�� � lo/ lo*? � %�o � RoE-��/

dqg li
S

�
RoE-�� � lo/ lo

*? � R
o
E-�� ' %�o1 Wkhq/ iru doo o 5 � / hlwkhu

R
o
E-�� � %�o � lo*?/ ru R

o
E-�� � %�o � lo*?1 Wkhuhiruh %�-�l*?1

Iurp Fruroodu| 615 ri wkh suhylrxv vhfwlrq dqg Sursrvlwlrq 714 lw iroorzv wkdw

T lv qrw d Sduhwr vhohfwlrq1 Krzhyhu lw lv hdv| wr vhh wkdw lw vdwlv�hv wkh iroorzlqj

zhdnhu uhtxluhphqw uhodwhg wr h!flhqf|=

Frqglwlrq H1 D vroxwlrq ) vdwlv�hv Frqglwlrq H zkhq/ iru doo - 5 ?? dqg
o 5 � / +l, li

S
�
RoE-�� � lo/ wkhq )

�o
E-�� � RoE-�� iru doo � 5 � / dqg +ll, liS

�
RoE-�� � lo/ wkhq )�o

E-�� � RoE-�� iru doo � 5 � 1

Dv Vsuxprqw ^48` vkrzv/ Frqglwlrq H lv d fkdudfwhul}dwlrq ri wkh Sduhwr0
h!flhqw vroxwlrq zkhq 6 ' �1 Krzhyhu/ zkhq 6 � 2 Frqglwlrq H lv rqo| d

qhfhvvdu| frqglwlrq iru Sduhwr0h!flhqf|1 Li d vroxwlrq grhv qrw vdwlvi| Frqglwlrq

H/ wkhuh duh hfrqrplhv iru zklfk wkh doorfdwlrq vhohfwhg e| wkh vroxwlrq fdq eh

lpsuryhg lq d vlpsoh zd|= lw lv srvvleoh wr uhglvwulexwh wkh dprxqw ri rqo| rqh

jrrg lq vxfk dpdqqhu wkdw qr djhqw lv zruvh r� dqg dw ohdvw rqh djhqw lv ehwwhu r�1
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Lq wklv vhqvh Frqglwlrq H fdq eh lqwhusuhwhg dv d plqlpxp h!flhqf| uhtxluhphqw1

Jlyhq wkh uhvxowv ri wkh suhylrxv vhfwlrq/ li zh lqvlvw rq vwudwhj|0surriqhvv/ zh

kdyh wr vwxg| krz h!flhqf| fdq eh uhod{hg lq rughu wr rewdlq vroxwlrqv rwkhu wkdq

wkh glfwdwruldo1 Frqglwlrq H lv dq reylrxv zd| wr gr wkdw1

Dowkrxjk Frqglwlrq H lv d zhdn uhtxluhphqw/ zkhq frpelqhg zlwk vwudwhj|0

surriqhvv dqg rwkhu surshuwlhv uhodwhg zlwk idluqhvv olnh qr0hqy|qhvv zh rewdlq

d fkdudfwhul}dwlrq ri wkh Jhqhudol}hg Xqlirup Uxoh1 Wkhruhp 717 vwdwhv wkdw lq

wzr0djhqwv dqg 60frpprglwlhv hfrqrplhv/ wkhuh lv qr vwudwhj|0surri dqg qr0hqy|

vroxwlrq vdwlvi|lqj Frqglwlrq H rwkhu wkdq wkh Jhqhudol}hg Xqlirup Uxoh1

Wkhruhp 7171 Wkh Jhqhudol}hg Xqlirup Uxoh lv wkh rqo| qr0hqy| dqg vwudwhj|0

surri vroxwlrq vdwlvi|lqj Frqglwlrq H zkhq ? ' 21

Qrwlfh wkdw/ dowkrxjk rxu qrwlrqv ri vlqjoh0shdnhgqhvv/ Frqglwlrq H dqg Jhq0
hudol}hg Xqlirup Uxoh duh mxvw pxowlglphqvlrqdo h{whqvlrqv ri wkh fruuhvsrqg0
lqj rqh0glphqvlrqdo frqfhswv ri vlqjoh0shdnhgqhvv/ Sduhwr0h!flhqf| dqg Xqlirup
Uxoh uhvshfwlyho|/ Wkhruhp 717 fdq qrw eh ghgxfhg iurp wkh fkdudfwhul}dwlrq ri
wkh Xqlirup uxoh jlyhq e| Vsuxprqw ^48`/ vlqfh wkh pxowlglphqvlrqdo frqfhswv ri
qrq0hqy|qhvv dqg vwudwhj|0surriqhvv duh qrw rqh0glphqvlrqdoo| edvhg surshuwlhv1
Wklv lv dovr wkh uhdvrq wkdw rxu uhvxow lv uhvwulfwhg wr wkh ? ' 2 fdvh/ zkhuhdv wkh
uhvxow ri Vsuxprqw krogv iru doo ? 5 Q1

Lq rughu wr suryh wkh wkhruhp zh qhhg �yh ohppdv1 Wkh �uvw ohppd jlyh xv

frqglwlrqv xqghu zklfk/ jlyhq wkuhh exqgohv/ wkhuh h{lvwv d vlqjoh0shdnhg suhihu0

hqfh uhodwlrq zlwk lwv shdn htxdo wr wkh �uvw exqgoh/ dqg vxfk wkdw wkh vhfrqg

exqgoh lv vwulfwo| suhihuuhg wr wkh wklug rqh1

Ohppd 7181 Iru doo djhqw � 5 � dqg doo wkuhh exqgohv/ %W
�
c%

�

�
c %

��

�
5 U

6

n
zlwk

%
�

�
9' %

��

�
/ dqg vxfk wkdw lw grhv qrw kdsshq wkdw/ iru doo o 5� / hlwkhu %W

�o
� %

��

�o
� %

�

�o

ru %
W

�o
� %

��

�o
� %

�

�o
/ wkhq wkhuh h{lvwv vrph -� 5 ? zlwk RE-�� ' %

W

�
dqg %

�

�
��%

��

�
1

Surri1 +Iljxuhv 714 dqg 715,1 Ohw %
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RoE-
�

�
� 	 RoE-��1 E| Ohppd 71: )

�o
E-�

�
c-�� 	 )�oE-�1 Wkhq/ qhlwkhu R

o
E-�� �

)
�o
E-� � )

�o
E-�

�
c-�� qru R

o
E-�� � )

�o
E-� � )

�o
E-�

�
c-�� kdsshqv1 Vr/ e| Ohppd

718/ wkhuh lv vrph -��

�
5 ? zlwk RE-��

�
� ' RE-

�
� vxfk wkdw )

�
E-�

�
c -��� ��

� )�E-�1 Vlqfh/

7Wkh frqfhsw ri xqfrpsurplvlqj/ dv rqh ri wkh frqvhtxhqfhv ri vwudwhj|0surriqhvv/ zdv
vxjjhvwhg dqg vwxglhg lq wkh sxeolf jrrgv frqwh{w e| Erughu dqg Mrugdq ^8`
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e| Ohppd 71; )
�
E-��

�
c -�� ' )�E-�/ zh kdyh )

�
E-�

�
c-���

��

� )�E-
��

� c -��/ d frqwudglf0

wlrq zlwk vwudwhj|0surriqhvv1 Vxssrvh qrz wkdw RoE-�

�
� : RoE-��1 E| Ohppd 71:

)
�o
E-� 	 )

�o
E-�

�
c-��/ dqg wkhq RoE-�� 	 RoE-�

�
� � )

�oE-� 	 )�oE-
�

�c -��1 Wkhq/

qhlwkhu R
o
E-�

�
� � )

�oE-
�

�c -�� � )
�o
E-� qru R

o
E-�

�
� � )

�oE-
�

�c -�� � )
�o
E-� kds0

shqv1 Wkhuhiruh/ e| Ohppd 718/ wkhuh lv vrph -��

�
5 ? zlwk RE-��

�
� ' RE-�

�
� vxfk

wkdw )
�
E-�� ��

�
)

�
E-�

�
c -��1 Vlqfh/ e| Ohppd 71; )

�
E-��

�
c-�� ' )�E-

�

�c -���/ zh kdyh

)
�
E-�� ��

�
)

�
E-��

�
c -��/ zklfk frqwudglfwv vwudwhj|0surriqhvv1

Qrz zh fdq suryh wkh wkhruhp8=

8Iru hfrqrplhv zlwk sxuh sxeolf jrrgv/ Erughu dqg Mrugdq ^8` suryhg wkdw/ lq d uhgxfhg
grpdlq lqfoxghg lq wkh vlqjoh0shdnhg rqh/ d vroxwlrq lv vwudwhj|0surri dqg xqdqlprxv +l1h1 iru
doo dgplvvleoh hfrqrp| zlwk

S
s+Ul, @ / wkhq *

l
+U, @ s+Ul, iru doo l 5 Q, li dqg rqo| li lw

fdq eh ghfrpsrvhg lqwr d surgxfw ri rqh0glphqvlrqdo phfkdqlvpv +rqh iru hdfk frpprglw|,
zklfk duh vwudwhj|0surri/ xqdqlprxv/ shdn0rqo| dqg xqfrpsurplvlqj1 Vlqfh/ zkhq q @ 5 wkh
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Surri ri Wkhruhp 717 +Iljxuh 71:,1 Zh kdyh douhdg| suryhg wkdw T lv
qr0hqy|/ vwudwhj|0surri dqg vdwlv�hv Frqglwlrq H1 Ohw � ' i�c �j dqg ohw ) eh

d vroxwlrq vdwlvi|lqj doo wkhvh surshuwlhv1 Ohw - 5 ?� dqg o 5 � dqg vxssrvh

z1o1r1j1 wkdw RoE-�� � RoE-��1 Li RoE-�� n RoE-�� ' lo wkhq e| Frqglwlrq H/ iru

doo � 5 � / )
�o
E-� ' RoE-�� ' T�oE-�1 Vxssrvh z1o1r1j1 wkdw RoE-�� n RoE-�� 	 lo1

Vxssrvh �uvw wkdw R
o
E-�� : lo*21 Wkhq T�oE-� ' RoE-��1 Vxssrvh e| frqwud0

glfwlrq wkdw )�oE-� 9' R
o
E-��1 Wkhq/ e| Frqglwlrq H/ )�oE-� : R

o
E-��/ dqg vr/

e| ihdvlelolw|/ )�oE-� : RoE-�� : lo*2 : )
�o
E-�1 Ohw -�

� 5 ? eh vxfk wkdw
+l, RoE-�

�� � )
�oE-� 	 RoE-��/ dqg +ll, iru doo r 5 � q ioj RrE-�

�� ' RrE-��1
E| Ohppd 71;/ iru doo r 5 � q ioj/ )�rE-�c -

�

�� ' )�rE-�/ dqg e| Ohppd 71</

vlqfh R
o
E-�� 	 )�oE-� dqg RoE-

�

�� 	 )�oE-�/ )�oE-�c -
�

�� ' )�oE-�1 Wkhuhiruh

)�E-�c -
�

�� ' )�E-�1 Rq wkh rwkhu kdqg/ vlqfh R
o
E-�

�� � )
�oE-� 	 )�oE-�/ qhlwkhu

RoE-
�

�� � )�oE-� � )�oE-� qru R
o
E-�

�� � )�oE-� � )�oE-� kdsshqv/ dqg vr/ e|

Ohppd 718/ wkhuh lv vrph -��

� 5 ? zlwk RE-��

� � ' RE-�

�� vxfk wkdw )
�
E-�� ��

� )�E-�1
Krzhyhu/ e| Ohppd 71;/ )�E-�c -

��

� � ' )�E-�c -
�

�� ' )�E-�/ dqg wkhq )
�
E-�c -

��

� � '
)�E-�1 Khqfh )�

E-�c -
��

� ��
��

� )�E-�c -
��

� �/ d frqwudglfwlrq zlwk qr0hqy|1 Vxssrvh qrz

wkdw R
o
E-�� � lo*21 Vlqfh R

o
E-�� � R

o
E-��/ T�oE-� ' lo*21 Vxssrvh e| frqwud0

glfwlrq dqg z1o1r1j1 wkdw )
�o
E-� : l

o
*2 : )�oE-�1 Vlqfh RoE-�� � R

o
E-�� �

lo*2 	 )�oE-�/ qhlwkhu RoE-�� � )
�oE-� � )�oE-� qru RoE-�� � )

�oE-� � )�oE-�
kdsshqv/ dqg wkhq/ e| Ohppd 718/ wkhuh lv vrph -�

�
5 ? zlwk RoE-�

�
� ' RoE-��

vxfk wkdw )�E-�� �

�
)

�
E-�1 Pruhryhu/ e| Ohppd 71; )

�
E-�

�
c-�� ' )�E-�/ dqg

wkhq )�E-
�

�
c-�� ' )�E-�1 Wkhuhiruh )�E-

�

�
c-���

�

�)�E-
�

�c -��/ zklfk frqwudglfwv

qr0hqy|1

Wkh jrrg ehkdylru ri T zlwk uhvshfw wr pdqlsxodwlrq surshuwlhv jrhv eh|rqg

vwudwhj|0surriqhvv1 Lw lv dovr lpsohphqwdeoh lq grplqdqw vwudwhjlhv e| phdqv

ri wkh pdqlsxodwlrq jdph dvvrfldwhg wr lw1 Wklv jdph lv wkh uhvxow ri doorzlqj

hdfk djhqw wr dqqrxqfh d suhihuhqfh uhodwlrq iru klpvhoi/ dqg vhohfwlqj iru hdfk

vlqjoh0shdnhg suhihuhqfhv prgho fdq eh uhlqwhusuhwhg dv rqh ri sxeolf jrrgv/ dq dowhuqdwlyh zd|
ri vkrzlqj Ohppdv 71; dqg 71< lv e| surylqj wkdw wkh suhylrxv uhvxow fdq eh h{whqghg wr wkh
vlqjoh0shdnhg suhihuhqfhv grpdlq1 Rqh frxog wklqn wkdw rxu Wkhruhp 717 fdq eh ghgxfhg iurp
wklv h{whqvlrq wrjhwkhu zlwk wkh fkdudfwhul}dwlrq ri wkh Xqlirup Uxoh jlyhq e| Vsuxprqw ^48`1
Krzhyhu/ wkh idfw wkdw d vroxwlrq lv qr0hqy| grhv qrw lpso| wkdw lw lv qr0hqy| frpprglw| e|
frpprglw|1
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ri wkhvh srvvleoh vwudwhjlhv sur�ohv wkh doorfdwlrq wr eh fkrvhq e| T 1 Lw fdq
eh suryhg wkdw lq wklv jdph/ qrw rqo| lv wuxwk whoolqj d grplqdqw vwudwhj| +e|
vwudwhj|0surriqhvv,/ exw dovr wkhuh lv qr rwkhu grplqdqw vwudwhj| zkrvh dvvrfldwhg
doorfdwlrq lv gl�huhqw wr wkh rqh dvvrfldwhg wr wkh wuxwk91 Doo wkhvh uhvxowv srlqw
dw wkh Jhqhudol}hg Xqlirup Uxoh dv d zhoo0ehkdyhg vroxwlrq dv idu dv vwudwhjlf0
pdqlsxodwlrq surshuwlhv1

81 SDUHWR0HIILFLHQW VHOHFWLRQV=ZDOUDVLDQ VR0

OXWLRQV ZLWK VODFNV

Lq wklv vhfwlrq zh uhqrxqfh vwudwhj|0surriqhvv dqg irfxv rq h!flhqw vroxwlrqv1 Lq
wkh fdvh ri vhyhudo frpprglwlhv +6 � 2, wkhuh lv qr vlpsoh qhfhvvdu| dqg vx!flhqw
frqglwlrq iru Sduhwr0h!flhqf|1 Doo zh kdyh lv d qhfhvvdu| frqglwlrq +Frqglwlrq
H,1 D jrrg zd| wr vroyh wklv gl!fxow| lv e| h{whqglqj wkh fodvvlfdo Zdoudvldq
vroxwlrq frqfhsw wr rxu grpdlq1

Pdv0Frohoo ^<` sursrvhg wkh Zdoudvldq htxloleulxp zlwk vodfn wr h{whqg wkh
Zdoudvldq htxloleulxp frqfhsw wr hfrqrplhv zlwk srvvleo| vdwldwhg suhihuhqfhv1
Wkh lghd lv wr jlyh hdfk djhqw wkh vdph dgglwlrqdo dprxqw ri lqfrph wr vshqg
+wkh vodfn,1 Zh ehjlq zlwk wkh pruh jhqhudo gh�qlwlrq ri wklv htxloleulxp frqfhsw/
e| doorzlqj wkh h{wud dprxqwv ri lqfrph wr eh gl�huhqw iru gl�huhqw djhqwv1

Jlyhq dq hfrqrp| - 5 ??
/ wzr ihdvleoh doorfdwlrqv %c / 5 f/ d yhfwru ri sulfhv

R 5 U6 +srvvleo| qhjdwlyh, dqg d yhfwru q ' Eq
�
��M� 5 �?

' iEq�

�
��M� 5 U

?
GS

q�

�
' fj/ zh vd| wkdw wkh sur�oh E%c Rc q� lv dZdoudvldq htxloleulxp zlwk edodqfhg

vodfnv iurp hqgrzphqwv / iru wkh hfrqrp| - li/ iru doo � 5 � / %� pd{lpl}hv wkh

suhihuhqfh uhodwlrq -� ryhu wkh exgjhw vhw ��ERc q�
c /�� ' i%�

�
5 U

6

n
G R%

�

�
�

R/� n q
�
j1 Wkh q

�
*v duh fdoohg vodfnv1 Qrwlfh wkdw wkh vxp ri djhqw*v vodfnv lv

htxdo wr }hur1 Wkhq zh fdq wklqn ri wkh vodfnv dv lqfrph uhglvwulexwlrq dprqj

frqvxphuv1 Djhqwv zlwk srvlwlyh vodfnv uhfhlyh lqfrph iurp djhqwv zlwk qhjdwlyh

rqhv/ dqg wkh vxp ri wkh dprxqwv ri lqfrph sdlg duh htxdo wr wkh vxp ri wkh

dprxqwv ri lqfrph uhfhlyhg:1

9
Zh gr qrw lqfoxgh wkh surri ri wklv uhvxow lq wkh sdshu ehfrxvh lw lv uhodwlyho| orqj dqg lw

grhv qrw dgg d orw1
:Dowhuqdwlyho|/ zh pd| gh�qh wkh Zdoudvldq htxloleulxp zlwk edodqfhg vodfnv mxvw uhtxlulqj

wkdw � @ +�
l
,l5Q 5 U

q
1 Ohw U 5 ?q/ {> $ 5 [/ s 5 Up dqg � @ +�

l
,l5Q 5 U

q eh vxfk wkdw/

iru doo l 5 Q / {l pd{lpl}hv wkh suhihuhqfh uhodwlrq Ul ryhu wkh exgjhw vhw El+s>�l
> $l, @ i{3

l 5

U
p

.
= s{

3

l
� s$l.�

l
j1 Wkhq lw fdq eh vkrzq wkdw wkhuh h{lvwv vrph �3 @ +�3

l
,l5Q 5 Dq vxfk wkdw

+{> s> �3, lv d Zdoudvldq htxloleulxp zlwk edodqfhg vodfnv iurp hqgrzphqwv $ iru wkh hfrqrp|
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Dv lq wkh vwdqgdug Zdoudvldq htxloleulxp/ wkh Zdoudvldq htxloleulxp zlwk

edodqfhg vodfnv dssolhv iurp vrph hqgrzphqwv / 5 f1 Lq rxu prgho/ doo djhqwv
kdyh wkh vdph uljkwv ryhu wkh jrrgv wr eh glylghg1 Wkhuhiruh/ wkh pruh dsshdolqj
doorfdwlrq ri hqgrzphqwv lv htxdo glylvlrq +l*?,1 Lw lv dovr wkh vlpsohvw rqh1
Qhyhuwkhohvv/ prvw ri wkh uhvxowv lq wklv vhfwlrq gr qrw ghshqg rq wkh doorfdwlrq
fkrvhq dv hqgrzphqwv1 Jlyhq dq| hqgrzphqwv / 5 f/ zh gh�qh wkh iroorzlqj

vroxwlrq=

Zdoudvldq vroxwlrq zlwk edodqfhg vodfnv iurp // ZEV
/
1 Jlyhq - 5 ??/

% 5 `�7
/
E-� li % 5 f dqg wkhuh lv vrph R 5 U6 dqg q ' Eq

�
��M� 5 �?

vxfk wkdw

E%c Rc q� lv d Zdoudvldq htxloleulxp zlwk edodqfhg vodfnv iurp / iru wkh hfrqrp|

-1

Lq Iljxuh 814 zh kdyh dq h{dpsoh ri wklv vroxwlrq iru wkh wzr djhqwv0wzr

frpprglwlhv fdvh1

Wkh iroorzlqj wzr uhpdunv duh d jhqhudol}dwlrq ri wkh zhoo0nqrzq �uvw dqg

vhfrqg zhoiduh wkhruhpv1 Iru doo hqgrzphqwv/ / 5 f/ Uhpdun 4 vwdwhv wkdw doo

Zdoudvldq doorfdwlrq zlwk edodqfhg vodfnv iurp / lv h!flhqw1 Uhpdun 5 vwdwhv

wkdw/ xqghu frqwlqxlw| dqg zhdn0frqyh{lw|/ doo vwulfwo| srvlwlyh h!flhqw doorfdwlrq

lv dwwdlqdeoh dv d Zdoudvldq doorfdwlrq zlwk edodqfhg vodfnv iurp /1 Qrwlfh wkdw/

lq frqwudvw wr wkh fodvvlfdo vhfrqg zhoiduh wkhruhp/ qr phqwlrq lv pdgh ri lqfrph

uhglvwulexwlrq iurp 1 Wklv lv gxh wr wkh idfw wkdw/ lq `�7
/
/ wkh vodfnv sod| wklv

uroh1 Wkh vodfnv duh dovr uhvsrqvleoh iru wkh idfw wkdw wkhvh uhvxowv gr qrw ghshqg

rq wkh fkrvhq hqgrzphqwv1

Uhpdun 41 Iru doo - 5 ??/ doo / 5 f dqg doo % 5 `�7/E-�/ zh kdyh wkdw

% 5 �.E-�1

Uhpdun 51 Ohw - 5 ?? eh vxfk wkdw iru doo � 5 � wkh suhihuhqfh uhodwlrq -�

lv frqwlqxrxv dqg zhdno| frqyh{1 Ohw %W 5 �.E-� eh vxfk wkdw/ iru doo � 5 � /

%
W

�
: f1 Wkhq/ iru doo / 5 f/ %W 5 `�7

/
E-�1

U1 Wkhuhiruh/ wkhuh lv qr uhvwulfwlrq rq pdnlqj wkh vxp ri wkh vodfnv eh htxdo wr }hur1 Lw mxvw

pdnhv lwv hfrqrplf lqwhusuhwdwlrq hdvlhu1
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Wkh surri ri wkhvh uhvxowv duh yhu| vlplodu wr wkh fruuhvsrqglqj rqhv lq fodvvlfdo

hfrqrplhv dqg zh rplw wkhp1 Uhpdunv 4 dqg 5 doorz xv wr fkdudfwhul}h wkh

vhw ri Sduhwr0h!flhqw doorfdwlrqv iru doo frqwlqxrxv dqg zhdno|0frqyh{ sur�oh ri

suhihuhqfhv - 5 ?? e| phdqv ri wkh Zdoudvldq vroxwlrq zlwk edodqfhg vodfnv1
Dq| vwulfwo| srvlwlyh h!flhqw doorfdwlrq fdq eh rewdlqhg dv d Zdoudvldq doorfdwlrq
zlwk edodqfhg vodfnv/ dqg dq| doorfdwlrq olnh wklv lv h!flhqw1 Lq Iljxuh 814 zh
kdyh dq h{dpsoh ri wklv +khuh/ wkh vwudljkw olqh ehwzhhq djhqwv* shdnv lv wkh vhw
ri Sduhwr0h!flhqw doorfdwlrqv,1

Vlqfh zh duh lqwhuhvwhg lq vroxwlrqv vdwlvi|lqj dgglwlrqdo surshuwlhv/ iru doo
- 5 ?? dqg / 5 f/ zh zloo vhohfw vxevhwv ri `�7/E-�1 Surfhhglqj lq wklv

zd| zh fdq eh vxuh wkdw rxu vroxwlrqv zloo eh h!flhqw1 Pruhryhu zh nqrz wkdw

dq| vroxwlrq wkdw vhohfwv h!flhqw doorfdwlrqv fdq eh rewdlqhg dv d vxevroxwlrq ri

`�7
/
1

D qdwxudo zd| ri fkrrvlqj `�7/*v vxevroxwlrqv lv e| ghpdqglqj wkdw wkh

vodfnv vdwlvi| dgglwlrqdo uhtxluhphqwv1 Jlyhq wkh iruphu lqwhusuhwdwlrq ri wkh

vodfnv/ wklv fdq eh vhhq dv wkh lpsrvlwlrq ri vrph surshuwlhv rq wkh surfhgxuh ri

lqfrph uhglvwulexwlrq dprqj djhqwv qhfhvvdu| wr dfklhyh vrph h!flhqw doorfdwlrq1

Dv zh zloo suryh/ wklv lv suhflvho| zkdw pdnhv Pdv0Frohoo*v ruljlqdo gh�qlwlrq1

Zh zloo fdoo lw Zdoudvldq htxloleulxp zlwk htxdo vodfnv1 Lw lv gh�qhg lq wkh vdph
pdqqhu dv wkh Zdoudvldq htxloleulxp zlwk edodqfhg vodfnv/ exw zlwk wkh frqglwlrq
wkdw doo djhqwv kdyh lghqwlfdo vodfnv +wkdw lv/ iru doo � 5 � / q

�
' k,;1 Wkhq/ jlyhq

dq| hqgrzphqwv / 5 f/ zh gh�qh wkh iroorzlqj vroxwlrq=

Zdoudvldq vroxwlrq zlwk htxdo vodfnv iurp // ZHV
/
1 Jlyhq - 5 ??/

% 5 `.7
/
E-� li wkhuh lv vrph R 5 U

6
dqg k 5 Un vxfk wkdw E%c Rc k� lv d

Zdoudvldq htxloleulxp zlwk htxdo vodfnv iurp / iru wkh hfrqrp| -1<1

Dv wkh qh{w sursrvlwlrq vkrzv/ iru doo �{hg hqgrzphqwv/ / 5 f/ wkh Zdoudvldq

vroxwlrq zlwk htxdo vodfnv lv d vxevroxwlrq ri wkh Zdoudvldq vroxwlrq zlwk edodqfhg

vodfnv431

;Lw lv hdv| wr vhh wkdw/ lq doo Zdoudvldq htxloleulxp zlwk htxdo vodfnv/ wkh vodfn lv srvlwlyh
+� � 3,=

<Qrwlfh wkdw/ dowkrxjk li djhqwv kdyh vwulfw0fryh{ suhihuhqfhv/ iru vrph jlyhq sulfhv wkhuh lv
rqo| rqh Zdoudvldq doorfdwlrq zlwk htxdo vodfnv lq hdfk hfrqrp|/ wkh Zdoudvldq vroxwlrq zlwk
htxdo vodfnv lv qrw jhqhudoo| vlqjoh0ydoxhg +wkh vdph h{dpsohv vkrzlqj wkdw wkhuh fdq eh pruh
wkdq rqh Zdoudvldq htxloleulxp lq fodvvlfdo hfrqrplhv duh ydolg khuh,1

43Pdv0Frohoo ^<` douhdg| srlqwhg dw ZV dv d pruh jhqhudo gh�qlwlrq/ exw kh xvhg ZHV lq klv
h{lvwhqfh wkhruhpv1

5:



Sursrvlwlrq 8141 Ohw %c / 5 f/ - 5 ??
/ R 5 U

6
dqg k 5 Un eh vxfk wkdw

E%c Rc k� lv d Zdoudvldq htxloleulxp zlwk htxdo vodfnv iurp / iru wkh hfrqrp| -1
Wkhq=

+l, wkhuh h{lvwv d xqltxh q ' Eq
�
��M� 5 �? vxfk wkdw E%c Rc q� lv d Zdoudvldq

htxloleulxp zlwk edodqfhg vodfnv iurp / iru wkh hfrqrp| -/ dqg
+ll, li suhihuhqfhv duh vprrwk dqg

S
RE-�� 9' l/ wkhuh lv qrw dq| R

�
5 U

6
zlwk

R
� 9' R dqg dq| q�

' Eq�

�
��M� 5 �?

vxfk wkdw E%c R�
cq�� lv d Zdoudvldq htxloleulxp

zlwk edodqfhg vodfnv iurp / iru wkh hfrqrp| -1

Surri1 Ohw %c / 5 f/ - 5 ??/ R 5 U
6
dqg k 5 Un eh vxfk wkdw E%c Rc k� lv

d Zdoudvldq htxloleulxp zlwk htxdo vodfnv iurp / iru wkh hfrqrp| -1 Wdnh iru

hdfk � 5 � vrph q
�
5 U vxfk wkdw R%� ' R/� n q

�
1 Reylrxvo| %� pd{lpl}hv -�

ryhu wkh exgjhw vhw ��ERc q�
c /��1 Ixuwkhupruh/ vlqfh R

S
%� ' R

S
/� n

S
q

�
/S

q
�
' f1 Wkhuhiruh/ E%c Rc q� lv d Zdoudvldq htxloleulxp zlwk edodqfhg vodfnv

iurp / iru wkh hfrqrp| -1 Vxssrvh qrz wkdw wkhuh h{lvwv vrph q �
5 �?

zlwk

q� 9' q dqg vxfk wkdw E%c Rc q�� lv dovr d Zdoudvldq htxloleulxp zlwk edodqfhg vodfnv

iurp / iru wkh hfrqrp| -1 Reylrxvo|/ iru vrph djhqw � 5 � / q�

� 	 q� 1 Wkhq/

R/� n q�

� 	 R/� n q� ' R%�/ dqg wkhuhiruh %
�

� 9' %�/ zklfk lv d frqwudglfwlrq1

Vxssrvh qrz wkdw suhihuhqfhv duh vprrwk dqg
S

RE-�� 9' l/ exw wkhuh lv vrph

R�
5 U

6
zlwk R

� 9' R dqg vrph q�
5 �?

vxfk wkdw E%c R�c q �� lv d Zdoudvldq

htxloleulxp zlwk edodqfhg vodfnv iurp / iru wkh hfrqrp| -1 Vlqfh
S
RE-�� 9' l/

wkhuh lv dw ohdvw rqh djhqw � 5 � zlwk %� 9' RE-��/ dqg wkhq R%� ' R/� n k1 Rq

wkh rwkhu kdqg/ iru doo � 5 � / R�%� ' R
�/�nq�

�
+rwkhuzlvh/ vlqfh

S
q�

�
' f/ zh kdyh

R
�
S
%� 	 R�

S
/�/ zklfk lv d frqwudglfwlrq,1 Wkhq/ %� fdq eh vxvwdlqhg e| wzr

gl�huhqw k|shusodqhv/ zklfk frqwudglfwv vprrwkqhvv1

Wklv suryhv wkdw dq| Zdoudvldq doorfdwlrq zlwk htxdo vodfnv iurp dq| �{hg
hqgrzphqwv / 5 f fdq eh dwwdlqhg dv d Zdoudvldq doorfdwlrq zlwk edodqfhg
vodfnv iurp wkh vdph hqgrzphqwv dqg iru wkh vdph sulfhv +dqg/ li suhihuhqfhv duh
vprrwk/ rqo| iru wkhvh sulfhv,1 Khqfh/ `.7/ � `�7/

44
/ dqg wkhq `.7/ lv

rewdlqhg dv d vxevroxwlrq ri `�7/ e| dgglwlrqdo uhtxluhphqwv ryhu wkh vodfnv1

Lq Iljxuh 814/ wkh doorfdwlrq % lv wkh rqo| Zdoudvldq doorfdwlrq zlwk htxdo vodfnv/

dqg lw lv dovr dwwdlqdeoh dv d Zdoudvldq htxloleulxp zlwk edodqfhg vodfnv1

Lq d vhqvh vshfl�hg ehorz/ iru doo �{hg hqgrzphqwv / 5 f/ `.7
/
vhohfwv

wkh h!flhqw doorfdwlrqv wkdw uhtxluh vpdoohvw lqfrph uhglvwulexwlrq ehwzhhq frq0

44Li djhqwv kdyh frqwlqxrxv dqg zhdn0frqyh{ suhihuhqfhv/ h{lvwhqfh ri Zdoudvldq htxloleulxp
zlwk htxdo vodfnv lv jxdudqwhhg lq rxu prgho1 Vhh Pdv0Frohoo ^<` iru d frpsohwh surri ri wzr
h{lvwhqfh wkhruhpv1
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vxphuv1 Dfwxdoo|/ dv Wkhruhp 816 vkrzv/ jlyhq dq| Zdoudvldq doorfdwlrq zlwk

htxdo vodfnv/ wkhuh lv qr rwkhu Zdoudvldq doorfdwlrq zlwk edodqfhg vodfnv iru zklfk

wkh lqfrph uhglvwulexwlrq wkdw doorzv xv wr rewdlq lw lv vxfk wkdw/ hlwkhu wkh pd{0

lpxp sd|r� ru wkh pd{lpxp vxevlg| duh vpdoohu1 Vlqfh wkhuh lv qrw dq| lqfrph

phdvxuhphqw ydolg iru dq| wzr sulfhv yhfwruv/ li zh zdqw wr frpsduh wkh qhfhv0

vdu| lqfrph uhglvwulexwlrq wr dfklhyh dq| wzr gl�huhqw Zdoudvldq doorfdwlrqv/ zh

kdyh �uvw wr �{ vrph uhihuhqfh sulfhv +lghqwlfdo iru wkh wzr doorfdwlrqv,1 Wkdw lv
zkdw zh gr zkhq frpsdulqj vrph Zdoudvldq doorfdwlrq zlwk htxdo vodfnv zlwk
dq| rwkhu Zdoudvldq doorfdwlrq zlwk edodqfhg vodfnv= zh wdnh dv uhihuhqfh sulfhv
wkrvh ri wkh ruljlqdo Zdoudvldq doorfdwlrq zlwk htxdo vodfnv1

Ehiruh surylqj Wkhruhp 816/ zh qhhg wkh iroorzlqj ohppd/ zklfk hvwdeolvkhv
wkh vljq ri wkh sulfhv lq dq| Zdoudvldq htxloleulxp zlwk edodqfhg vodfnv ghshqglqj
rq wkh vxp ri wkh shdnv1 Wkh surri ri wkh ohppd lv rplwwhg1

Ohppd 8151 Ohw %c / 5 f/ - 5 ?
?

/ R 5 U6 dqg q 5 �?

eh vxfk wkdw E%c Rc q� lv
d Zdoudvldq htxloleulxp zlwk edodqfhg vodfnv iurp / iru wkh hfrqrp| -1 Wkhq/

iru doo o 5 � / +l, li
S

�
RoE-�� : lo/ Ro : f/ dqg +ll, li

S
�
RoE-�� 	 lo/ Ro 	 f1

Lq fdvh wkh vxp ri wkh shdnv ri vrph jrrg eh gl�huhqw iurp wkh dprxqw wkdw

kdv wr eh glylghg/ Ohppd 815 doorzv xv wr suhglfw wkh vljq ri wkh sulfh ri wklv jrrg

lq dq| Zdoudvldq htxloleulxp zlwk edodqfhg vodfnv1 Qrz zh fdq vwdwh Wkhruhp

816=

Wkhruhp 8161 Ohw %c / 5 f/ - 5 ??
/ R 5 U6 dqg k 5 Un eh vxfk wkdw E%c Rck�

lv d Zdoudvldq htxloleulxp zlwk htxdo vodfnv iurp / iru wkh hfrqrp| -1 Ohw

q 5 �? eh wkh xqltxh yhfwru lq �? vxfk wkdw E%c Rc q� lv d Zdoudvldq htxloleulxp

zlwk edodqfhg vodfnv iurp / iru wkh hfrqrp| -1 Ohw %�
5 `�7

/
E-� eh vxfk

wkdw %
� 9' %1 Iru doo � 5 � / ohw q �

�
5 U eh vxfk wkdw R%

�

�
' R/� n q�

�
1 Wkhq/

4@ �M� q
�
� 4@ �M� q �

�
dqg 4�?�M� q

�
� 4�?�M� q�

�
1

Surri1 Ohw %c %
�
c / 5 f/- 5 ??

/ R 5 U6/ k 5 Un/ q 5 �?
/ dqg q �

' Eq�

�
��M� 5 U

?

eh dv gh�qhg lq wkh vwdwhphqw ri wkh wkhruhp1 Li k ' f wkhq/ iru doo � 5 � / q
�
' f/

dqg wkh wkhruhp lv yhul�hg1 Li
S

RE-�� ' l wkhq/ e| h!flhqf| ri wkh Zdoudvldq

vroxwlrq zlwk edodqfhg vodfnv/ iru doo � 5 � / %� ' RE-�� ' %�

�
dqg wkh wkhruhp lv

reylrxvo| yhul�hg1 Iurp qrz/ vxssrvh wkdw k : f dqg
S

RE-�� 9' l1

Vwhs 41 4@ �M� q
�
' k dqg 4�?�M� q

�
' 4�?�M� RERE-��� /�� 	 k1 Jlyhq wkdw

k : f dqg
S
RE-�� 9' l / wkhq/ +l, wkhuh lv dw ohdvw rqh � 5 � zlwk R%� 	 R/� nk

+dqg vr %� ' RE-��,/ dqg +ll, wkhuh lv dw ohdvw rqh & 5 � zlwk %& 9' RE-&� +dqg
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vr RRE-&� : R/& n k,1 Pruhryhu/ iurp wkh surri ri Sursrvlwlrq 814 lw lv fohdu

wkdw iru doo � 5 � / q
�
lv vxfk wkdw R%� ' R/� n q

�
1 Wkhq/ iru doo � 5 � / +l, li

RRE-�� � R/� n k/ R%� ' R/� n k/ dqg wkhq q
�
' k dqg RERE-�� � /�� � k ' q

�
/

dqg +ll, li RRE-�� 	 R/� n k/ %� ' RE-��/ dqg wkhq q
�
' RERE-�� � /�� 	 k1

Wkhuhiruh/ 4@ �M� q
�
' k dqg 4�?�M� q

�
' 4�?�M� RERE-��� /�� 	 k1

Vwhs 51 k � 4@ �M� q�

�
1 Iru doo o 5 � dqg � 5 � / e| h!flhqf| ri wkh Zdoudvldq

vroxwlrq zlwk edodqfhg vodfnv/ +l, li
S

�
RoE-�� � l

o
/ R

o
E-�� � %�

�o/ dqg +ll, liS
�
R
o
E-�� � lo/ RoE-�� � %

�

�o1 Wkhq/ e| Ohppd 815/ iru doo o 5 � dqg � 5 �

zlwk %�

�o 9' RoE-��/ hlwkhu +l, RoE-�� : %�

�o dqg Ro : f/ ru +ll, RoE-�� 	 %�

�o dqg

Ro 	 f1 Wkhuhiruh/ iru doo � 5 � zlwk RRE-�� 	 R/� n k/ jlyhq wkdw %� ' RE-��/
R%�

� � R%�1 Vxssrvh/ e| frqwudglfwlrq/ wkdw k : 4@ �M� q�

�
1 Wkhq/ iru doo � 5 �

zlwk RRE-�� � R/� n k +dqg wkhuh lv dw ohdvw rqh djhqw olnh wklv,/ zh kdyh R%
�

� '

R/� n q�

� 	 R/� n k ' R%� 1 Wkhuhiruh/ R
S

%
�

�
	 R
S

%�/ zklfk lv d frqwudglfwlrq1

Vwhs 61 4�?�M� q
�
� 4�?�M� q�

�
1 Vxssrvh/ e| frqwudglfwlrq/ wkdw 4�?�M� q

�
	

4�?�M� q
�

�
1 Ohw � 5 � eh dq djhqw vxfk wkdw q� ' 4�?�M� q

�
1 Wkhq RRE-�� 	

R/� n k +rwkhuzlvh R%� ' R/� n k/ dqg wkhq q� ' k ' 4@ �M� q
�
/ zklfk lv d

frqwudglfwlrq vlqfh k 9' f,1 Wkhq/ xvlqj dq dujxphqw lghqwlfdo wr wkh rqh lq
Vwhs 5/ R%�

� � R%�1 Rq wkh rwkhu kdqg/ vlqfh iru doo � 5 � / R%�

�
' R/� n q�

�
/

zh kdyh R
S

��'�
%

�
� ' R

S
��'�

/� n
S

��'�
q�

�1 Ixuwkhupruh/ vlqfh q�

� : q� dqg
S
q�

�
'

S
q

�
' f/ +dqg wkhq

S
��'�

q�

�
	
S

��'�
q�,/ R

S
��'�

%
�

�
	 R
S

��'�
/�n
S

��'�
q

�
�

Pruhryhu/ vlqfh/ iru doo � 5 � / R%� ' R/�nq�
/ wkhq R

S
��'�

/�n
S

��'�
q� ' R

S
��'�

%�1

Wkhq R
S

%
�

�
	 R
S

%�/ zklfk lv d frqwudglfwlrq1

Lq Iljxuh 814/ E%c Rc k� lv wkh rqo| Zdoudvldq htxloleulxp zlwk htxdo vodfn/ dqg

q 5 �? lv wkh rqo| yhfwru lq �? vxfk wkdw E%c Rc q� lv d Zdoudvldq htxloleulxp

zlwk edodqfhg vodfnv1 Dq| rwkhu Zdoudvldq htxloleulxp zlwk edodqfhg vodfnv olnh

E%�
c Rc q�� lv vxfk wkdw wkh pd{lpxp sd|r� dqg wkh pd{lpxp vxevlg| duh odujhu

+l1h1 f 	 q� ' 4@ &M� q
&
� 4@ &M� q �

& ' q�

� dqg f : q
�
' 4�?&M� q

&
�

4�?&M� q�

&
' q

�
,1

Wkh lqwhusuhwdwlrq ri wklv uhvxow ehfrphv pruh wudqvsduhqw lq wkh vshfldo fdvh
lq zklfk/ iru vrph hfrqrp|/ dq| Zdoudvldq htxloleulxp zlwk edodqfhg vodfnv lv
dfklhyhg iru wkh vdph sulfhv +iru h{dpsoh/ zkhq wkh suhihuhqfh uhodwlrqv ri doo
djhqwv duh txdvl0olqhdu,1 Li wklv kdsshqv/ Wkhruhp 816 vd|v wkdw/ iru doo �{hg
hqgrzphqwv / 5 f dqg doo Zdoudvldq doorfdwlrq zlwk htxdo vodfnv iurp // wkhuh
lv qr rwkhu Zdoudvldq doorfdwlrq iurp / zlwk vpdoohu udqjh ehwzhhq wkh odujhvw
sd|r� dqg wkh odujhvw vxevlg| qhfhvvdu| wr rewdlq lw1

Vxssrvh qrz wkdw zh wdnh htxdo glylvlrq +l*?, dv hqgrzphqwv1 Ohw `.7e_
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ghqrwh wkh Zdoudvldq vroxwlrq zlwk htxdo vodfnv iru wkdw fdvh1 Lw lv hdv| wr vhh
wkdw `.7e_ lv qr0hqy| dqg Sduhwr0grplqdwhv htxdo glylvlrq1

Wkhruhp 816 lv d jhqhudol}dwlrq ri d suhylrxv uhvxow e| Vfkxpphu dqg Wkrpvrq
^47`/ zkr vkrz wkdw wkh Xqlirup Uxoh lv wkh vroxwlrq wkdw vhohfwv wkh rqo| h!0
flhqw doorfdwlrq iru zklfk wkh gl�huhqfh ehwzhhq wkh vpdoohvw dqg odujhvw dprxqwv
dq| wzr djhqwv duh uhfhlylqj lv wkh vpdoohvw1 Qrwlfh wkdw zkhq dssolhg wr wkh
rqh0frpprglw| fdvh/ `.7e_ frlqflghv zlwk wkh Xqlirup Uxoh1 Pruhryhu/ liS

�
RE-�� : l +

S
�
RE-�� 	 l, dq| vwulfwo| srvlwlyh +vwulfwo| qhjdwlyh, sulfh ri

wkh frpprglw|/ wrjhwkhu zlwk wkh vxlwdeoh yhfwru ri edodqfhg vodfnv/ lv sduw ri

vrph Zdoudvldq htxloleulxp zlwk htxdo vodfnv iurp htxdo glylvlrq |lhoglqj wkh

xqlirup doorfdwlrq1 Wkh Vfkxpphu dqg Wkrpvrq*v uhvxow fdq eh ghgxfhg iurp

Wkhruhp 816 e| �{lqj R ' � zkhq
S

�
RE-�� : l +R ' �� zkhq

S
�
RE-�� 	 l, wr

fdofxodwh wkh `.7e_1

91 FRQVLVWHQF\ DQG UHODWHG SURSHUWLHV RI Y

DQG ZHV

Zh kdyh sursrvhg wzr gl�huhqw vroxwlrqv wr wkh vlqjoh0shdnhg suhihuhqfhv prgho
zlwk pruh wkdq rqh frpprglw|= wkh Jhqhudol}hg Xqlirup Uxoh dqg wkh Zdoudvldq
vroxwlrq zlwk htxdo vodfnv iurp htxdo glylvlrq1 Lq wklv vhfwlrq zh frpsduh wkhvh vr0
oxwlrqv vwxg|lqj rwkhu surshuwlhv gl�huhqw iurp vwudwhj|0surriqhvv dqg h!flhqf|1
Lq rughu wr gr wklv zh zloo irfxv rq vrph ri wkh surshuwlhv wkdw kdyh ehhq xvhg
wr fkdudfwhul}h wkh Xqlirup Uxoh1 Vlqfh rqh ri rxu vroxwlrqv +`.7e_, fdq eh
pxowl0ydoxhg/ zh kdyh ghflghg wr edvh wklv frpsdulvrq rq wkrvh surshuwlhv zklfk
duh ydolg iru wklv w|sh ri vroxwlrqv= frqvlvwhqf| dqg uhodwhg surshuwlhv451 Iru wklv

zh �uvw lqwurgxfh vrph dgglwlrqdo qrwdwlrq1

OhwQ eh wkh fodvv ri �qlwh vxevhwv ri Q1 Iru doo � 5 Q / dq hfrqrp| lv d sur�oh

e ' Elc -� 5 U6
n
�??1 Ohw .� ghqrwh wkh fodvv ri hfrqrplhv lqyroylqj wkh jurxs

ri djhqwv � / dqg . ' ^�M�.
�

1 Jlyhq � 5 Q dqg e ' Elc-� 5 .� / ohw fEe�
ghqrwh wkh vhw ri ihdvleoh doorfdwlrqv iru e= fEe� ' i% ' E%���M� G

S
%� ' lj1 Iru

doo � 5 Q / e ' Elc-� 5 .� / % 5 fEe� dqg � �
� � / %� � lv wkh uhvwulfwlrq ri %

wr wkh phpehuv ri �
�
= %� � ' E%���M� �1 Vlploduo|/ -� � ' E-���M� �1 Iru doo � 5 Q

dqg % ' E%���M� 5 fEe�/ ohw � � e ' E� � lc � �-� 5 .�f� eh wkh �0irog uhsolfd
ri e +l1h1 wkhuh duh � djhqwv ri hdfk w|sh � 5 � / dqg wkh dprxqw ri jrrgv wr eh

doorfdwhg lv � wlphv l,/ dqg � � % wkh �0irog uhsolfd ri wkh doorfdwlrq % +l1h1 hdfk

45Vhh Wkrpvrq ^49` iru wkhvh fkdudfwhul}dwlrqv ri wkh Xqlirup Uxoh1
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djhqw ri w|sh � 5 � uhfhlyhv %�,1 Jlyhq d vroxwlrq ) rq . dvvrfldwlqj zlwk doo

� 5 Q dqg doo e 5 .� d qrq0hpsw| vxevhw ri fEe�/ zh vd| wkdw=

+l, ) vdwlv�hv frqvlvwhqf| li/ iru doo � 5 Q / doo e ' Elc-� 5 .� / doo % 5 )Ee�/
dqg doo � �

� � / zh kdyh %� � 5 )E
S
� � %�c -� ��1

+ll, ) vdwlv�hv frqyhuvh frqvlvwhqf| li/ iru doo � 5 Q / doo e ' Elc -� 5 .� / doo

% 5 fEe�/ dqg doo � �
� � zlwk m� �m � 2/ %� � 5 )E

S
� � %�c -� ��/ wkhq % 5 )Ee�1

+lll, ) vdwlv�hv uhsolfdwlrq lqyduldqfh li/ iru doo � 5 Q / doo e ' Elc -� 5 .� /

doo % 5 )Ee�/ dqg doo � 5 Q/ � � % 5 )E� � e�1

Lq zrugv/ d vroxwlrq lv frqvlvwhqw li dq| uhfrpphqgdwlrq lw pdnhv iru dq| hfrq0

rp| djuhhv zlwk dw ohdvw rqh uhfrpphqgdwlrqv lw pdnhv iru dq| ri lwv dvvrfldwhg

uhgxfhg hfrqrplhv1 Lw lv frqyhuvho| frqvlvwhqw li/ zkhq dq doorfdwlrq lv vxfk wkdw

lwv uhvwulfwlrq wr hdfk surshu vxejurxs frqwdlqlqj dw ohdvw wzr djhqwv lv uhfrp0

phqghg iru wkh dvvrfldwhg uhgxfhg hfrqrp|/ wkhq lw lv dovr uhfrpphqghg iru wkh

lqlwldo hfrqrp|1 Uhsolfdwlrq lqyduldqfh lv d zhdnhu yduldwlrq ri wklv odwhu surshuw|1

Wkh qh{w wkuhh uhvxowv vkrz wkdw `.7e_ vdwlv�hv wkh wkuhh frqvlvwhqf| uhodwhg

surshuwlhv frqvlghuhg461

Sursrvlwlrq 9141 Wkh Zdoudvldq vroxwlrq zlwk htxdo vodfnv iurp htxdo glylvlrq

lv frqvlvwhqw1

Surri1 Ohw � 5 Q / e ' Elc-� 5 .� dqg % 5 `.7e_Ee� eh jlyhq1 Wkhq/ wkhuh

lv vrph R 5 U
6
dqg k 5 U vxfk wkdw/ iru doo � 5 � / %� pd{lpl}hv -� ryhu wkh vhw

i%�

�
5 U

6

n
G R%

�

�
� Rl*?nkj1 Ohw qrz � �

� � eh jlyhq dqg wdnh k�
5 U vxfk wkdw

RE
S

�M� � %��*?
�nk� ' Rl*?nk1 Wkhq/ iru doo l5 � �/ %� pd{lpl}hv -� ryhu wkh vhw

i%�

�
5 U

6

n
G R%

�

�
� RE
S

�M� � %��*?
� n k�j1 Wkdw lv/ %� � 5 `.7e_E

S
�M� � %�c -� ��1

Sursrvlwlrq 9151 Li zh uhvwulfw wkh hfrqrplhv grpdlq wr rqh zlwk vprrwk suhi0

huhqfhv/ wkh Zdoudvldq vroxwlrq zlwk htxdo vodfnv iurp htxdo glylvlrq lv frqyhuvho|

frqvlvwhqw471

46Gdjdq ^;` suryhg wkdw/ lq d prgho lq zklfk suhihuhqfhv duh srvvleo| vdwldwhg exw pd| qrw
eh vlqjoh0shdnhg/ dq| frqvlvwhqw/ uhsolfdwlrq lqyduldqfh/ zhdn0h!flhqw dqg lqglylgxdoo| udwlrqdo
iurp htxdo glylvlrq vroxwlrq lv d vxevroxwlrq iurp wkh Zdoudvldq vroxwlrq zlwk vodfnv iurp htxdo
glylvlrq gh�qhg e| Pdv0Frohoo +wkdw lv/ rxu ZHVhg,1 Wklv jhqhudol}hv d suhylrxv uhvxow e|
Wkrpvrq ^49` zklfk fkdudfwhul}hv wkh Xqlirup Uxoh e| phdqv ri wkh vdph surshuwlhv1

47Li qrq0vprrwk suhihuhqfhv duh doorzhg/ ZVHVhg lv qrw frqyhuvho| frqvlvwhqw1 Wkh uhdvrq

lv wkdw/ zkhq suhihuhqfhv duh qrw vprrwk/ hyhq li iru hdfk wzr djhqwv l> m 5 Q zh fdq �qg rqh

k|shusodqh vxssruwlqj {l dqg {m / lw pd| eh wkh fdvh wkdw wkhuh lv qr k|shusodqh vxssruwlqj {n

iru doo n 5 Q 1
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Surri1 Ohw � 5 Q zlwk ? � �/ e ' Elc -� 5 .� dqg % 5 fEe� eh vxfk

wkdw/ iru doo � 5 � / -� lv vprrwk/ dqg/ iru doo � �
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� �lo1 Khqfh/ � � % 5 T E� � e�1

Iurp wkhvh uhvxowv zh frqfoxgh wkdw lw lv qrw srvvleoh wr ghwhuplqh zklfk ri
wkh wzr vroxwlrqv +T ru`.7e_, lv ehwwhu li zh edvh wkh frpsdulvrq rq frqvlvwhqf|
dqg uhodwhg surshuwlhv1

:1 FRQFOXVLRQ

Zh frqvlghu wkh sureohp ri doorfdwlqj 6 +6 � 2, lq�qlwho| glylvleoh frpprglwlhv
dprqj djhqwv zlwk vlqjoh0shdnhg suhihuhqfhv1 Zh �uvw vkrz wkdw/ lq vslwh ri zkdw
kdsshqv zkhq 6 ' �/ lq wkh wzr djhqw fdvh dq| vwudwhj|0surri dqg h!flhqw vr0
oxwlrq lv glfwdwruldo1 Wkhq/ zh vwxg| vwudwhj|0surri dqg Sduhwr0h!flhqw vroxwlrqv
vhsdudwho|1

Zkhq zh irfxv rq vwudwhj|0surriqhvv/ zh sursrvh wkh Jhqhudol}hg Xqlirup
Uxoh1 Lq wkh fdvh ri rqo| wzr djhqwv lw lv wkh rqo| vwudwhj|0surri dqg qr0hqy|
vroxwlrq vdwlvi|lqj d uhtxluhphqw uhodwhg wr h!flhqf| wkdw zh fdoo Frqglwlrq H1
Pruhryhu/ wklv vroxwlrq lv lpsohphqwdeoh lq grplqdqw vwudwhjlhv e| phdqv ri lwv
dvvrfldwhg pdqlsxodwlrq jdph1 Lw dovr vdwlv�hv vrph lqwhuhvwlqj surshuwlhv dv qr0
hqy| dqg Sduhwr0grplqdwlrq ri htxdo glylvlrq1 Reylrxvo|/ e| rxu �uvw uhvxow/ lw
idlov wr eh h!flhqw1

Zh fkdudfwhul}h wkh Sduhwr0h!flhqw doorfdwlrqv e| phdqv ri wkh Zdoudvldq vr0
oxwlrq zlwk edodqfhg vodfnv/ dqg suryh wkdw d vxevroxwlrq ri wklv +wkh Zdoudvldq
vroxwlrq zlwk htxdo vodfnv, lv wkh rqh wkdw plqlpl}hv wkh udqjh ri lqfrph uhglvwul0
exwlrq qhfhvvdu| wr dwwdlq dq| h!flhqw doorfdwlrq1 Pruhryhu/ zkhq wklv vroxwlrq
dssolhv iurp htxdo glylvlrq/ lw frlqflghv zlwk wkh Xqlirup Uxoh zkhq 6 ' �/ dqg
dovr yhul�hv qr0hqy| dqg Sduhwr0grplqdwlrq iurp htxdo glylvlrq1

Ilqdoo|/ zh frpsduh erwk vroxwlrqv irfxvlqj rq vrph ri wkh surshuwlhv wkdw
hqdeohg gl�huhqw fkdudfwhul}dwlrqv ri wkh Xqlirup Uxoh1 Erwk vroxwlrqv vhhp wr
kdyh wkh vdph jrrg ehkdylru zlwk uhvshfw wr wkhvh surshuwlhv1 Frpsdulvrq ri T
zlwk `.7e_ lv vxppdul}hg lq Wdeohv 4 dqg 5 ehorz1

Wkh Xqlirup Uxoh kdv ehhq fkdudfwhul}hg lq pdq| gl�huhqw zd|v/ pdnlqj

xvh ri d ydulhw| ri idluqhvv surshuwlhv/ vxfk dv srsxodwlrq0prqrwrqlflw|/ uhvrxufh0

prqrwrqlflw|/ ru frqvlvwhqf|1 Wkh txhvwlrq ri zkhwkhu vrph ri wkhvh fkdudfwhul0

}dwlrqv fdq eh h{whqghg lq wkh 60jrrg fdvh e| T ru `.7e_ lv vwloo rshq1
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Surri Doorfdwlrq Phfkdqlvpv dw Gl�huhqwldeoh Srlqwv/ Uhylhz ri Hfrqrplfv
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