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CONTROL VARIATES FOR VARIANCE REDUCTION IN INDIRECT
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ABSTRACT

Simulation estimators, such as indirect inference or simulated maximum likelihood,
are successfully employed for estimating stochastic differential equations. They adjust for the
bias (inconsistency) caused by discretization of the underlying stochastic process, which is
in continuous time. The price to be paid is an increased variance of the estimated parameters.
The variance suffers from an additional component, which depends on the stochastic
simulation involved in the estimation procedure. To reduce this undesirable effect, one could
properly increase the number of simulations (or the length of each simulation) and thus the
computational cost. Alternatively, this paper shows how variance reduction can be achieved,
at virtually no additional computational cost, by use of control variates. The Ornstein-
Uhlenbeck process, used by Vasicek to model the short term interest rate in continuous time,
and the square-root process, used by Cox, Ingersoll and Ross, are explicitly considered and
experimented with. Monte Carlo experiments show a global efficiency gain of almost 50%
over the simple indirect estimator.

KEYWORDS: Efficient Monte Carlo; Variance Reduction Techniques; Control Variates;
Indirect Inference; Euler Discretization; Short-Term Interest Rate; Stochastic Differential
Equation.







1 Introduction

Simulation estimators, such as indirect inference (Gouriéroux, Monfort and Renault,
1993), simulated maximum likelihood (Smith, 1993) or efficient method of moments (Gal-
lant and Tauchen, 1996) are successfully employed for estimating stochastic differential
equations. They adjust for the bias (inconsistency) caused by the discretization of the
underlying stochastic process, which is in continuous time.

The price to be paid is an increased variance of the estimated parameters. On the one
hand, the variance is due to the intrinsic stochastic nature of the data and to the models
adopted; on the other hand, it depends on the stochastic simulation involved in the
estimation procedure. This latter component is, in some sense, an undesirable additional
experimental variance, which can be made arbitrarily small by properly enlarging the
number of simulations, at the cost of a bigger computational effort. Therefore a trade-off
arises between variance reduction and computational cost.

Efficient Monte Carlo techniques may be helpful in reducing experimental variance, thus
providing a reduction of the global variance of the estimator and, therefore, an overall
improvement of the efficiency, without increasing the computational cost. There is a wide
literature on eflicient Monte Carlo techniques, such as stratified sampling, systematic
sampling, importance sampling, antithetic variates, control variates, etc., that started
many years ago (e.g. Kahn, 1956, Moy, 1971, Simon, 1976), or Hendry (1984), and, more
recently, Newton (1994), Richard (1996), and Geweke (1996). For instance, a simple
method like antithetic variates proved to be effective in evaluating the small sample bias of
estimators for simultaneous equations (e.g. Hendry and Harrison, 1974, or Mikhail, 1975),
or the simulation bias in nonlinear macroeconometric models (e.g. Calzolari, 1979). With
slightly more complex implementational requirements, the method of control variates
proved to be even more effective (Calzolari and Sterbenz, 1986, Sterbenz and Calzolari,
1990).

This paper shows how control variates can be profitably used to reduce the variance of in-
direct estimators when applied to just-identified models. The method is illustrated with
applications to stochastic differential equations. In particular, the Ornstein-Uhlenbeck
process, used in Vasicek (1977) to model the short term interest rate in continuous time,
and the square-root process, used in Cox, Ingersoll and Ross (1985), are explicitly con-
sidered. Results of the Monte Carlo experiments show that the variance component due
to simulation can be strongly reduced at about the same computational cost of a simple
indirect estimation. This implies a global efficiency gain of almost 50%, which would
otherwise require a very large increase in the number of replications.

The rest of the paper is organized as follows. In section 2 we derive the indirect inference
control variate estimator for the just identified case. In section 3 we apply the control vari-
ates to two well known continuous time models and analyze their computational benefits
through a Monte Carlo experiment. Conclusions are drawn in the last section.



2 Indirect inference in the just-identified case

Let the econometric model (or model of interest) be represented parametrically as
y=f<976) (21)

where y is the observable series, # € ©® C IR? is the vector of parameters and e is a white
noise with known distribution function (see Gouriéroux, Monfort and Renault, 1993,
p-S87). For simplicity, the notation omits exogenous variables and initial values (which
are supposed to be asymptotically unimportant).

We assume that this model can be simulated; that is we can produce values of y conditional
on the parameters 6 by entering random values of e. However, this model may not be
estimated, or estimation can be so complex and discouraging that econometricians replace
it with an approximation, called the auxiliary model

y=9(8,7m) (2.2)

whose parameters, 3 € B C IR?, can be easily estimated (for example, by maximum
likelihood). In addition to the standard assumptions of Gouriéroux, Monfort and Renault
(1993) we require that p = ¢ so as to consider only just identified cases, and also that the
auxiliary model (2.2) can be simulated by entering random values of 7.

We assume that, for any § € O, the estimation of (2.2) with the observed series y leads
to an estimator of 3, say 3(f,e) (that is a function of  and of the random errors). Under
some fairly standard regularity conditions this estimator converges, for T — oo, to a well
defined and regular binding function b(6), as in Gouriéroux, Monfort and Renault (1993).
In finite samples, the estimator will differ from its limit value, the difference being the
estimation error of parameters. Thus, for any § € © an estimator of the parameters
in (2.2) will be equal to the binding function 5(8) plus the parameter estimation error
(PEER), which depends on the error terms e

B(0,e) = b(0) + PEER(9,e) (2.3)

The parameter estimation error PEER(#,¢) is a random vector asymptotically vanish-
ing and its precise form (decomposed in first and second order terms) can be found in
Gouriéroux and Monfort (1996, section 4.4.1). We may assume that regularity condi-
tions ensure that /T PEER(, e) has an asymptotic zero mean normal distribution with
variance-covariance matrix that will be denoted X(6)

VT PEER(0,¢) — N(0,%(0)) (2.4)

and an expression for X(0) (as well as its estimate) would involve both the Hessian and
the matrix (or matrices) of outer products of the first derivatives of the loglikelihoods
(e.g. White, 1982, Newey and West, 1987, Gouriéroux and Monfort, 1996, section 4A.2).




Using the actually observed series y, we estimate from equation (2.2) a vector of parame-
ters estimates, say B If the model of interest (2.1) really is the data generating process,
the observed y are a function of the true vector of parameters, denoted 8y, as well as
of the unobservable error terms, say e. Therefore, /@ turns out to be a function of such

parameters 6, and of the unobservable error terms e

3 = B(b,€) = b(8) + PEER(bp,e) (2.5)

By entering a tentative value for the vector of parameters 8, say 6, and pseudo-random
error terms € into (2.1), we generate by simulation pseudo-random values of the depen-
dent variable y that are introduced into (2.2). Model (2.2) is estimated and a vector of
parameter estimates, say B, is produced. The sample period can be, of course, of any
length, being data produced by simulation, (at least, in the absence of exogenous vari-
ables), but we keep for the moment the same sample length 7', as for the observed data.
Notice that € are generated from “the same” distribution as the unobservable error terms
e (apart from an approximation due to the generation of pseudo-random numbers with a
computer algorithm). Thus, 8 can be written as

B =p0,8)=b(0) + PeER(d,€) (2.6)

By takmg advantage of exact identification, we calibrate § (keeplng € fixed) till we find
B = ﬂ In other words we look for a value of the vector # that solves the system of

equations

ﬁ(ea €)=5 (2.7)
It should be noticed that these equations are only implicitly defined, and cannot be
expressed in closed form.
The solution vector will be called §; this is the simple indirect estimator of the econo-
metric model’s parameter vector 6. Conditions that ensure consistency and asymptotic
normality of this estimator can be found in Gouriéroux, Monfort and Renault (1993) in
a more general context.
We can write

A

B = b(6y) + PEER(0p,€) (2.8)

8 =0b(0)+ PEER(D,¢) (2.9)

Since, upon convergence of the indirect estimation procedure, 8 = 3, we can write

VTb(6y) + VT PEER(6y,¢) = VTb(f) + VT PEER(H, é) (2.10)

and therefore




VT [b(é) — b(()o)} = /T PEER(0p, e) — VT PEER(6,¢) (2.11)

As § converges to 0 (for T — o0), regularity conditions ensure that [T PEER(H, &) —
VT PEER(f,¢)] — 0. Thus, asymptotically

VT [b(0) — b(60)] ~ VT PEER(fh, ) — VT PEER(fo, ¢) (2.12)

The random error terms e and € are obviously independent and have the same distribution
by assumption. Thus the right hand side of (2.12) will be asymptotically N(0,2%(6p)).
Application of the “6-method” (e.g. Rao, 1973, p.388) to the left hand side expression of
(2.12) yields asymptotically

VT [b(0) = b(00)] =~ RovV/T(0 - 6) Ry = [ag(ee)} (2.13)

In our just-identification context the Jacobian Ry is a square matrix. Assuming that it is
nonsingular in some neighbourhood of 6, we invert it and obtain, asymptotically

VT(0 —6,) ~ Ry"'VT PEER(,e) — Ry"'V'T PEER(6p, &) (2.14)

Hence, the asymptotic covariance matrix of the indirect estimator is Ry~ *2%(6p) R, ™",
The fact that X(6y) is doubled is clearly due to the independence between e and € in
equation (2.14).

2.1 Reducing variance by means of replicated simulations

It is well known that the estimation variance can be reduced, with a larger computational
cost (e.g. Gouriéroux, Monfort and Renault, 1993).

Let us replace the single simulation-calibration of # with the average of H replicated
simulation-calibrations, say éh, h =1,..,H. Each 0, is the value of # that solves the

system
B(0,ér) = (2.15)
with €, independently drawn across different replications. Repeating the procedure above,
we have
3 =b(6) + PEER(6p,e) (2.16)
B = b(0) + PEER(Gy, &) h=1,2,...H (2.17)

where each 8, is calibrated till B, = B, and finally all g;, are averaged to produce




o 1 XH: .
h=-—30, (2.18)
Hh:l

In this case we have, asymptotically

H
VT(0—0,) ~ Ry™'|VT PEER(6y,€) — % S™ VT PEER(8, ¢1) (2.19)
h=1

where the asymptotic variance-covariance matrix of the term in square brackets is now
(1 + %)2(8o), because the &, are independent of each other and of e.

The variance reduction corresponding to a multiplying factor 1 + + (instead of 2) is
obtained at the cost of H calibration procedures instead of just one. In the absence of
exogenous variables, the same variance reduction would be obtained if the H procedures
with 7" simulated data were replaced by one procedure with HT simulated data.
Equations like (2.14) or (2.19) make clear the two components that contribute to the
variance of the indirect estimator. The first component on the right hand side of both
equations depends on e and Ry, thus it is irreducible, given the data, the estimation
method, and the models. The second component on the right hand sides of (2.14) and
(2.19) depends entirely on simulation, and can be made arbitrarily small by using a large
value of H, at the cost of a higher computational effort.

2.2 Reducing variance by means of control variates

The control variate method that we propose in this paper is capable of reducing the
variance with (almost) no additional computational cost. The control variates are based
on the simulation-estimation of the auxiliary model (2.2). Such a procedure aims at
producing an estimation error strongly correlated with v/T' PEER(S, &) of equation (2.11).
We need an additional assumption, beyond those required by simple indirect estimation.
We assume that the auxiliary model (2.2) can be simulated using the same pseudo-random
errors ¢ used to simulate the econometric model (2.1). If it is not possible to use directly
¢ inside model (2.2), it must be possible to use pseudo-random errors 7 obtained by
transformation of €, that is § = n(é).

This is not a strong assumption, as it is usually fulfilled in the cases of practical interest.
Suppose now we simulate model (2.2) with a given value of 3, denoted B, and pseudo-
random errors 7 = 7(€), and then re-estimate its parameters. Since this is direct estimation
of B, not indirect estimation of #, the usual regularity conditions will ensure that the
estimator, ﬂ say, will be asymptotically normally distributed around its pseudo-true value,
without the need of further assumptions (there is no need here of introducing a binding

function, as it is simply the identity function)

B=5+ NPEER(B,n(¢)) (2.20)




The new parameter estimation error (NPEER) is such that /T NPEER(f,7(¢)) is asymp-
totically zero mean normal. It is a random vector controlled by the experimenter, as
it is simply the difference between the estimated parameters and the parameter values
introduced into the model.

To construct the control variate estimator we start by taking ,3 = B, the actual estimate.
We then enter 3 and n(€) into the auxiliary model (2.2), and with the series y produced

by simulation of (2.2) we re-estimate $ and obtain B Recalling that B = B and using
equation (2.9), the vector NPEER can be written as

B— 3= NpEER(,7(&)) = NPEER { [b(6) + PEER(D, &)] ,9(é)} (2.21)

We finally use this NPEER to adjust the simple indirect estimator 9

B =0+ RY(3 - B) = 0+ R~ NPEER(S, n(?)) (2.22)

where 6., is the control variate estimator of 6, and the Jacobian R = 0b(6)/00' is evaluated
at 0.
As 8 converges to 0y (for T — o0), regularity conditions ensure that asymptotically

VT NPEER(S,1(&)) ~ VT NPEER[D(8,),7(¢)] (2.23)
Thus, from (2.14) and (2.22) we get, asymptotically

\/T(écv - 90) = \/T [(écv - é) + (é - 90)] (224)
~ Ro T PEER(f,¢) + Ry {\/T NPEER[b(85),7(€)] — VT PEER(GO,é)}

Given the independence between e and €, the asymptotic variance-covariance matrix of the
control variate estimator will be the sum of the covariance matrices of the two components.
The first component in equation (2.24) is exactly the same as the irreducible part in the
simple indirect estimator, as in equation (2.14). The second component in equation
(2.24), in braces, is the difference between two random vectors quite close to each other
(similar variance-covariance matrix and strong positive correlation). Therefore, it is quite
reasonable to expect a large variance reduction in this second component, when compared
with the second term on the right hand side of (2.14).

The additional simulation-estimation is performed just once, at the end of the calibration
procedure that has produced the simple indirect estimator 0: no further parameter cali-
bration is required. Therefore, the additional cost of the computation is quite small and
almost negligible when compared with the cost of computing the indirect estimator.
The new code required to implement the control variate procedure is very little as it
only performs simulation and estimation of the auxiliary model, without any further
calibration. It should also be noted that the control variates can be applied even when

10




the indirect inference is performed with H > 1, and still it may produce some variance
reduction with respect to the last term on the right hand side of equation (2.19).

In general, it is not straightforward to predict the efficiency gain produced by the control
variates. Intuitively, if the econometric model (2.1) and the auziliary model (2.2) are quite
close to each other, the component in braces on the right hand side of equation (2.24)
should give very little contribution to the variance of the estimator. In the extreme case
of the two models being coincident, such a component disappears and the variance of the
estimator would be exactly the same as the variance of the direct estimator. Of course,
this is an extreme case where indirect inference would be completely useless.

2.2.1 Remark

Estimating a model with a sample of length H7T could be faster than estimating H
times the same model with samples of length 7. This may happen when the estimation
of the auxiliary model requires some iterative optimization procedure, since the num-
ber of estimation-iterations usually decreases with the sample length. Conversely, when
the auxiliary model estimator has a closed form expression (e.g. OLS), the number of
floating-point operations to be performed is nearly proportional to the length of the se-
ries. Moreover, on average, the number of calibration-iterations does not decrease with
the length of the simulated series. Thus, we do not expect a noticeable difference in the
computational speed of the two methods. For instance, in section 3 of this paper the
auxiliary models are estimated by OLs, X'X being a 2 x 2 matrix. If 7" is not very small,
the number of floating-point operations required to compute (X’X )~ X’y with series of
length HT is nearly proportional to H, the time to invert the 2 x 2 matrix being negligible.
An accurate set of experiments confirmed that the computing time is roughly the same

in the two cases.

3 Examples of control variates and Monte Carlo re-

sults

We apply the control variate procedure to two well known continuous time models based
on stochastic differential equations, namely the Cox, Ingersoll and Ross (1985) model and
the Vasicek (1977) model.

The main problems with the analysis of diffusion processes are that the Markov process
solution of the equation is known exactly only for some particular cases, and that vari-
ables are actually observed at discrete time intervals. If estimation is conducted through
a discrete time model, these approximations induce a (discretization) bias (or inconsis-
tency) in the resulting estimators. Indirect inference adjusts for the discretization bias
(inconsistency).

Indirect estimation of diffusion processes is widely exemplified in the recent economet-
ric literature (e.g. Bianchi and Cleur, 1996, Broze, Scaillet and Zakoian 1994, 1995,
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Pastorello, Renault and Touzi 1994). So our discussion will be focussed on the implemen-

tation of the control variates.

3.1 Square-root process

The square-root process has been used by Cox, Ingersoll and Ross (1985) for modelling
the behaviour of the short term interest rate, and it is defined as

dy: = k(a — yi)dt + o\/y; dW, (3.25)

where y, is the spot interest rate and W, is a Wiener process.

Our simulation is performed by resorting to a discretization based on the simple Euler
scheme. Other types of approximations could be adopted, for instance those proposed by
Mihlstein and by Talay (see, for example, Kloeden and Platen, 1992), or the explicit order
2 weak scheme of Gallant and Tauchen (1995). With the Euler scheme, the discretized

process used for simulation is

Yt — Yi—s = kad — kyy_s0 + \/yr—s V0? € (3.26)

Taking (3.25) as a valid characterization of the process generating interest rates, regularity
conditions ensure that the discretized model, with a conveniently small discretization step
4, exhibits negligible differences from the corresponding continuous time model. For our
purposes, a value 6 < 0.1 proved to be sufficiently accurate (we have used é = 0.05; see
on this problem also the empirical applications in Bianchi, Cesari and Panattoni, 1995,
Broze, Scaillet and Zakoian, 1995, and Bianchi and Cleur, 1996).

A time unit corresponds to the frequency of the actually observed data. Thus if data are
daily, ¢ and ¢ — 1 refer to consecutive days, and § = 0.05 (or §~! = 20) means that 20
data are generated to produce one daily observation.

The auxiliary model we use is

Yt — Y1 = ml — my;1 + Y1/ ? M (3.27)

The vector of parameters of interest is § = (a, k,0?). The corresponding parameters of
the auxiliary model are 8 = (I, m,9?)".

A naive estimator 3 = (i,rh,v,/;z)’ of the auxiliary model (3.27) is easily obtained by
weighted least squares, that is least squares after data have been divided by /7.

To produce the simple indirect estimator 0 = (&,fc,ﬁ)’ we generate a pseudo-random
vector of independent standard normal errors € of length 7" x 7.

To obtain the control variates, we simulate the auxiliary model (3.27), using B and a vector

of pseudo-random errors 77 = n(é€) of length 7', whose ¢th element is 7, = \N/g(ét—w& +

A~

1496+ -+ €5+ €). Weighted least squares estimation yields 8= ({,m, 1,/;2)’. Finally
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the control variate estimator from equation (2.22) is given by

. i i
ko |=| & |+RY| m—-m (3.28)
52 52 b2 — ?

The results of a Monte Carlo exercise, presented in Table 1, are related to a sample period
of length 7" = 1000. For the simulated series we use H = 1 and H = 10. Also control
variates have been applied with H = 1 and H = 10. Sample means and variances of
estimated parameters have been computed from 10000 Monte Carlo replications; about
0.1% replications have been discarded due to convergence problems in the calibrations.
The last row of the table displays the computing times (in seconds of CPU on a Pentium-
Pro 200).

For the variance parameter o2 (¥? in the auxiliary model), results are also displayed in

graphical form in Figure 1.

TABLE 1: Square root process

Monte-Carlo means and (variances) of estimated parameters

Econometric Model Auxiliary Model
H=1 H=10
Ind.Inf. Cntr.Var. Ind.Inf. Cntr.Var. Least Squares
a 0.1000 0.1000 0.1000 0.1000 l 0.1000
(8.0x107%) (4.2x107%)  (4.5x10%) (4.1x10-°) (4.1x10°)
k 0.5030 0.5039 0.5053 0.5049 m 0.4001
(3.7x1073) (2.1x1073)  (2.0x1073) (1.9x1073) (6.9%1074)
a? 0.0101 0.0100 0.0100 0.0100 p? 0.0066
(6.6x10"7) (3.7x1077)  (3.6x1077) (3.3x1077) (9.9x107%)
CPU 4989 s 5250 s 49750 s 52515 s
T=1000 Replications=10000

The least squares estimator of the auxiliary model shows a quite evident bias for the second
and third parameters (mean reversion and variance). Indirect inference (with or without
control variates) adjusts for the bias (inconsistency): the mean estimated parameter is
very close to the true value.

Control variates produce a remarkable reduction in the variance of the parameter esti-
mates, with respect to simple indirect inference. Let us first look at the estimates with
H = 1. The variance of the long run mean parameter (4.2 X 107°) is nearly the same
as for the least squares estimator, while for the simple indirect estimator it is almost the
double (8.0 x 107°). This, however, is of no interest given that the direct estimator is
practically unbiased (consistent) for this parameter.

Of great interest is the benefit produced by the use of control variates for the mean
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reversion parameter (k) and for the variance parameter (o). The Monte Carlo variance
of the simple indirect estimate of k is 3.7 x 1072, and reduces to 2.1 x 1072 if control
variates are used. Thus, there is a reduction of about 43% in the global variance of the
estimator at almost the same computational cost (only 5% more, on average). About the
same gain is achieved for the 0% parameter, whose variance decreases from 6.6 x 107 to
3.7 x 1077,

To get an efficiency gain of this magnitude, the simple indirect estimator requires H = 10,
as it is evident from the table. From our experiments the computing time for doing it was
about 10 times larger than for H = 1 (more than 9 times larger than the control variates).
Interestingly, if we decide that we can afford the computational cost of H = 10, the further
application of control variates is quite worthwhile. At a small additional cost, it reduces
the variance to approximately a half of the simple indirect estimator with H = 1: and

obviously no further improvement could be possible.

3.2 Ornstein-Uhlenbeck process
A simpler model for the behaviour of short-term interest rates was proposed by Vasicek
(1977), who employed the Ornstein-Uhlenbeck process

dy: = k(a — y)dt + o IV, (3.29)

For this process a simple exact discretization is available (e.g. Gouriéroux, Monfort and

Renault, 1993, p.S102)

B o s 1—__ e—?k 1/2
pi=a(l—-eN+ey1+0 57 et (3.30)

The auxiliary model we use is

Ye — Y1 = ml —my;_1 + \/’QZQ ¢ (3.31)

The parameters are the same as in the previous section, both for the econometric model
and for the auxiliary model; and here also we obtain the estimator 3= (Z, m, 1/32)’ of the
auxiliary model (3.31) by ordinary least squares.

The only remarkable difference from the example of the previous section is in the simula-
tion of the auxiliary model (3.31) to produce the control variates. Here in fact we do not
need to transform the vector €, and we directly use 77 = €, which is of length 7.

Table 2 reports the results of the Monte Carlo experiment. For the variance parameter,
results are also displayed in graphical form in Figure 2. Sample means and variances
of estimated parameters have been computed from 10000 Monte Carlo replications; no
convergence problems occurred in the calibrations.

The benefit from the application of control variates is even more impressive than for
previous model. With H = 1, an additional computational cost of about 5% reduces

14



TABLE 2: Ornstein-Uhlenbeck process
dy; = 0.5(0.1 -y, )dt+ 0.1 dWV,

Monte-Carlo means and (variances) of estimated parameters

Econometric Model Auxiliary Model
H=1 H=10 H=50
Ind.Inf. Cntr.Var.  Ind.Inf. Cntr.Var. Ind.Inf Least Squares
a 0.1000 0.1000 0.1000 0.1000 0.1000 { 0.1000
(8.2x1075) (4.1x107%)  (4.4x1075) (4.0x1075) (4.1x107%) (4.0x10-%)
k 0.5029 0.5044 0.5057 0.5056 0.5053 m 0.3962
(3.6x1073) (1.8x1073) (1.9x1073) (1.7x1073) (1.8x10~3) (6.4x10~4)
a? 0.0100 0.0100 0.0100 0.0100 0.0100 h? 0.0063
(6.5x1077) (3.2x1077)  (3.5x1077) (3.2x1077)  (3.3x1077) (8.0x107%)
CPU 539 s 566 s 5371 s 5648 s 26235 s
T=1000 Replications=10000

the variance by nearly 50%, which is the largest possible reduction. Simple indirect
estimation does not reach the same efficiency either with H = 10, or with H = 50, and

the computational cost is enormously higher.

4 Conclusion

We have shown in this paper that control variates can help in improving the efficiency of
indirect estimators in the just-identified case. The paper has shown in some detail how
the control variates can act on that part of the variance that depends on the simulation.
At about the same computational cost (that is, computing time), an indirect estimator
with control variates can be as efficient as a simple indirect estimator based on much
longer simulated series, which involves a much higher cost.

Control variates have been applied to a couple of well known models of the short term
interest rate in continuous time, and proved to be quite effective in a large set of Monte

Carlo experiments.
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Figure 1: Square root process. Monte Carlo distribution of variance parameter
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Figure 2: Ornstein-Uhlenbeck process. Monte Carlo distribution of variance parameter
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