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LYLH zrunlqj0sdshuv r�hu lq dgydqfh wkh uhvxowv ri hfrqrplf uhvhdufk xqghu
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D E V W U D F W

Zh vwxg| d pdunhw iru d krprjhqhrxv jrrg lq zklfk �upv dgmxvw wkhlu
surgxfwlrq ghflvlrqv rq wkh edvlv ri lplwdwlrq/ ohduqlqj iurp rzq h{shulhqfh/
dqg orfdo h{shulphqwdwlrq1 Iru dq| �{hg vhw ri �upv +pruh wkdq rqh,/ orqj
uxq ehkdylru vhwwohv rq d v|pphwulf pdujlqdo0frvw sulflqj htxloleulxp1 Zkhq
pdunhw hqwu| dqg h{lw duh doorzhg/ zh �qg d vkdus h�hfw ri whfkqrorj| rq orqj0
uxq pdunhw vwuxfwxuh1 Vshfl�fdoo|/ zh vkrz wkdw/ xqghu ghfuhdvlqj uhwxuqv dqg
vrph �{hg frvw/ wkh pdunhw jurzv wr �ixoo fdsdflw|� dw Zdoudvldq htxloleulxp> rq
wkh rwkhu kdqg/ li uhwxuqv duh lqfuhdvlqj/ wkh xqltxh orqj uxq rxwfrph lqyroyhv
d sur�w0pd{lpl}lqj prqrsrolvw1

NH\ZRUGV= Lplwdwlrq> Hyroxwlrq> Pxwdwlrq1
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4 Lqwurgxfwlrq

Wkh wudglwlrqdo Wkhru| ri Lqgxvwuldo Rujdql}dwlrq kdv dgrswhg wkh ixoo udwlr0
qdolw| ri �upv dv rqh ri lwv edvlf suhplvhv1 Wklv kdv ehhq zlgho| fulwlfl}hg
ehfdxvh lw lqyroyhv dq h{fhvvlyh ghjuhh ri udwlrqdolw|/ h{whqvlyh nqrzohgjh/ dqg
kljk frpsxwdwlrq fdsdelolwlhv1 Lq frqwudvw/ hyroxwlrqdu| prghov ylhz �upv dv
djhqwv zkrvh udwlrqdolw| lv erxqghg/ gxh wr vrph olplwhg uhdvrqlqj fdsdflw| ru
lpshuihfw nqrzohgjh ri wkh hqylurqphqw1

Dofkldq ^4` zdv wkh �uvw wr srlqw rxw wkdw lplwdwlrq ri vxffhvv vkrxog eh
uhjdughg dv d pdmru ghwhuplqdqw ri ehkdylru lq hfrqrplf hqylurqphqwv1 Iru/
dprqj rwkhu uhdvrqv/ lw uhtxluhv plqlpdo nqrzohgjh rq pdunhw frqglwlrqv dqg
lpsrvhv yhu| olwwoh frpsxwdwlrqdo exughq rq �upv1 Dv d phdvxuh ri vxffhvv/ kh
dovr dujxhg/ sur�wv vkrxog eh wkh nh| yduldeoh xvhg e| �upv zlwklq d pdunhw
hqylurqphqw1

D prgho zlwk wkhvh fkdudfwhulvwlfv kdv ehhq uhfhqwo| sursrvhg e| rqh ri xv
+Yhjd0Uhgrqgr ^45`,/ wkhuhdiwhu odehoohg YU14 Wklv sdshu frqvlghuv d pdunhw iru
d krprjhqhrxv jrrg zlwk q �upv kdylqj dffhvv wr wkh vdph whfkqrorj|1 Hyhu|
shulrg/ �upv pd| lplwdwh wkrvh rxwsxwv zklfk ohg wr wkh kljkhvw sur�wv lq wkh
suhfhglqj shulrg1 Ixuwkhupruh/ wkh| rffdvlrqdoo| h{shulphqw +ru �pxwdwh�,
zlwk vrph lqghshqghqw dqg vpdoo suredelolw|1 Xqghu wkh dvvxpswlrq wkdw d
v|pphwulf Zdoudvldq htxloleulxp h{lvwv lq wklv pdunhw/ YU vkrzv wkdw vxfk dq
htxloleulxp lv wkh xqltxh vwrfkdvwlfdoo| vwdeoh vwdwh ri wkh surfhvv +l1h1 wkh rqo|
rqh ylvlwhg d vljql�fdqw iudfwlrq ri wlph lq wkh orqj uxq,1 Wkxv/ hyhq lq d pdunhw
zlwk d srwhqwldoo| vpdoo qxpehu ri �upv/ wkh vlpsoh dqg lqwxlwlyh ehkdylrudo uxoh
�lplwdwlrq ri vxffhvv� lv vhhq wr ohdg +zkhq voljkwo| shuwxuehg, wr d frpshwlwlyh
rxwfrph1 Wklv vwdqgv lq vkdus frqwudvw zlwk wkh frqfoxvlrqv rewdlqhg zlwklq
wkh vwdqgdug Frxuqrw prgho xqghu wkh dvvxpswlrq ri ixoo udwlrqdolw| rq wkh sduw
ri �upv15

Wkh suhvhqw sdshu h{whqgv wkh dqdo|vlv fduulhg e| YU lq wzr lpsruwdqw
uhvshfwv1 Iluvw/ zh h{soruh wkh lpsolfdwlrqv ri wkh hyroxwlrqdu| dssurdfk gh0
vfulehg6 wr frqwh{wv zkhuh d Zdoudvldq htxloleulxp grhv qrw h{lvw> vshfl�fdoo|/
zh fkdudfwhul}h wkh orqj0uxq ehkdylru dulvlqj lq wkrvh vlwxdwlrqv zkhuh �upv
hqmr| lqfuhdvlqj uhwxuqv wkurxjkrxw1 Vhfrqg/ zh lqwurgxfh wkh srvvlelolw| ri
srsxodwlrq wxuqryhu +l1h1 pdunhw hqwu| dqg h{lw, dqg h{soruh wkh lpsolfdwlrqv
ri wkh xqghuo|lqj whfkqrorjlfdo frqglwlrqv rq wkh orqj0uxq pdunhw vwuxfwxuh1

Rxu uhvxowv fdq eh eulh | vxppdul}hg dv iroorzv1 Iluvw/ zh �qg wkdw/ dv orqj
dv wkhuh lv pruh wkdq rqh �up lq wkh lqgxvwu|/ wkh frpelqdwlrq ri lplwdwlrq dqg

4Wklv zrun eruurzv iurp uhfhqw hyroxwlrqdu| olwhudwxuh +vhh Ndqgrul/ Pdlodwk dqg Ure ^8`
ru \rxqj ^46`, vrph ri lwv hvvhqwldo ihdwxuhv/ erwk frqfhswxdo dqg whfkqlfdo1

5Vlplodu frqvlghudwlrqv duh glvfxvvhg lq Ukrgh dqg Vwhjhpdq ^<` ru Vfkd�hu ^44` zlwklq d
uhvwulfwhg vfhqdulr zlwk wzr �upv dqg vshfl�f frqglwlrqv rq frvwv dqg ghpdqg1 Dv h{sodlqhg
lq YU/ wkh hvvhqwldo phfkdqlvp khuh lqyroyhv fhuwdlq frqvlghudwlrqv ri �vslwh� dulvlqj lq �qlwh
srsxodwlrq hyroxwlrqdu| prghov1

6Wkhuh duh/ krzhyhu/ wzr yduldwlrqv rq wkh uhfhlyhg hyroxwlrqdu| dssurdfk +lq sduwlfxodu/
wkdw ri YU, zklfk duh ri vrph lqghshqghqw lqwhuhvw1 Iluvw/ zh doorz iru duelwudulo| orqj phpru|
rq wkh sduw ri �upv lq dgmxvwlqj wkhlu rxwsxw1 Vhfrqg/ zh uhvwulfw h{shulphqwdwlrq wr eh orfdo/
l1h1 wr lqyroyh rqo| �voljkw� ghyldwlrqv iurp wkh ruljlqdo rxwsxw1
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h{shulphqwdwlrq ohdgv �upv wr d v|pphwulf vwdwh zkhuh hyhu|rqh surgxfhv dw
d pdujlqdo frvw zklfk htxdov wkh pdunhw0fohdulqj sulfh1 Wklv/ ri frxuvh/ uhsur0
gxfhv wkh uhvxow ri YU zkhq d v|pphwulf Zdoudvldq htxloleulxp h{lvwv/ vlqfh wkh
htxdolw| ri sulfh dqg pdujlqdo frvw lv yhul�hg dw vxfk dq htxloleulxp1 Krzhyhu/
zkhq lqfuhdvlqj uhwxuqv suhydlo wkurxjkrxw +l1h1 pdujlqdo frvw lv prqrwrqlfdoo|
ghfuhdvlqj,/ wklv uhsuhvhqwv d vxevwdqwldo h{whqvlrq zlwk qhz/ udwkhu vxusulvlqj/
lpsolfdwlrqv1 Iru h{dpsoh/ lw lpsolhv wkdw lqfxpehqw �upv zloo eh irufhg lqwr
qhjdwlyh sur�wv +l1h1 orvvhv, zkhq lqfuhdvlqj uhwxuqv suhydlo17

Wkh vhfrqg frqwulexwlrq ri wkh suhvhqw sdshu lv wr fkdudfwhul}h wkh orqj0uxq
pdunhw vwuxfwxuh/ dv d ixqfwlrq ri wkh xqghuo|lqj whfkqrorjlfdo frqglwlrqv1 Zh
h{soruh wzr jhqhudo vfhqdulrv=

+l, ghfuhdvlqj uhwxuqv/ l1h1 lqfuhdvlqj pdujlqdo frvwv dqg d fhuwdlq �{hg frvw>
+ll, lqfuhdvlqj uhwxuqv/ l1h1 ghfuhdvlqj pdujlqdo frvwv1
Zh �qg d vkdus +�nqlih0hgjh�, h�hfw ri whfkqrorj| rq pdunhw vwuxfwxuh1 Lq

vfhqdulr +l,/ wkh surfhvv xqltxho| vhwwohv rq wkh v|pphwulf Zdoudvldq htxlole0
ulxp zlwk yhu| orz ru }hur sur�wv +l1h1 wkh Zdoudvldq rxwfrph dw ixoo pdunhw
fdsdflw|,1 Lq frqwudvw/ vfhqdulr +ll, lv vhhq wr lqgxfh d xqltxh orqj0uxq rxwfrph
zlwk d vlqjoh prqrsrolvw lq wkh pdunhw surgxflqj wkh rxwsxw wkdw pd{lpl}hv
sur�w1

Wkhvh frqfoxvlrqv frqwudvw zlwk vrph ri wkh �iron� lghdv ghulyhg iurp wkh
uhfhlyhg Wkhru| ri Lqgxvwuldo Rujdql}dwlrq1 Wkhuh/ rqh w|slfdoo| �qgv d judgxdo
uhodwlrqvkls ehwzhhq wkh ghjuhh ri ghfuhdvlqj uhwxuqv suhydlolqj lq wkh lqgxvwu|
dqg wkh frpshwlwlyhqhvv ri wkh lqgxfhg rxwfrph +l1h1 lwv sur{lplw| wr d Zdo0
udvldq htxloleulxp,1 Frqvlghu iru h{dpsoh/ wkh zhoo0nqrzq zrun ri Qryvkhn ^:`1
Kh vkrzv wkdw dv wkh h!flhqw vfdoh ri surgxfwlrq idoov uhodwlyh wr wkh vl}h ri wkh
pdunhw +h1j1 pdujlqdo frvwv ehfrph vwhhshu,/ wkh qxpehu ri dfwlyh �upv jurz
dqg wkh rxwfrph dssurdfkhv d Zdoudvldq htxloleulxp1 Frqyhuvho|/ zkhq wkh
h!flhqw vfdoh ulvhv/ ihzhu �upv vwd| dfwlyh lq wkh pdunhw dqg/ wkhuhiruh/ wkh ohvv
frpshwlwlyh judgxdoo| ehfrphv wkh fruuhvsrqglqj Frxuqrw rxwfrph18

Lq d vhqvh/ rxu dqdo|vlv uh hfwv d ylhz rq pdunhw ehkdylru zklfk lv uhplqlv0
fhqw ri wkdw hvsrxvhg e| wkh suh0vwudwhjlf Wkhru| ri Lqgxvwuldo Rujdql}dwlrq1 Li
surgxfwlrq uhwxuqv duh ghfuhdvlqj +dqg/ wkhuhiruh/ sulfh0wdnlqj ehkdylru lv zhoo
gh�qhg,/ d Zdoudvldq rxwfrph lv rewdlqhg1 Lq wkh rssrvlwh fdvh zkhuh uhwxuqv
duh lqfuhdvlqj +qr pdwwhu krz plogo| vr,/ d �qdwxudo� dqg ixoo| h{sorlwdwlyh
prqrsro| uhvxowv zklfk lv lppxqh wr hqwu|/ dfwxdo ru srwhqwldo19

Wkh uhvw ri wkh sdshu lv rujdql}hg dv iroorzv= Vhfwlrq 5 suhvhqwv wkh prgho1

7Wkh Pdujlqdo Frvw Sulflqj Htxloleulxp kdv ehhq sursrvhg lq Jhqhudo Htxloleulxp Wkhru|
dv d qrupdwlyh uxoh wr xvh e| �upv xqghu qrq0frqyh{lwlhv lq surgxfwlrq1 Lwv hvvhqwldo lqwhuhvw
uholhv rq wkh idfw wkdw rqh fdq vkrz wr eh d qhfhvvdu| +dowkrxjk qrw vx!flhqw, frqglwlrq iru
h!flhqf| 0vhh h1j1 Txlq}ll ^;`1 Khuh/ krzhyhu/ pdujlqdo frvw sulflqj lv rewdlqhg dv d srvlwlyh

vroxwlrq/ vr wkdw rxu frqfoxvlrqv pd| eh lqwhusuhwhg dv surylglqj vrph irxqgdwlrqv iru lw1
8Qryvkhn*v iudphzrun frqwhpsodwhv X0vkdshg dyhudjh frvwv dqg lv wkhuhiruh lqfrpsdwleoh

zlwk lqfuhdvlqj pdujlqdo frvwv wkurxjkrxw/ dv frqvlghuhg lq Vxevhfwlrq 714 ehorz1 Krzhyhu/
wklv srvvlelolw| frxog eh uhdglo| lqwurgxfhg lq klv vhwxs/ ohdglqj wr frqvlghudwlrqv dqdorjrxv
wr wkrvh ghvfulehg deryh1

9Wklv frqwudvwv/ iru h{dpsoh/ zlwk wkh prghuq Wkhru| ri Frqwhvwdeoh Pdunhwv +vhh/ h1j1
Edxpro/ Sdq}du ) Zloolj ^5`,1
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Vhfwlrq 6 fduulhv rxw wkh dqdo|vlv zlwk d �{hg qxpehu ri �upv1 Vhfwlrq 7 dxj0
phqwv wkh prgho wr dffrpprgdwh hqwu| dqg h{lw dqg xqghuwdnhv wkh fruuh0
vsrqglqj dqdo|vlv1 Vhfwlrq 8 lqfoxghv d jhqhudo ryhuylhz dqg glvfxvvlrq ri wkh
gl�huhqw uhvxowv/ vxjjhvwlqj dv zhoo vrph srvvleoh h{whqvlrqv1 D vxppdu| ri
judsk0wkhruhwlf whfkqltxhv xvhg lq wkh dqdo|vlv duh vxppdul}hg lq Dsshqgl{ 41
Ilqdoo|/ wkh irupdo surriv ri wkh uhvxowv duh lqfoxghg lq Dsshqgl{ 5

5 Wkh Edvlf Prgho

514 D Pdunhw iru d Krprjhqhrxv Jrrg

Frqvlghu wkh pdunhw iru d krprjhqhrxv surgxfw zlwk q � 5 �upv/ m 5 Q @
i4> ===> qj1 Wkh ghpdqg vlgh ri wkh pdunhw zloo eh prghoohg e| dq lqyhuvh ghpdqg
ixqfwlrq

S = U. $ U.

zklfk lv dvvxphg gl�huhqwldeoh zlwk S 3+�, ? 3 dqg S +{, $ 3 dv { $ 41 Doo
�upv xvh wkh vdph whfkqrorj| wr surgxfh wkh jrrg/ dv jlyhq e| wkh frvw ixqfwlrq

F = U. $ U.

zklfk lv wdnhq wr eh wzlfh gl�huhqwldeoh dqg qrq0ghfuhdvlqj1 Frvwv dqg ghpdqg
duh dvvxphg wr yhuli| wkh iroorzlqj dvvxpswlrq1

D14 5S 3+q{, ? F33+{, ; {1

Wklv dvvxpswlrq: uhtxluhv wkdw pdujlqdo frvwv gr qrw ghfuhdvh wrr udslgo|
uhodwlyh wr wkh ghpdqg ixqfwlrq1 Lw doorzv iru lqfuhdvlqj uhwxuqv wr vfdoh +l1h1
ghfuhdvlqj pdujlqdo frvw, surylghg wkh| duh qrw wrr dfxwh dqg/ pruhryhu/ lw lv
reylrxvo| vdwlv�hg xqghu ghfuhdvlqj uhwxuqv wr vfdoh +l1h1/ li F33+{, � 3 iru doo
{,1 Vwdqgdug Frxuqrw roljrsro| prghov +vhh iru h{dpsoh ^7`, w|slfdoo| uhtxluh
iru htxloleulxp h{lvwhqfh wkdw S 3 +

Sq
n@4 {n, � F33 +{l, ? 3 ; {4> ===> {q/ zklfk

wulyldoo| lpsolhv Dvvxpswlrq 41

515 Ilupv* G|qdplf Ehkdylru

Zh srvwxodwh dq hyroxwlrqdu| g|qdplfv lq glvfuhwh wlph w @ 3> 4>5> === zkhuh/
hdfk shulrg/ �upv surgxfh vrph rxwsxw ohyho dffruglqj wr wkh jlyhq whfkqrorj|1
Iru wkh vdnh ri vlpsolflw|/ zh zloo dvvxph wkdw wkh rxwsxw ohyhov duh fkrvhq iurp
d �qlwh julg �+�, @ i3> �>5�> ===> y�j iru vrph jlyhq � A 3/ duelwudulo| vpdoo/ dqg
vrph y 5 Q/ duelwudulo| odujh1 Wklv lv d whfkqlfdo dvvxpswlrq prwlydwhg e| rxu
ghvluh wr uhpdlq zlwklq d vlpsoh iudphzrun zlwk d �qlwh qxpehu ri srvvleoh
vwdwhv1 Rqh fdq wklqn ri � dv vrph lqglylvlelolw| ohyho ru plqlpxp surgxfwlrq

:Qrwh wkdw lw ghshqgv rq wkh qxpehu ri �upv1
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vfdoh/ dqg N � y� dv wkh pd{lpxp uhohydqw rxwsxw zklfk �upv pd| hyhu
frqvlghu1;

Qh{w/ zh lqwurgxfh �upv* dgmxvwphqw surfhvv/ zklfk uh hfwv erwk frqvlghu0
dwlrqv ri lplwdwlrq dqg rffdvlrqdo h{shulphqwdwlrq1 Hdfk ri wkhp lv suhvhqwhg
lq wxuq1

Lplwdwlrq G|qdplfv

Ohw {m+w, eh wkh rxwsxw ohyho fkrvhq e| �up m dw wlph w1 Lwv sur�wv dw w duh
jlyhq e|

�m+w, @ S

#
q[

n@4

{n+w,

$
{m+w,�F+{m+w,,=

Lw zloo eh srvwxodwhg wkdw zkhq dq| �up lv lq wkh srvlwlrq wr uhylvh lwv rxwsxw/ lw
vlpso| plplfv rqh ri wkrvh rxwsxwv zklfk/ jlyhq wkh lqirupdwlrq lw kdv dydlodeoh/
kdyh surgxfhg wkh kljkhvw sur�w1 Pruh suhflvho|/ wklv lplwdwlrq g|qdplfv fdq
eh ghfrpsrvhg dv iroorzv=

� Lqirupdwlrq= Dw wkh hqg ri hdfk w/ hyhu| �up lv dvvxphg wr kdyh lqirupd0
wlrq rq wkh uhvxowv +rxwsxwv dqg sur�wv, ri wkh odvw n shulrgv +lqfoxglqj
wkh rqh mxvw frpsohwhg,1 Krzhyhu/ zh doorz iru wkh srvvlelolw| wkdw wkhuh
pljkw h{lvw lqirupdwlrqdo dv|pphwulhv/ wkh prvw uhfhqw rxwsxwv dqg suri0
lwv dvvrfldwhg wr dq| jlyhq �up ehlqj revhuyhg e| wkh rwkhu �upv rqo|
zlwk d ghod| ri v shulrgv/ 3 � v ? n1 Li v @ 3> wkhuh lv frpsohwh lqiru0
pdwlrq/ exw li v A 3 wkhq wkh prvw uhfhqw uhvxowv ri d �up duh lwv sulydwh
lqirupdwlrq1

Xqghu wklv irupxodwlrq/ wkh sur�wv nqrzq e| �up m dw wkh hqg ri shulrg
w duh wkrvh lq wkh vhw

Lm+w, @ T+w, ^Um+w,

zkhuh
T+w, @ i�l+w� u, @ u @ v> ===> n � 4> l @ 4> ===> qj +4,

duh wkh sur�wv sxeolfo| nqrzq dw wkh hqg ri w/ dqg

Um+w, @ i�m+w� u, @ u @ 3> ===> v� 4j +5,

duh wkh +rzq, sur�wv wkdw uhpdlq sulydwh lqirupdwlrq iru �up m1

� Uhylvlrq rssruwxqlwlhv= Dw wkh hqg ri hyhu| shulrg w/ vrph qrq0hpsw|
vxevhw ri �upv lv jlyhq wkh rswlrq wr uhylvh wkhlu uhvshfwlyh rxwsxwv iru
wkh qh{w shulrg +w. 4,1 Iru vlpsolflw|/ hyhu| vxfk vxevhw lv vhohfwhg zlwk
srvlwlyh suredelolw|1<

;Qr vshfl�f surshuwlhv kdyh ehhq srvwxodwhg rq wkh lqyhuvh ghpdqg ixqfwlrq wkdw zrxog
erxqg wkh vl}h ri wkh pdunhw1 Krzhyhu/ wklv frxog eh grqh qdwxudoo| e| dvvxplqj wkdw wkh
pdunhw0fohdulqj sulfh ehfrphv qhjoljleoh eh|rqg vrph erxqghg lqwhuydo dqg wkdw qr �up zloo
hyhu frqvlghu surgxflqj d odujhu rxwsxw1

<Zh gr qrw doorz wkh hpsw| vxevhw wr eh vhohfwhg lq rughu wr kdyh dozd|v �phdqlqjixo�
wlph shulrgv= d shulrg vxfk wkdw qr �up lv hyhq jlyhq wkh rssruwxqlw| wr fkdqjh lwv rxwsxw
zloo mxvw eh ljqruhg1
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� Dgmxvwphqw= Li d �up lv deoh wr uhylvh lwv rxwsxw/ lw zloo vlpso| plplf rqh
ri wkh rxwsxwv |lhoglqj kljkhvw sur�wv dprqj wkrvh lw nqrzv/ l1h1 rqh ri
wkh rxwsxwv lq wkh vhw

Em+w, @ i{o+w� u, @�o+w� u, 5Pd{ Lm+w,j =

Li wklv vhw lv qrw d vlqjohwrq/ hdfk ri lwv hohphqwv duh dvvxphg fkrvhq
dffruglqj wr d �up0lqghshqghqw suredelolw| glvwulexwlrq zlwk ixoo vxssruw1

H{shulphqwdwlrq

Hdfk �up lv dvvxphg wr rffdvlrqdoo| h{shulphqw +wuhpeoh/ pxwdwh,1 Vshfli0
lfdoo|/ rqfh wkh lplwdwlrq0edvhg dgmxvwphqw kdv ehhq frpsohwhg/ hyhu| �up lv
vxssrvhg vxemhfw wr dq lqghshqghqw suredelolw| % A 3 ri fkdqjlqj lwv rxwsxw
�voljkwo|�/ l1h1 lw lqfuhdvhv ru ghfuhdvhv rxwsxw e| dq dprxqw �/ erwk dowhuqdwlyhv
kdylqj srvlwlyh suredelolw| lq wkh lqwhulru ri �+�,143

6 Dqdo|vlv

Zh zloo ghqrwh
 @ �+�,q� n=== �� +�,q >

wkh vwdwh vsdfh ri wkh g|qdplfv1
Dw hdfk w/ wkh vwdwh ri wkh v|vwhp zloo eh jlyhq e|44

$+w, @ +$4+w,> ===> $n+w,, @ ^+{4+w� n .4,> ===> {q+w� n .4,, > ===> +{4+w,> ===> {q+w,,`

Vwdwhv zkhuh hdfk �up fkrrvhv wkh vdph rxwsxw ohyho gxulqj wkh n uhsuhvhqwhg
shulrgv/ l1h1 $4+w, @ === @ $n+w,/ zloo eh fdoohg uhshdwhg1 Vwdwhv zkhuh doo �upv
fkrrvh wkh vdph rxwsxw ohyho gxulqj wkh n uhsuhvhqwhg shulrgv zloo eh fdoohg
prqrprusklf1 Wkh prqrprusklf vwdwh dvvrfldwhg wr wkh rxwsxw | lv ghqrwhg
e| '+|, @

�
+|> ===> |, > n===> +|> ===> |,

�
=

Wkh g|qdplfv ghvfulehg gh�qhv d Pdunry Surfhvv zlwk d �qlwh vwdwh vsdfh/
l1h1 d Pdunry fkdlq1 Lw zloo eh vkrzq wkdw/ iru vxlwdeo| vpdoo ydoxhv ri �/ wkh
surfhvv kdv d xqltxh uhfxuuhqw frppxqlfdwlrq fodvv zklfk lv dshulrglf1 Wkhuh0
iruh/ wkhuh h{lvwv d xqltxh lqyduldqw glvwulexwlrq/ dvvrfldwhg wr wklv uhfxuuhqw
fodvv/ zklfk ixoo| vxppdul}hv wkh orqj0uxq ehkdylru ri wkh surfhvv1 Wr uh hfw
lwv ghshqghqfh rq wkh h{shulphqwdwlrq udwh dqg wkh ghqvlw| ri wkh rxwsxw julg/
wklv lqyduldqw glvwulexwlrq lv ghqrwhg e| �%>� 1

43Wklv lv d nh| gl�huhqfh zlwk YU/ zkhuh �upv duh doorzhg wr pxwdwh wr dq| rxwsxw lq wkh
julg1 Khuh/ krzhyhu/ zh zdqw wr wklqn ri pxwdwlrq dv judgxdo h{shulphqwdwlrq1 Wklv lghd
frxog kdyh dovr ehhq irupdol}hg/ iru h{dpsoh/ e| srvwxodwlqj d suredelolw| 0, : f iru fkdqjlqj
rxwsxw e| , D � vwhsv ri vl}h B1 Lq wklv zd|/ wkh surfhvv zrxog kdyh ehhq hujrglf wulyldoo| dqg
rxu uhvxowv zrxog dovr krog1 Wkh fkrvhq dssurdfk kdv wkh dgydqwdjh ri uh hfwlqj dq dqdorjrxv
lghd ri judgxdoqhvv lq d pruh fohdu0fxw zd|1

44Hyhu| vwdwh pxvw lqfoxgh wkh ghvfulswlrq ri wkh fxuuhqw dqg & 3 � suhfhglqj wlph shulrgv
ehfdxvh wkh rxwsxw dgmxvwphqw iru |n � uhtxluhv lqirupdwlrq iurp |3 & n � wr |1

:



Lqwxlwlyho|/ zh zdqw wr wklqn ri wkh h{shulphqwdwlrq suredelolw| % dv vpdoo1
Pruhryhu/ zh zrxog olnh wr pdnh vxuh wkdw wkh whfkqlfdo frqyhqlhqfh d�rughg
e| d �qlwh julg grhv qrw kdyh dq| glvwruwlqj h�hfw rq wkh dqdo|vlv1 Zlwk wkhvh
wzr frqvlghudwlrqv lq plqg/ wkh dqdo|vlv surfhhgv dv iroorzv1

Iluvw/ zh �{ d vpdoo hqrxjk � dqg irfxv rxu dqdo|vlv rq wkh olplw lqyduldqw
glvwulexwlrq ��� � olp%$3 �%>�/ zklfk lv vhhq wr eh zhoo gh�qhg1 Wkrvh vwdwhv lq
wkh vxssruw ri ��� duh fdoohg vwrfkdvwlfdoo| vwdeoh vwdwhv1 Zkhq wkh h{shulphqwd0
wlrq udwh ehfrphv vpdoo/ lw lv rqo| wkhvh vwdwhv zklfk duh revhuyhg d vljql�fdqw
iudfwlrq ri wlph +d1v1, dorqj dq| vdpsoh sdwk ri wkh surfhvv1

Vhfrqgo|/ zh e|0sdvv dq| duwl�fldo frqvlghudwlrqv zklfk frxog eh dvvrfldwhg
wr wkh glvfuhwhqhvv ri wkh julg e| irfxvlqj rq wkh olplw lqyduldqw glvwulexwlrq
�� � olp�$3 �

�

� > l1h1 zh frqvlghu dq duelwudulo| �qh julg1
Dv hvwdeolvkhg e| Wkhruhp 4 ehorz/ wkh zkroh pdvv ri �� lv frqfhqwudwhg rq

wkh prqrprusklf vwdwh zkhuh �upv duh dw d Pdujlqdo Frvw Sulflqj Htxloleulxp1
Qh{w/ zh vwdwh irupdoo| wklv nh| htxloleulxp frqfhsw1

Gh�qlwlrq 4 D +v|pphwulf, Pdujlqdo Frvw Sulflqj Htxloleulxp +PFSH, lv d
sdlu +|�> s�, vxfk wkdw s� @ S +q|�, @ F3+|�,=

Li F33+{, � 3 iru doo { +l1h1 frvwv duh frqyh{,/ wkhq |� 5 dujpd{{ ^s
�{�F+{,`

dqg +|�> s�, fdq eh wkrxjkw ri dv d Zdoudvldq Htxloleulxp1 Rq wkh rwkhu kdqg/
li F33+{, ? 3 iru hyhu| { +l1h1 xqghu lqfuhdvlqj uhwxuqv,/ Zdoudvldq htxloleuld gr
qrw h{lvw/ exw d PFSH vwloo h{lvwv xqghu txlwh jhqhudo frqglwlrqv1 Udwkhu wkdq
pdnlqj wkhp h{solflw/ zh vlpso| dgrsw wkh iroorzlqj dvvxpswlrq=

D15 Wkhuh h{lvwv d PFSH +|�> s�, zlwk |� 5 +3>N, =

Qrwh wkdw/ xqghu D14/ S +q{, � F3+{, lv d vwulfwo| prqrwrqrxv ixqfwlrq1
Wkhuhiruh/ lq ylhz ri D15/ zh pd| frqfoxgh wkdw/ xqghu rxu pdlqwdlqhg dvvxps0
wlrq/ wkh PFSH lv xqltxh1

Rxu �uvw uhvxow uhdgv dv iroorzv1

Wkhruhp 4 Dvvxph D14/ D151 Wkhq/ �� lv zhoo gh�qhg dqg ��+'+|�,, @ 41

Surri1 Vhh Dsshqgl{ 5

Wkhruhp 4 hvwdeolvkhv wkdw/ lq wkh orqj uxq/ wkh pdunhw zloo vshqg �prvw� ri
lwv wlph lq wkh prqrprusklf vlwxdwlrq zkhuh doo �upv surgxfh wkh vdph rxwsxw
ohyho ri wkh krprjhqhrxv jrrg> pruhryhu/ wklv rxwsxw lv wkh rqh iru zklfk wkh
pdunhw0fohdulqj sulfh htxdov pdujlqdo frvw1 Lq sduwlfxodu/ zlwk frqyh{ frvwv/ wklv
h�hfwlyho| uhsurgxfhv wkh uhvxow ri YU vlqfh/ lq d vrphzkdw gl�huhqw frqwh{w/45

lw dovr vhohfwv wkh Zdoudvldq Htxloleulxp1 Qhyhuwkhohvv/ lw lv vwulnlqj wr qrwh
wkdw wklv frqfoxvlrq +l1h1 pdujlqdo0frvw sulflqj, dovr krogv xqghu lqfuhdvlqj
uhwxuqv wr vfdoh/ d vlwxdwlrq zkhuh lw w|slfdoo| surylghv orvvhv1 Lw lv suhflvho|
wklv revhuydwlrq wkdw ohdgv xv wr hqulfk rxu g|qdplfdo surfhvv zlwk hqgrjhqrxv

45Uhfdoo Irrwqrwh 61

;



hqwu| dqg h{lw ri �upv1 Dv irupxodwhg qh{w/ lq wklv dxjphqwhg surfhvv �upv zloo
eh doorzhg wr h{lw iurp wkh pdunhw zkhq orvvhv duh uhdol}hg dqg/ uhflsurfdoo|/
qhz �upv zloo eh doorzhg wr hqwhu zkhq wkh pdunhw vljqdov wr rxwvlghuv wkdw
srvlwlyh sur�wv pd| eh dfklhyhg lq lw1

7 Hqwu| dqg H{lw

Erwk wkh lghdv ri d �up vxvwdlqlqj orvvhv zlwkrxw h{lwlqj wkh pdunhw/ dqg d
+qrq0uhjxodwhg, pdunhw wkdw vkrzv srvlwlyh sur�wv zlwkrxw h{shulhqflqj dq|
hqwu| ri qhz �upv vhhp xqvdwlvidfwru|1 Wr dgguhvv wkhvh frqfhuqv/ zh sursrvh
wkh iroorzlqj hqulfkphqw ri wkh ruljlqdo iudphzrun1

Il{ dq duelwudulo| odujh pd{lpxp qxpehu ri �upv I=46 Wkh qhz vwdwh vsdfh
iru wkh uhirupxodwhg g|qdplfv lv

a @
�
^Iq@4� +�,q ^ i�3j

�
� n=== �

�
^Iq@4� +�,q ^ i�3j

�
zkhuh �3 lv wkh wulyldo frq�jxudwlrq zkhuh wkhuh duh qr �upv lq wkh pdunhw1
Rq wklv vsdfh zh frqvlghu wkh iroorzlqj h{whqvlrq ri wkh iruphuo| srvwxodwhg
g|qdplfv1

Iluvw/ dw hdfk w> wkrvh �upv suhvhqw lq wkh pdunhw xqghuwdnh surfhvvhv ri
lplwdwlrq dqg h{shulphqwdwlrq/ dv ghvfulehg lq Vxevhfwlrq 5151 Wkhq/ wkh vhw ri
�upv sduwlflsdwlqj lq wkh pdunhw lv prgl�hg wkurxjk h{lw dqg hqwu| dv iroorzv1

Rq wkh rqh kdqg/ vrph lqfxpehqw �upv duh dvvxphg wr uhfhlyh wkh rswlrq
ri uhylvlqj wkhlu sduwlflsdwlrq lq wkh pdunhw1 Irupdoo|/ zh srvwxodwh wkdw hyhu|
rqh ri wkhp kdv dq lqghshqghqw suredelolw| � A 3 ri hqmr|lqj vxfk uhylvlrq
rssruwxqlw|1 Lq wkdw hyhqw/ zh vlpso| dvvxph wkdw d �up ghflghv wr h{lw li/ dqg
rqo| li/ lw lv fxuuhqwo| lqfxuulqj orvvhv1

Hqwu|/ rq wkh rwkhu kdqg/ lv dovr irupdol}hg vwrfkdvwlfdoo|1 Vshfl�fdoo|/ zh
vxssrvh wkdw/ dw wkh hqg ri hdfk w/ wkhuh lv vrph pd{lpxp qxpehu ri srwhqwldo
�upv uhdg| wr hqwhu wkh pdunhw147 Li sur�wv duh revhuyhg lq T+w, � uhfdoo +4,/
zlwk wkh reylrxv uh0lqwhusuhwdwlrq � hdfk srwhqwldo hqwudqw lv vxemhfw wr dq
lqghshqghqw suredelolw| � A 3 ri h�hfwlyho| hqwhulqj wkh pdunhw lq w.41 Lq wkdw
hyhqw/ lw lv dvvxphg wr lplwdwh rqh ri wkh rxwsxwv lq wkdw vhw |lhoglqj pd{lpxp
sur�wv dw w +l1h1 glvsod|v d ehkdylru htxlydohqw wr wkdw ri lqfxpehqwv,1 Li wkh
surfhvv lv dw vwdwh ' +�3, � l1h1 T+w, @ > � zh vlpso| dvvxph wkdw vxfk �pdunhw
yrlg� lv �oohg e| qhz �upv/ djdlq hqwhulqj zlwk lqghshqghqw suredelolw| �= Vlqfh
wkh| kdyh qr pdunhw lqirupdwlrq wr uho| xsrq lq vkdslqj wkhlu vwduwlqj ghflvlrq/
lw lv qdwxudo wr dvvxph wkdw wkh| fkrrvh vrph rxwsxw iurp � +�, dffruglqj wr d
jlyhq suredelolw| glvwulexwlrq1

Vlqfh h{lw dqg hqwu| lqwurgxfh wzr dgglwlrqdo vrxufhv ri qrlvh lqwr wkh surfhvv
+uhvshfwlyho| dvvrfldwhg wr wkh suredelolwlhv � dqg � deryh, wkhlu uhodwlyh pdj0
qlwxgh kdv wr eh vshfl�hg1 Lqwxlwlyho|/ lw vhhpv uhdvrqdeoh wr srvwxodwh wkdw h{lw

46Wklv uhvwulfwlrq lv pdgh wr uhpdlq zlwklq d �qlwh0vwdwh irupxodwlrq1 Lw frxog eh hqgr0
jhqhl}hg/ iru h{dpsoh/ e| lqwurgxflqj qdwxudo frqglwlrqv rq ghpdqg +fi1 Irrwqrwh ;,1

47Djdlq/ wklv srwhqwldo qxpehu ri �upv lv erxqghg dssursuldwho| +dv d ixqfwlrq ri wkh
fxuuhqw vwdwh, vr wkdw wkh wrwdo qxpehu ri �upv lq wkh pdunhw pd| qhyhu h{fhhg 8 +uhfdoo
Irrwqrwh 46,1

<



ghflvlrqv wdnhq e| lqfxpehqwv vkrxog qrw eh pruh  h{leoh +l1h1 pruh olnho|,
wkdq wkrvh ri +orfdo, h{shulphqwdwlrq1 Dv % lv pdgh vpdoo/ wklv dprxqwv wr
srvwxodwlqj wkdw � +dv d srvlwlyh ixqfwlrq ri %, vkrxog eh dq lq�qlwhvlpdo ri qr
vpdoohu rughu1 Wkdw lv=

olp
%$3

%

�+%,
A 3= +6,

Rq wkh rwkhu kdqg/ lw lv qdwxudo wr dvvxph wkdw hqwu| srvvlelolwlhv +zklfk frqfhuq
pdunhw rxwvlghuv, duulyh ohvv vzliwo| wkdq h{lw rssruwxqlwlhv iru lqfxpehqwv1
Frqfhlylqj � djdlq dv d ixqfwlrq ri %> wklv lv uh hfwhg e| wkh frqglwlrq=48

olp
%$3

�+%,

�+%,
@ 3= +7,

Ri frxuvh/ +6, dqg +7, lpso| wkdw � lv dq lq�qlwhvlpdo ri odujhu rughu wkdq %=
Zh vkdoo dovr frqwhpsodwh wkh iroorzlqj whfkqlfdo uhtxluhphqw=

< t 5 Q @ olp
%$3

%t

�+%,
@ 3 +8,

zklfk lqglfdwhv wkdw wkh lq�qlwhvlpdo � lv ri dq rughu qr orzhu wkdq %t iru vrph
�qlwh t= Khxulvwlfdoo|/ zkdw wklv phdqv lv wkdw hqwu| ri d qhz �up lv qrw ohvv
olnho| wkdq d fhuwdlq +duelwudulo| odujh, qxpehu ri vlpxowdqhrxv pxwdwlrqv1

Dv iru wkh ruljlqdo frqwh{w/ wkh suhvhqwo| dxjphqwhg surfhvv lv vhhq wr eh
hujrglf iru dq| % A 3 dqg vpdoo hqrxjk � A 3= Vshfl�fdoo|/ lw lqgxfhv d xqltxh
lqyduldqw glvwulexwlrq a�%>� zklfk vxppdul}hv lwv orqj0uxq hyroxwlrq1 Iru frqvlg0
hudwlrqv douhdg| h{sodlqhg/ wkh dqdo|vlv zloo eh frqfhuqhg zlwk olplw lqyduldqw
glvwulexwlrq

��� � olp
�$3

olp
%$3

a�%>�

zklfk fdswxuhv orqj0uxq shuirupdqfh iru dq lq�qlwhvlpdo h{shulphqwdwlrq udwh
dqg dq duelwudulo| �qh julg1

Dv dgydqfhg/ wkh frqfoxvlrqv ri wkh suhvhqw dxjphqwhg prgho duh vkduso|
d�hfwhg e| wkh txdolwdwlyh qdwxuh ri wkh xqghuo|lqj whfkqrorj|/ l1h1 zkhwkhu lw
h{klelwv lqfuhdvlqj ru ghfuhdvlqj uhwxuqv1 Hdfk ri wkhvh wzr dowhuqdwlyh vfhqdulrv
lv dgguhvvhg lq wxuq1

714 Lqfuhdvlqj Uhwxuqv

Iru wkh vdnh ri vlpsolflw|/ zh dvvxph wkdw wkhuh lv d xqltxh rxwsxw zklfk pd{0
lpl}hv prqrsro| sur�wv +l1h1 wkh sur�wv rewdlqhg e| d vlqjoh lqfxpehqw,1

48Wklv uhtxluhphqw lv hvvhqwldoo| d vlpsoli|lqj frqglwlrq/ zklfk frxog eh odujho| glvshqvhg
zlwk lq rxu dqdo|vlv1 Iru h{dpsoh/ rxu dqdo|vlv iru wkh ghfuhdvlqj0uhwxuqv vfhqdulr zrxog
eh frpsohwho| xqd�hfwhg li doo suredelolwhv 0c jc dqg # zhuh lq�qlwhvlpdov ri wkh vdph rughu1
Lqvwhdg/ wklv zrxog d�hfw voljkwo| wkh dqdo|vlv iru wkh dowhuqdwlyh vfhqdulr zlwk lqfuhdvlqj uh0
wxuqv lq wkdw/ hyhq wkrxjk wkh prqrsro| vwdwh zrxog vwloo eh vwrfkdvwlfdoo| vwdeoh/ rwkhu vwdwhv
lqyroylqj d �ihz� �upv zrxog dovr eh vr1 +Iru h{dpsoh/ li wzr �upv erwk surgxflqj dq| rxsxw
ehwzhhq wkh prqrsro| dqg wkh pdujlqdo0frvw sulflqj rxwsxwv lqfxu orvvhv/ doo vwrfkdvwlfdoo|
vwdeoh vwdwhv lqyroyh dw prvw wzr �upv1,

43



W14 Wkh prqrsro| sur�wv ixqfwlrq S +{, �{�F+{, kdv d xqltxh orfdo pd{lpxp
a| rq ^3>N`/ zlwk S +a|, � a| �F+a|, A 3=

Wklv lv phuho| d whfkqlfdo dvvxpswlrq zklfk grhv qrw d�hfw wkh hvvhqfh ri
rxu dqdo|vlv149 Lw lv lpsolhg/ iru h{dpsoh/ e| wkh vwdqgdug frqglwlrq ri vwulfw
frqfdylw| rq wkh sur�w ixqfwlrqv/ riwhq irxqg lq wkh Wkhru| ri Lqgxvwuldo Rujd0
ql}dwlrq1

Ohw a$ � +a|> ===> a|, eh wkh uhshdwhg vwdwh zkhuh d prqrsro| fkrrvhv lwv sur�w0
pd{lpl}lqj rxwsxw1 Xqghu lqfuhdvlqj uhwxuqv/ rxu frqfoxvlrqv duh frqwdlqhg lq
wkh iroorzlqj uhvxow1

Wkhruhp 5 Vxssrvh D14 krogv iru doo q @ 5>6> ===> I= Pruhryhu/ dvvxph D15/
W14/ n � 5>4: dqg F33+{, ? 3 iru doo {= Wkhq/ ��� lv zhoo gh�qhg dqg ���+a$, @ 4=

Surri1 Vhh Dsshqgl{ 51

Wkh lqwxlwlrq xqghuo|lqj Wkhruhp 5 lv txlwh dssduhqw iurp wkh dqdo|vlv do0
uhdg| frqgxfwhg lq Vhfwlrq 6 iru d �{hg srsxodwlrq ri �upv1 Iluvw/ uhfdoo wkdw
zkhq pruh wkdq rqh �up h{lvwv lq wkh pdunhw/ wkh srvwxodwhg ohduqlqj g|qdp0
lfv ohdgv wkhp wr sod|lqj d v|pphwulf PFSH1 Xqghu lqfuhdvlqj uhwxuqv/ wklv
vlwxdwlrq fdq eh mxvw whpsrudu| vlqfh erwk pdnh orvvhv1 Hyhqwxdoo|/ vrph ri wkh
lqfxpehqwv pxvw h{lw1 Vlqfh qr srwhqwldo hqwudqw �qgv hqwu| zruwkzkloh hlwkhu/
wklv lpsrvhv d grzqzdug guliw rq wkh surfhvv xqwlo d vlwxdwlrq ri prqrsro| lv
uhdfkhg1 Xqghu wkhvh flufxpvwdqfhv/ wkh vlqjoh lqfxpehqw hyhqwxdoo| ohduqv wr
sod| wkh sur�w pd{lpl}lqj rxwsxw1 Hyhq wkrxjk wklv zloo uhfxuuhqwo| dwwudfw
rwkhu �upv lqwr wkh pdunhw/ frpshwlwlrq dprqj wkhp zloo pdnh d prqrsro| vlw0
xdwlrq uhwxuq uhodwlyho| idvw/ wkxv surgxflqj wkh vwdwhg orqj0uxq rxwfrph/ l1h1/
prvw ri wkh wlph dorqj wkh surfhvv/ wkh pdunhw zloo zlwqhvv d vlqjoh �up rewdlq0
lqj prqrsro| sur�wv1 Wklv lv wr eh frqwudvwhg zlwk wkh frqfoxvlrqv rewdlqhg
xqghu ghfuhdvlqj uhwxuqv/ zklfk duh suhvhqwhg lq wkh qh{w vxevhfwlrq1

715 Frqyh{ Frvwv

Xqghu ghfuhdvlqj uhwxuqv/ wkh surfhvv zloo eh vhhq wr glvsod| dq hyhu0suhvhqw
whqghqf| wrzdugv wkh lqfuhdvh ri wkh �up srsxodwlrq vl}h1 Wr kdyh d erxqg
rq wkh qxpehu ri �upv zklfk wkh pdunhw fdq dffrpprgdwh/ lw lv vwdqgdug wr
frqwhpsodwh wkh h{lvwhqfh ri vrph �{hg frvwv/ qr pdwwhu krz vpdoo1

Lq olqh zlwk suhylrxv qrwdwlrq/ ohw |�+q, vwdqg iru wkh rxwsxw surgxfhg dw
wkh PFSH zlwk q �upv1 Ixuwkhu ghqrwh e| '+{>q, wkh prqrprusklf vwdwh
zlwk q �upv dqg rxwsxw ohyho {= Lq wkh suhvhqw vfhqdulr +F 33+�, A 3,> lw fdq eh

49Sxuvxlqj wkh olqh ri surri suhvhqwhg lq Dsshqgl{ 5/ lw lv hdv| wr vhh wkdw/ li wkh prqrsro|
ehqh�wv kdg vhyhudo orfdo pd{lpd/ rqh ri wkhp zloo vwloo eh vhohfwhg e| d prqrsro| dv wkh
xqltxh orqj0uxq rxwfrph ri wkh surfhvv1 Lq sduwlfxodu/ lw zrxog fruuhvsrqg wr wkdw rqh zkrvh
edvlq ri dwwudfwlrq frqwdlqv wkh rxwsxw surgxfhg lq wkh PFSH zlwk wzr �upv1

4:Wkh lqhtxdolwl| & D 2 lv uhtxluhg lq rughu wr kdyh d phdqlqjixo g|qdplfv zkhq wkhuh lv
rqo| rqh �up lq wkh pdunhw1
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vkrzq wkdw wkhuh h{lvwv vrph q� 5 Q vxfk wkdw/ surylghg F+3, lv vx!flhqwo|
vpdoo +doehlw srvlwlyh,/

S +q |�+q,, |�+q, �F+|�+q,, � 3/ q � q�=

Wkxv/ q� uhsuhvhqwv wkh pd{lpxp qxpehu ri �upv zklfk fdq fr0h{lvw zlwkrxw
orvvhv dw d v|pphwulf PFSH +khuh/ d Zdoudvldq htxloleulxp,1 Ghqrwh e| $�� �
'+|�+q�,>q�, wkh dvvrfldwhg prqrprusklf vwdwh dqg dvvxph/ iru vlpsolflw|/4;

wkdw wkh sur�wv dfklhyhg e| �upv dw lw duh vwulfwo| srvlwlyh1 Vr/ zh dvvxph=

W15 F+3, A 3 dqg S +q� |�+q�,, |�+q�, �F+|�+q�,, A 3

Wkh qh{w uhvxow hvwdeolvkhv wkdw wkh vwdwh $�� lv dovr wkh xqltxh orqj0uxq
vwdwh ri wkh surfhvv1

Wkhruhp 6 Dvvxph D15/4< W15/ q� � 5> dqg F33+{, A 3 iru doo {= Wkhq/ ���

lv zhoo gh�qhg dqg ���+$��, @ 4=

Surri1 Vhh Dsshqgl{ 51

Wkh lqwxlwlrq khuh lv srodu wr wkh rqh dssolfdeoh xqghu lqfuhdvlqj uhwxuqv1
Rq wkh rqh kdqg/ iru dq| �{hg srsxodwlrq ri �upv/ wkhlu ohduqlqj gluhfwv wkhp wr
wkhZdoudvldq htxloleulxp1 Xqghu ghfuhdvlqj uhwxuqv dqg W15/ zkhwkhu sur�wv ru
orvvhv duh dfklhyhg dw wklv htxloleulxp ghshqgv rq wkh qxpehu ri �upv suhvhqw
lq wkh pdunhw1 Li lw lv deryh q�> srsxodwlrq g|qdplfv lpsrvhv d grzqzdugv
dgmxvwphqw rq wkh h{lvwlqj �upv> rwkhuzlvh/ wkh suhvvxuh lv xszdugv dqg wkh
qxpehu ri �upv lqfuhdvhv1 Hyhq wkrxjk wkh hujrglflw| ri wkh surfhvv jxdudqwhhv
wkdw doo frq�jxudwlrqv duh lqghhg ylvlwhg zlwk srvlwlyh iuhtxhqf| +d1v1,/ wkrvh
dv|pphwulhv dprqj wkhp lqgxfh wkdw/ iru vpdoo %> wkh surfhvv zloo vshqg �prvw
ri lwv wlph� dw vwdwh $��1

4;Wklv uhtxluhphqw lv hvvhqwldoo| d frqyhqlhqw +dqg jhqhulf, frqglwlrq/ zklfk frxog eh odujho|
glvshqvhg zlwk lq wkh dqdo|vlv1 Sxuvxlqj wkh olqh ri wkh surri suhvhqwhg lq Dsshqgl{ 5/ lw fdq
eh vkrzq wkdw/ li wkh Zdoudvldq htxloleulxp iru ?W �upv jlyhv h{dfwo| }hur sur�wv/ wkhq wkh
surfhvv vwloo vhohfwv lw xqohvv wkhuh h{lvwv d vhtxhqfh ri rxwsxw ohyhov jlylqj vwulfwo| qhjdwlyh
sur�wv lq wkh fruuhvsrqglqj prqrprusklf vwdwhv dqg frqyhujlqj wr +E?W�1 Exw/ li vxfk d
vhtxhqfh h{lvwv/ wkh surfhvv zloo vhohfw wkh Zdoudvldq htxloleulxp iru ?W 3 � �upv1

4<Qrwh wkdw D14 lv lpphgldwho| ixo�oohg zlwk frqyh{ frvwv1

45



8 Vxppdu|

Rxu dqdo|vlv pd| eh vxppdul}hg dv iroorzv1
Iluvw/ zh kdyh irxqg wkdw li wkh srsxodwlrq ri �upv sduwlflsdwlqj lq d pdunhw

uhpdlqv �{hg +l1h1 zh gr qrw doorz iru �up wxuqryhu,/ lqwhu0�up ohduqlqj g|0
qdplfv edvhg rq lplwdwlrq dqg rffdvlrqdo h{shulphqwdwlrq ohdgv wr wkh iroorzlqj
orqj0uxq suhglfwlrq= wkh pdunhw zloo eh odujho| frqfhqwudwhg lq wkh v|pphwulf
Pdujlqdo0Frvw Sulflqj Htxloleulxp1 Li surgxfwlrq uhwxuqv duh ghfuhdvlqj/ wklv
rxwfrph uhsuhvhqwv d Zdoudvldq Htxloleulxp1 Krzhyhu/ wklv lv qrw wkh fdvh zkhq
uhwxuqv duh lqfuhdvlqj dqg wkh fruuhvsrqglqj htxloleulxp sur�wv duh erxqg wr eh
qhjdwlyh1 Lq d vhqvh/ rxu dqdo|vlv pd| eh vhhq dv surylglqj d fhuwdlq ohduqlqj0
edvhg irxqgdwlrq iru wkh xvxdoo| qrupdwlyh prwlydwlrq xqghuo|lqj pdujlqdo frvw
sulflqj1

Lq d vhfrqg vwhs lq wkh dqdo|vlv/ zh kdyh hqgrjhqhl}hg wkh qxpehu ri �upv/
doorzlqj iru hqwu| dqg h{lw wr rffxu lq wkh pdunhw lq uhvsrqvh wr wkh h{lvwhqfh
ri sur�wv ru orvvhv1 Xqghu fhuwdlq qdwxudo frqglwlrqv rq wkh uhodwlyh  h{lelolw|
ri wkh gl�huhqw ghflvlrqv/ zh kdyh irxqg wkdw wkhuh lv d vkdus lpsdfw ri wkh
whfkqrorjlfdo frqglwlrqv rq wkh orqj0uxq pdunhw vwuxfwxuh1 Vshfl�fdoo|/ d vfh0
qdulr zlwk ghfuhdvlqj uhwxuqv glvsod|v d gulyh wrzdugv dq lqfuhdvlqj qxpehu ri
�upv dqg orzhu sur�wv +rewdlqhg dw fruuhvsrqglqj Zdoudvldq htxloleuld,/ zkloh
wkh dowhuqdwlyh dvvxpswlrq ri lqfuhdvlqj uhwxuqv lqgxfhv dq rssrvlwh whqghqf|
wrzdugv prqrsro| dqg kljk sur�wv1 Zh wklqn wkdw wklv fohdu0fxw/ sxuho| txdol0
wdwlyh uhvxowv pd| surylgh vrph lqvljkw lqwr wudglwlrqdo/ odujho| lqirupdo/ ylhzv
ri krz surgxfwlrq uhwxuqv d�hfw pdunhw vwuxfwxuh1
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Dsshqgl{ 4= Vxppdu| ri Whfkqltxhv

Lq wklv vhfwlrq/ zh zloo suhvhqw d vxppdu| ri wkh whfkqltxhv ghyhorshg e|
Iuhlgolq dqg Zhqw}hoo ^6`/ dv dgdswhg wr rxu �uvw vfhqdulr zlwk d �{hg qxpehu ri
�upv +fi1 wkh surri ri Wkhruhp 4,1 Lq ylhz ri +6,0+8/ lw vkrxog eh dssduhqw krz
wr h{whqg wkhp wr wkh iudphzrun dxjphqwhg zlwk hqwu| dqg h{lw/ dv uhtxluhg
lq wkh surriv ri Wkhruhpv 5 dqg 61

Jlyhq $ @ +$4> ===> $n, 5  dq $0wuhh K lv d froohfwlrq ri rughuhg sdluv +ru
�duurzv�, +$3> $33, vxfk wkdw
l, hyhu| $3 5 q i$j lv wkh �uvw hohphqw ri rqh dqg rqo| rqh sdlu
ll, ; $3 5 qi$j/ wkhuh h{lvwv d sdwk

��
$3> $4

� �
$4> $5

�
> ===>

�
$o> $

��
Wkh vhw ri doo $0wuhhv lv ghqrwhg e| K$

Jlyhq � A 3> ghqrwh e| W% wkh wudqvlwlrq pdwul{ ri wkh srvwxodwhg surfhvv
zlwk h{shulphqwdwlrq suredelolw| %1 +W3 zloo vwdqg iru wkh h{shulphqwdwlrq0iuhh
g|qdplfv1, Jlyhq dq| $ 5 > gh�qh=

u+$, @
[

K5K$

\
+$3>$33,5K

W%+$
3> $33,

Wkhq/ surylghg wkh surfhvv lv hujrglf +d surshuw| zklfk vkdoo eh yhul�hg lq
hdfk ri rxu gl�huhqw frqwh{wv,/ wkh dqdo|vlv ri Iuhlgolq dqg Zhqw}hoo ^6` lpsolhv
wkdw wkh +xqltxh, lqyduldqw glvwulexwlrq ri wkh surfhvv/ � 5 �+,> lv jlyhq e|=

�+$, @
u+$,S

$35 u+$
3,

Dv hdfk u+$, lv d sro|qrpldo lq %/ lw lv fohdu wkdw wkh olplw lqyduldqw glv0
wulexwlrq ��� � olp%$3 �%>� lv zhoo gh�qhg1 Wr frpsxwh wkh gl�huhqw u+$,/ lw
lv fxvwrpdu| lq wkh hyroxwlrqdu| olwhudwxuh +vhh Ndqgrul/ Pdlodwk dqg Ure ^8`
ru \rxqj ^46`, wr lqwurgxfh d �frvw ixqfwlrq� rq srvvleoh wudqvlwlrqv dv iroorzv1
Iluvw/ gh�qh g+$>$3, dv wkh qxpehu ri frruglqdwhv zklfk gl�hu ehwzhhq $n dqg
$3n li W% +$> $3, A 31 Rwkhuzlvh/ vlpso| pdnh g+$> $3, @ .41 Wkhq/ frqvlghu53

f = �$ Q

f+$> $3, @ plq
$335

ig+$33> $3, = W3+$>$
33, A 3j

Khuh/ f+$>$3, pd| eh lqwhusuhwhg dv wkh plqlpdo qxpehu ri h{shulphqwdwlrqv
qhhghg wr wdnh sodfh diwhu d vlqjoh rshudwlrq ri wkh h{shulphqwdwlrq0iuhh g|qdp0
lfv iurp vwdwh $ lq rughu iru wkh surfhvv wr uhdfk vwdwh $31 Wkh ixqfwlrq f+�,
pd| eh h{whqghg e| dgglwlrq wr sdwkv dqg wuhhv154 Wkhq/ lw lv hdv| wr vhh wkdw
wkh rughu lq % ri wkh sro|qrpldo u+$, lv jlyhq e| wkh plqlpxp qxpehu ri h{0
shulphqwdwlrqv uhtxluhg dorqj vrph $0wuhh/ l1h1 plqK5K$ f+K,= Lq frqfoxvlrq/

53Zh dgkhuh wr wkh frqyhqwlrq wkdw f M Q�
54 Lq wkh iudphzrun zlwk d yduldeoh srsxodwlrq vl}h/ wudqvlwlrqv lqyroylqj hqwu| ru h{lw kdyh

wr lqfxu frvwv wkdw/ lq whupv ri wkh �xqlwv� uh hfwhg e| wkh h{shulphqwdwlrq0edvhg wudqvlwlrqv
frqwhpsodwhg khuh/ duh frqvlvwhqw zlwk frqglwlrqv +6,0+8,1
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wkhuhiruh/ wkh vwrfkdvwlfdoo| vwdeoh vwdwhv pd| eh vlqjohg rxw dv wkrvh zkrvh
plqlpxp frvw wuhhv duh wkhpvhoyhv plqlpxp dfurvv doo srvvleoh vwdwhv lq =

Dsshqgl{ 5= Surriv

Frqvlghu wkh iroorzlqj htxlydohqw uh0vwdwhphqw ri Wkhruhp 4

Wkhruhp 4 Dvvxph D14 dqg D151 Iru hyhu| � A 3 wkhuh h{lvwv �� A 3 vxfk wkdw
li � � ��>

Vxss ��� � i'+|, = | 5 ^+|� � �> |� . �, _ �+�,`j =

Surri1 Ghqrwh e| D wkh froohfwlrq ri uhfxuuhqw frppxqlfdwlrq fodvvhv ri
wkh vwrfkdvwlf surfhvv W3 1 Wkdw lv/ D lqfoxghv doo wkrvh vxevhwv ri  zklfk
duh plqlpdoo| forvhg xqghu �qlwh fkdlqv ri lwhudwlrqv ri W3 +vhh/ iru h{dpsoh/
Nduolq dqg Wd|oru ^9`,1 Lw lv fohdu wkdw rqo| vwdwhv ehorqjlqj wr rqh ri wkhvh
fodvvhv fdq txdoli| dv vwrfkdvwlfdoo| vwdeoh1 Frqvhtxhqwo|/ wkh fkdudfwhul}dwlrq
ri D surylghg e| wkh iroorzlqj Ohppd uhsuhvhqwv d xvhixo �uvw vwhs lq wkh
dujxphqw1

Ohppd 4 Jlyhq �> wkh rqo| uhfxuuhqw frppxqlfdwlrq fodvvhv ri W3 duh wkh
vlqjohwrqv i'+|,j> | 5 �+�,> frqvlvwlqj ri prqrprusklf vwdwhv1

Surri ri Ohppd 4= Reylrxvo|/ hyhu| prqrprusklf vwdwh gh�qhv/ dv d vlqjoh0
wrq/ d fruuhvsrqglqj uhfxuuhqw frppxqlfdwlrq fodvv ri W31 Wr vhh wkdw qr rwkhu
vwdwh fdq eh lq d uhfxuuhqw frppxqlfdwlrq fodvv/ lw lv hqrxjk wr frqvwuxfw d sdwk
zklfk ohdgv iurp lw wr vrph prqrprusklf vwdwh zlwk srvlwlyh suredelolw|1

Ghqrwh e| a�+w, @ pd{m@4>===>q �m +w,/ l1h1/ wkh pd{lpxp uhdol}hg sd|r� dw

shulrg w1 Pruhryhu/ ghqrwh e| �� +w, @ pd{u@3>===>n�4 a�+w� u,/ l1h1/ wkh pd{l0
pxp uhdol}hg sd|r� uhdol}hg zlwklq wkh shulrgv uhfrughg e| vwdwh $ +w,1

Wkhq/ lw lv fodlphg wkdw/ dorqj dq| vdpsoh sdwk ri wkh surfhvv/ wkhuh lv vrph
w vxfk wkdw �� +w, @ a�+w, @ �l +w, iru vrph l @ 4> 5> ==> q1 Vxssrvh rwkhuzlvh/
l1h1 a�+w, ? �� +w, iru doo w1 Wkhq/ lw iroorzv wkdw �� +w . n, ? �� +w, iru doo w1
Frqvhtxhqwo|/ wkh vhtxhqfh i�� +w. on,j4o@4 lv vwulfwo| ghfuhdvlqj/ zklfk |lhogv
d frqwudglfwlrq ehfdxvh wkh wrwdo qxpehu ri uhdol}deoh sd|r�v lv �qlwh1

Wkxv/ frqvlghu vrph w vxfk wkdw �� +w, @ �l +w, dqg dvvxph z1o1r1j1 wkdw
l @ 41 Ghqrwh a{ @ {4 +w,1 Vxssrvh qrz wkdw iru wkh n shulrgv iroorzlqj w/ rqo|
�up 4 kdv uhylvlrq rssruwxqlw|1 Wklv hyhqw kdv srvlwlyh suredelolw|/ diwhu zklfk
$ +w. n, zloo eh d uhshdwhg vwdwh1 Ixuwkhu dvvxph wkdw lq wkh qh{w shulrg doo
�upv rewdlq d uhylvlrq rssruwxqlw| dqg fkrrvh h{dfwo| wkh vdph rxwsxw ohyho a{1
Djdlq/ wklv hyhqw kdv srvlwlyh suredelolw|1 Wkhq/ uhjdugohvv ri ixuwkhu uhylvlrq
rssruwxqlwlhv/ wkhuh lv dovr srvlwlyh suredelolw| wkdw $ +w.5n, @ ' +a{,1/ zklfk
frpsohwhv wkh surri ri wkh Ohppd1

Iru vlpsolflw| lq wkh dujxphqw/ dvvxph wkdw |� lv dq rxwsxw lq �+�, iru doo �1
+Wklv lpsolhv qr orvv ri jhqhudolw| vlqfh/ rwkhuzlvh/ rqh ri wkh �forvhvw� rxwsxwv
lq wkh julg pd| wdnh lwv sodfh lq wkh dqdo|vlv/ frqyhujlqj wr |� dv � zhqw wr
}hur1, Wkh uhpdlqlqj sduw ri wkh surri fdq eh ghfrpsrvhg lqwr wkh iroorzlqj
vwhsv1
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� Gh�qh � = ^3>N`� ^3>N`$ U e|

�+{> |, @ ^S ++q� 4,| . {,{�F+{,`� ^S ++q � 4,| . {, | �F+|,` @

@ S ++q� 4,| . {, +{� |, . +F+|,�F+{,,

l1h1 wkh gl�huhqwldo sur�wv ri d pxwdqw +uhodwlyh wr qrq0pxwdqwv, zkhq
ghyldwlqj iurp d v|pphwulf vlwxdwlrq +|> ===> |, wr d qhz rxwsxw ohyho {155

Qrwh wkdw/ reylrxvo|/ �+|> |, @ 3 ;|/ dqg wkdw � lv d frqwlqxrxvo| gl�hu0
hqwldeoh ixqfwlrq zlwk vxffhvvlyh sduwldo ghulydwlyhv=

C�

C{
+{> |, @ S ++q � 4,| . {, .S 3 ++q � 4,| . {, +{� |,�F3+{,

C5�

C{5
+{> |, @ 5S 3 ++q� 4,| . {, . S 33 ++q� 4,| . {, +{� |, �F 33+{,

Frqvlghu wkh ixqfwlrq �| = ^3>N` $ U/ jlyhq e| �| +{, @ �+{> |,1 Li dq
rxwsxw | lv d orfdo pd{lpxp ri lwv rzq �|/ wkhq qr forvh h{shulphqwdwlrq
zloo ghvwdelol}h lw e| dfklhylqj ehwwhu sur�wv1 Zh fdoo vxfk dq rxwsxw
h{shulphqwdwlrq uhvlvwdqw1 Exw iurp wkh Iluvw Rughu Frqglwlrq/

�3|+|, @
C�

C{
+|> |, @ S +q|, �F3+|, @ 3/ S +q|, @ F3+|,>

wkdw lv/ iru dq lqwhulru rxwsxw/ wkh htxdolw| ri sulfh dqg pdujlqdo frvw lv
d qhfhvvdu| frqglwlrq iru vxfk h{shulphqwdwlrq uhvlvwdqfh1 Wkh Vhfrqg
Rughu Frqglwlrq lv dxwrpdwlfdoo| vdwlv�hg e| D14=

�33|+|, @
C5�

C{5
+|> |, @ 5S 3 +q|,�F33+|, ? 3

Wklv phdqv wkdw wkh rqo| h{shulphqwdwlrq0uhvlvwdqw +lqwhulru, rxwsxw lv
|�1 Pruhryhu/ gh�qh

i+|, @ �3|+|, @
C�

C{
+|> |, @ S +q|,�F3+|,

dv wkh vorsh dw | ri wkh gl�huhqwldo sur�w �|1 Wkhq/ i+|�, @ 3 dqg/
surylghg wkdw q � 5/

i 3+|, @ qS 3+q|,�F 33+|, @ +q� 5,S 3+q|, . 5S 3 +q|,�F33+|,

@ +q� 5,S 3+q|, . �33| +|,

55Qrwh wkdw li x E%c +� : f/ wkh prqrprusklf vwdwh � E+� pd| eh ghvwdelol}hg e| rqh vlqjoh
pxwdwlrq wr %1 Iru/ diwhu rqh vxfk pxwdwlrq/ wkhuh lv srvlwlyh suredelolw| wkdw hyhu| �up vwd|v
zlwk lwv rxwsxw iru & shulrgv +vshfl�fdoo|/ li rqo| wkh pxwdqw uhfhlyhv d uhylvlrq rssruwxqlw|
gxulqj wkdw wlph vsdq,1 Wkhq/ lq wkh qh{w shulrg/ doo �upv zrxog lplwdwh wkh pxwdqw li wkh|
duh deoh wr uhylvh wkhlu rxwsxw1
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zklfk lv djdlq qhjdwlyh e| D141 Khxulvwlfdoo|/ wklv phdqv wkdw forvh h{shu0
lphqwdwlrqv lq wkh gluhfwlrq ri |� duh dozd|v ehqh�fldo1 Irupdoo|/

C�

C{
+|> |, A 3/ | ? |�

C�

C{
+|> |, @ 3/ | @ |�

C�

C{
+|> |, ? 3/ | A |�

� Fodlp 4= <� A 3 @ ; � A 3 a ;{ 5 +|� ��>|� .�, _ � +�, >

< u � 4 @ W u
% +' +{, >' +|�,, A 31

Surri ri Fodlp 4= Ohw � eh vxfk wkdw iru hyhu| { 5 +|� ��>|� .�,/
{ 9@ |�/ �+{> |�, ? 31 Zh nqrz wkdw wkhuh h{lvwv vxfk dq �> ehfdxvh
�+|�> |�, @ 3 dqg |� lv h{shulphqwdwlrq uhvlvwdqw1

Ohw { @ |� . o� 5 +|� ��> |� .�, iru vrph o 5 Q +wkh surri lv dqdorjrxv
iru { @ |� � o�,1 Zh zloo ghvfuleh d fkdlq ri wudqvlwlrqv zlwk srvlwlyh
suredelolw| ehwzhhq ' +{, dqg ' +|�,1

Ohw xv vwduw wklv fkdlq zlwk ' +{,/ dqg vxssrvh wkdw/ gxulqj o frqvhfxwlyh
shulrgv/ rqo| rqh �up lv doorzhg wr uhylvh lwv rxwsxw/ vd| �up 4/ dqg
wkh uhvw ri wkh �upv pxwdwh grzqzdugv1 Vxssrvh wkhq wkdw/ iru n pruh
shulrgv/ rqo| �up 4 lv doorzhg wr uhylvh exw wkhuh lv qr h{shulphqwdwlrq1
Wkhq/ vlqfh �up 4 kdv rqo| ehhq deoh wr lplwdwh revhuyhg rxwsxwv/ wkh
vwdwh suhydlolqj dw wkh hqg ri wklv fkdlq zloo eh

^+{4> |
�> ===> |�, > ===> +{n> |

�> ===> |�,`

zlwk {4> ===> {n 5 ^|�> {` _ �+�,1 Pruhryhu/ vlqfh �+{l> |
�, ? 3/ |� |lhogv

kljkhu sur�wv lq hdfk ri wkh frq�jxudwlrqv +{l> |�> ===> |�,/ l @ 4> ===> n1

Wkhuhiruh lq dw prvw v pruh shulrgv zlwk qr h{shulphqwdwlrq zh kdyh
wkdw wkh vhw E4 +w . o . v, @ i|�j1 Wkhq/ wkhuh lv srvlwlyh suredelolw| wkdw
�up 4 uhfhlyhv d uhylvlrq rssruwxqlw|/ khqfh fkrrvlqj |�1 Qrz/ li qr �up
pxwdwhv lq wkh qh{w n shulrgv/ wkh surfhvv uhdfkhv wkh prqrprusklf vwdwh
' +|�, =

� Fodlp 5= ;� A 3> < � A 3 @ ; � ? �>�
f+'+{,>'+{. �,, @ 4 ;{ 5 ^3> |� � �` _ �+�,
f+'+{,>'+{� �,, @ 4 ;{ 5 ^|� . �>N` _ �+�,

Surri ri Fodlp 5= Ohw

G+|, @

�
i|3 5 +|>N` @ �+|33> |, A 3 ;|33 5 +|> |3,j li | ? |�

i|3 5 ^3> |, @ �+|33> |, A 3 ; |33 5 +|3> |,j li | A |�
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dqg

�+|, @

�
m Vxs G+|,� | m li | ? |�

m Lqi G+|,� | m li | A |�

Wkh fodlp iroorzv li zh suryh wkdw

;� A 3> < � A 3 @ �+|, A � ; | 5 ^3>N` q +|� � �> |� . �, =

Wr hvwdeolvk wklv/ ghqrwh

Q�

� @ ^3> |� � �` > Q.
� @ ^|� . �>N`

E| v|pphwu|/ lw lv hqrxjk wr vkrz wkh fodlp iru Q�

� 1

AIurp wkh dqdo|vlv ri � frqgxfwhg deryh zh nqrz wkdw/ ; | 5 Q�

� > �+|> |, @
3 dqg C�

C{
+|> |, A 3> vr G+|, 9@ dqg �+|, lv zhoo gh�qhg dqg srvlwlyh1 Qrwh

dovr wkdw/ e| frqvwuxfwlrq/ li Vxs G+|, ? N> wkhq �+Vxs G+|,> |, @ 3
dqg C�

C{
+Vxs G+|,> |, � 3=

Vxssrvh qrz/ iru wkh vdnh ri frqwudglfwlrq/ wkdw wkh fodlp lv idovh1 Wkhq/
; u 5 Qqi3j < |u 5 Q�

� @ �+|u, ?
4
u
1 Reylrxvo|/ i�+|u,j $ 31 Vr/ iru u elj

hqrxjk/ Vxs G+|u, ? N=

Dv Q�

� lv frpsdfw/ i|uj kdv d frqyhujhqw vxevhtxhqfh1 Uh0lqgh{lqj/ zh
fdq mxvw dvvxph/ zlwkrxw orvv ri jhqhudolw|/ wkdw i|uj $ h| 5 Q�

� = Dv
^3>N` lv dovr frpsdfw/ iVxs G+|u,j kdv d frqyhujhqw vxevhtxhqfh dqg/
uh0lqgh{lqj djdlq/ zh fdq dvvxph z1o1r1j1 wkdw iVxs G+|u,j $ e| 5 ^3>N` =
Exw/ vlqfh i�+|u,j $ 3/ lw pxvw eh wkdw h| @ e|
Jlyhq wkdw C�

C{
lv frqwlqxrxv/ olpu$4

C�
C{

+Vxs G+|u,> |u, @
C�
C{

+h|> h|,= Ixu0
wkhupruh/ C�

C{
+Vxs G+|u,> |u, � 3 iru u elj hqrxjk/ zklfk lpsolhv wkdw

olpu$4
C�
C{

+Vxs G+|u,> |u, � 31 Exw C�
C{

+h|> h|, A 3/ d frqwudglfwlrq wkdw
suryhv wkh fodlp1

� Fodlp 6= ; � A 3> ;� A 3> < � A 3 @ ; � ? �>�
f+'+{,>'+{� �,, � 5 ;{ 5 ^�> |� � �` _ �+�,
f+'+{,>'+{. �,, � 5 ;{ 5 ^|� . �>N � �` _ �+�,

Surri ri Fodlp 6= Wklv fodlp iroorzv iurp wkh idfw

; � A 3> � A 3> < � A 3 @ ; � ? �>

�
�+{� �> {, ? 3 ;{ 5 ^�> |� � �`
�+{. �> {, ? 3 ;{ 5 ^|� . �>N � �`

dqg wklv fdq eh suryhg e| dq dujxphqw dqdorjrxv wr wkh surri ri Fodlp
5156

56Wkh uroh ri 1 lv mxvw wr dyrlg erxqgdu| sureohpv1
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� Qrz frqvlghu dq| � A 3 vxfk wkdw � ? �/ zkhuh � lv dv lq Fodlp 1 Wkxv/
Fodlp 4 dssolhv wr +|� � �> |� . �,1 Qrz vhohfw vrph �� A 3 vxfk wkdw +d,
�� ? �

5 / +e, Fodlp 5 dssolhv iru �/ dqg +f, Fodlp 6 dssolhv iru �
5 1 Wkhq/

wdnh dq| julg �+�, zlwk � ? ��1

E| Fodlp 5/ dq| prqrprusklf vwdwh ' +{, zlwk { @5 +|� � �> |� . �, fdq
eh frqqhfwhg zlwk srvlwlyh suredelolw| wr wkh prqrprusklf vwdwhv ' +{3,
zlwk {3 5 +|� � �> |� . �,1 Exw/ e| Fodlp 4/ wkh odwwhu fdq eh frqqhfwhg
zlwk srvlwlyh suredelolw| wr ' +|�,1 Wklv phdqv wkdw/ xowlpdwho|/ doo vwdwhv
fdq eh frqqhfwhg wr ' +|�,1 Wkhuhiruh/ wkh vwrfkdvwlf surfhvv W% kdv
d xqltxh uhfxuuhqw frppxqlfdwlrq fodvv/ qdpho| wkh rqh zklfk frqwdlqv
' +|�,1 Reylrxvo| doo prqrprusklf vwdwhv kdyh shulrg rqh/ vr wklv fodvv
lv dshulrglf1 Wkhq wkhuh h{lvwv d xqltxh lqyduldqw glvwulexwlrq/ zklfk fdq
eh fkdudfwhul}hg xvlqj wkh whfkqltxhv vxppdul}hg lq Dsshqgl{ 41

� E| Fodlp 5/ wkh prqrprusklf vwdwhv '+{, zlwk { @5 +|� � �> |� . �, fdq
eh frqqhfwhg dw frvw rqh shu vwdwh wr wkh qh{w prqrprusklf vwdwh lq wkh gl0
uhfwlrq ri' +|�,/ xqwlo vwdwhv' +{3, zlwk {3 5 +|� � �> |� . �, duh uhdfkhg1
Vlqfh lw wdnhv dw ohdvw rqh h{shulphqwdwlrq wr ghvwdelol}h d prqrprusklf
vwdwh/ wklv frqqhfwlrqv fdqqrw eh rewdlqhg dw d ohvvhu frvw1

Ohw |4 dqg |5 wkh plqlpxp dqg pd{lpxp rxwsxw lq +|� � �> |� . �, _
�+�,/ uhvshfwlyho|1 E| Fodlp 6/ �+|4� �> |4, ? 3 dqg �+|5 . �> |5, ? 3> vr
lw wdnhv dw ohdvw wzr h{shulphqwdwlrqv wr ghvwdelol}h ' +|4, grzq ru ' +|5,
xs +exw rqo| rqh wr ghvwdelol}h ' +|4 � �, xs ru ' +|5 . �, grzq,

Ohw � @ i'+|4,> ===>'+|5,j/ dqg ohw eK eh d plqlpdo frvw wuhh uhvwulfwhg wr
wkh vhw �1 Frqvwuxfw qrz d frpsohwh wuhh lq / vd| K/ e| frqqhfwlqj doo
wkh prqrprusklf vwdwhv lq q eK wr eK dv h{sodlqhg deryh/ l1h1/ dw frvw rqh
shu vwdwh1 Wkhq/ frqqhfw doo qrq0prqrprusklf vwdwhv wr wkh prqrprusklf
rqhv dw frvw }hur/ vrphwklqj zklfk fdq grqh e| yluwxh ri Ohppd 41 Wklv
zloo lqfoxgh wkh duurzv +' +|4 � �, >' +|4,, dqg +' +|5, >' +|5 . �,,1

Djdlq e| Ohppd 4/ wkh frvw ri wkh wuhhK mxvw frqvwuxfwhg rqo| qhhgv wr eh
frpsduhg zlwk dowhuqdwlyh $0wuhhv iru prqrprusklf $=Frqvlghu vrph vxfk
'+a|, @5 � +l1h1 ma| � |�m A �,= Iluvw/ qrwh wkdw/ lq wkh vhdufk ri d plqlpxp0
frvw '+a|,0wuhh/ iruphu frqvlghudwlrqv doorz xv wr uhvwulfw wr wuhhv zhuh
prqrprusklf vwdwhv duh gluhfwo| frqqhfwhg +doo rwkhu vwdwhv fdq eh mrlqhg
wr wkhvh vwdwhv dw }hur frvw/ lq ylhz ri Ohppd 41, Lq dq| vxfk '+a|,0wuhh/
hyhu| prqrprusklf vwdwh ' +{, pxvw eh frqqhfwhg hlwkhu wr ' +{. �, ru
wr ' +{� �,/ vr wkdw wkhuh lv rqo| rqh gluhfwlrq ri pryhphqw wrzdugv wkh
yhuwh{ ri wkh wuhh/ '+a|,1 Wdnlqj wklv lqwr dffrxqw/ lw lv fohdu wkdw dq|
'+a|,0wuhh pxvw kdyh/ lqvwhdg ri rqh ri wkh duurzv +' +|4 � �, >' +|4,,ru
+' +|5, >' +|5 . �,,/ wkh uhyhuvh rqh/ h�hfwlyho| lqfuhdvlqj wkh wrwdo frvw
e| dw ohdvw 4 zlwk uhvshfw wr K1 Wklv suryhv wkdw wkh Vwrfkdvwlfdoo| Vwdeoh
Vwdwhv iru � zloo eh lq �/ wkxv frpsohwlqj wkh surri ri wkh Wkhruhp1
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Surri ri Wkhruhp 51 Iluvw/ qrwh wkdw lq dqdorj| zlwk Ohppd 4/ rqo|
prqrprusklf vwdwhv +qrz zlwk d yduldeoh qxpehu ri �upv suhvhqw, fdq eh vwr0
fkdvwlfdoo| vwdeoh1 Dv h{sodlqhg/ wklv doorzv xv wr uhvwulfw wr $0wuhhv lqyroylqj
rqo| prqrprusklf vwdwhv1

Qrz ohw Prq+q> �, � i'+{>q, @ { 5 �+�,j/ zkhuh uhfdoo wkdw hdfk '+{>q,
vwdqgv iru wkh prqrprusklf vwdwh zlwk q �upv suhvhqw doo surgxflqj rxwsxw {1
Ixuwkhupruh/ jlyhq wzr rxwsxw ohyhov {4> {5 5 �+�,> {4 ? {5/ ghqrwh

Eudqfk+{4> {5> q> �, �

�

�
+'+{4>q,>'+{4 . �>q,, > +'+{4 . �>q,>'+{4 . 5�>q,, > ===
===> +'+{5 � 5�>q,>'+{5 � �>q,, > +'+{5 � �>q,>'+{5>q,,

�
dv wkh froohfwlrq ri duurzv mrlqlqj wkh {4 wr {5 wkurxjk doo lqwhuphgldwh rqhv1
V|pphwulfdoo|/ zh gh�qh Eudqfk+{5> {4> q> �, dv wkh vhw ri frqyhuvh duurzv frq0
qhfwlqj {5 wr {4=

AIurp wkh surri ri Wkhruhp 4/ lw lv fohdu wkdw wkh plqlpdo frvw wuhhv uh0
vwulfwhg wrPrq+q> �, duh ri d yhu| vshfl�f irup/ dv vxppdul}hg e| wkh iroorzlqj
fodlp=

� Fodlp 7= Jlyhq � A 3> < � A 3 @ wkh plqlpdo frvw wuhhv lq Prq+q> �, duh
ri wkh irup

H+ e]> q> �, @ Eudqfk+3> |4> q> �, ^ e] ^Eudqfk+N>|5> q> �,>
zkhuh |4 ? |5 duh dssursuldwho| fkrvhq rxwsxwv +ghshqglqj rq �> q/ dqg

�, dqg e] lv vrph plqlpdo frvw wuhh lq wkh vhw

D+q> �, @ i'+|>q, @ | 5 +|�+q, � �> |�+q, . �, _ �+�,j @ +9,

@ i'+|>q, @ |4 � | � |5> | 5 �+�,j =

Pruhryhu/ doo duurzv lq H+ e]>q> �,q e] kdyh frvw h{dfwo| htxdo wr 4 zkloh
wkh uhyhuvh ri dq| vxfk duurz +h{fhsw srvvleo| iru duurzv fruuhvsrqglqj
wr vwdwhv duelwudulo| forvh wr 3 dqg N,57 zrxog kdyh d frvw ri dw ohdvw 51

Xqghu lqfuhdvlqj uhwxuqv wr vfdoh/ wkh vwdwhv '+|�+q,>q, |lhog orvvhv iru doo
q � 51 E| frqwlqxlw|/ wkhuhiruh/ zh fdq fkrrvh � deryh vpdoo hqrxjk vr wkdw iru
doo q � 5 dqg hyhu| | 5 +|�+q,� �> |�+q, . �, > wkh prqrprusklf vwdwhv '+|>q,
dovr lqgxfh orvvhv1

Rq wkh rwkhu kdqg/ wkh vwdwh a$ |lhogv +srvlwlyh, sur�wv1 Wkxv/ djdlq e|
frqwlqxlw|/ < E A 3 vxfk wkdw ;| 5 +e| �E> e| .E, > '+|> 4, lqgxfhv sur�wv1
Ixuwkhupruh/ jlyhq wklv E> vxssrvh � deryh lv fkrvhq vpdoo hqrxjk vr wkdw
E
�
� t . 4> zkhuh t lv dv lq +8,1

57Dv lq wkh surri ri Wkhruhp 4/ wkhvh vwdwhv zloo qrw lqwhuihuh zlwk wkh hvvhqwldo sduw ri wkh
dujxphqw vlqfh wkh| fdq eh uhvwulfwhg wr olh duelwudulo| forvh wr wkh h{wuhphv ri wkh lqwhuydo �
uhfdoo Fodlp 61
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Wkh surri lv qrz vwudljkwiruzdug1 Iluvw/ zh frqvwuxfw dq a$0wuhh zklfk zh
zloo vkrz kdv plqlpdo frvw1 Wr gr vr/ frqvlghu/ ; q � 5/ plqlpdo frvw wuhhv
H+ e]>q> �, uhvwulfwhg wr Prq+q> �,1 Iru q @ 4/ lw lv reylrxv iurp Dvvxpswlrq
W14 wkdw wkh plqlpdo frvw wuhh uhvwulfwhg wr Prq+4> �, lv

H+4> �, @ Eudqfk+3> e|>4> �, ^Eudqfk+N> e|> 4> �,
Qrwh wkdw wkh uhtxluhphqw E

�
� t .4 phdqv wkdw/ li

+e| �E> e| .E, _ �+�, @ i|34> |
3

4 . �> ===> |35 � �> |35j >

wkhq Eudqfk+|34> e|>4> �, dqg Eudqfk+|35> e|>4> �, hdfk kdyh dw ohdvw t.4 duurzv1
Wkxv/ uhyhuvlqj doo wkh duurzv lq rqh ri vxfk d eudqfk zloo lqfuhdvh wkh frvw e|
dw ohdvw t . 4 zklfk/ e| +7,0+8,/ lv juhdwhu wkdq wkh frvw dvvrfldwhg wr vlqjoh
hqwu| ru h{lw ri �upv1

Vhfrqg/ zh mrlq doo wkh wuhhv H+ e]>q> �, wkxv frqvwuxfwhg dqg wkh wuhh H+4> �,
dv iroorzv=
+d, ; q � 5/ mrlq wkh yhuwh{ ri H+ e]>q> �, wr d vwdwh zlwk q� 4 �upv wkurxjk d
vlqjoh h{lw hyhqw/ zkrvh suredelolw| � lv ri rughu qr odujhu wkdq % e| +6,1 Wklv lv

srvvleoh ehfdxvh wkh yhuwh{ ri hdfk H+ e]> q> �, |lhogv orvvhv/ dv revhuyhg deryh1
+e, Frqqhfw wkh vwdwh ' +�3, lqyroylqj qr �upv wr d vwdwh zlwk rqh �up wkurxjk
d vlqjoh hqwu| hyhqw/ zkrvh suredelolw| � lv ri rughu vpdoohu wkdq % e| +6, dqg
+7,1

Lq wklv pdqqhu/ zh kdyh frqvwuxfwhg d ixoo a$0wuhh/ vd| aK/ zklfk lqyroyhv +l,
d plqlpdo frvw dw hdfk �ohyho� Prq+q> �,> +ll, rqh h{lw shu ohyho> dqg +lll, rqh
hqwu| iurp ' +�3, = Zh qrz fodlp wkdw/ jlyhq dq| rwkhu prqrprusklf vwdwh �$/
lw lv qrw srvvleoh wr frqvwuxfw dq �$0wuhh zlwk wkh vdph ru vpdoohu frvw wkdq aK1
Frqvlghu dq| rwkhu vwdwh �$1

� Li �$ lqyroyhv �q � 5 �upv/ wkhq dq| �$0wuhh zloo lqfoxgh dw ohdvw rqh hqwu| ri d
�up iurp d vwdwh lqPrq+4> �, lqvwhdg ri dq h{lw iurp d vwdwh lqPrq+5> �,1
Exw/ dv h{lw lv dq hyhqw zkrvh suredelolw| lv dq lq�qlwhvlpdo ri orzhu rughu
wkdq hqwu| +vhh 7,/ wklv uhvxowv lq d frvw vwulfwo| juhdwhu wkdq wkh frvw ri
aK1 +Uhfdoo wkdw wkh frvw uhdol}hg zlwklq hdfk ohyho Prq+q> �, kdv wr eh qr
vpdoohu wkdq lq aK e| frqvwuxfwlrq/ dqg wkdw doo �ohyhov� Prq+q> �, zlwk
q A �q uhtxluh dw ohdvw rqh vlqjoh hqwu| ru h{lw wr eh mrlqhg wr d ixoo wuhh1,

� Li �$ lqyroyhv �q @ 4 �upv/ wkhq dq| �$0wuhh zloo kdyh d frvw juhdwhu wkdq aK
e| Dvvxpswlrq W141

� Li �$ @ ' +�3,/ wkhq dq| �$0wuhh zloo lqfoxgh dq h{lw iurp d vwdwh lqPrq+4> �,
lqvwhdg ri dq hqwu| iurp' +�3,/ zklfk lqghhg vdyhv vrph frvw dv frpsduhg
wr wkdw ri aK +uhfdoo +7,,1 Krzhyhu/ vlqfh h{lw lv rqo| srvvleoh iurp d vwdwh
zlwk orvvhv/ vxfk �$0wuhh pd| eh frpsohwhg lq rqo| wzr zd|v=

Rqh srvvlelolw| lv wr uho| rq d vxe0wuhh zlwklqPrq+4> �, zkrvh yhuwh{ vwdwh
glvsod|v orvvhv dqg wkxv pd| eh frqqhfwhg wr ' +�3,1 Wklv zloo lqyroyh
uhyhuvlqj doo wkh duurzv lq hlwkhu Eudqfk+|34> e|> 4> �, ru Eudqfk+|35> e|>4> �,
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zklfk/ dv revhuyhg deryh/ lv pruh frvwo| wkdw rqh vlqjoh hqwu| ru h{lw1
Wkhuhiruh/ lw uhvxowv lq d frvw juhdwhu wkdq wkh frvw ri aK=

Wkh vhfrqg srvvlelolw| lqyroyhv frqqhfwlqj d vwdwh lq Prq+4> �, wr dq0
rwkhu vwdwh lq vrph Prq+q> �,> q A 4> dovr frqqhfwlqj d vwdwh lq vrph
Prq+q3> �,> q3 � 4> wr hlwkhu ' +�3, ru dqrwkhu vwdwh lq vrph Prq+q33> �,
zlwk 4 � q33 ? q3= Lq ylhz ri +7,0+8,/ vxfk rshudwlrqv zloo dprxqw wr d
frvw vwulfwo| juhdwhu wkdq wkdw ri aK1

Wklv suryhv wkdw a$ lv wkh rqo| vwrfkdvwlfdoo| vwdeoh vwdwh/ wkxv frpsohwlqj
wkh surri ri wkh Wkhruhp1

Surri ri Wkhruhp 61 Dv iru wkh surri ri wkh iruphu uhvxowv +uhfdoo
Ohppd 4,/ zh pd| uhvwulfw rxu dssolfdwlrq ri wkh judsk0wkhruhwlf whfkqltxhv
wr prqrprusklf vwdwhv/ zklfk duh wkh rqo| fdqglgdwhv wr ehlqj vwrfkdvwlfdoo|
vwdeoh1 Ixuwkhupruh/ uho|lqj rq wkh qrwdwlrq lqwurgxfhg lq wkh surri ri Wkhruhp
5/ zh dovr qrwh wkdw Fodlp 7 deryh dssolhv zlwkrxw prgl�fdwlrq wr wkh suhvhqw
frqwh{w1

E| Dvvxpswlrq W151/ wkh vwdwhv '+|�+q,>q, doo jlyh orvvhv iru q A q�/ dqg
sur�wv iru q � q�1 Wkhq/ e| frqwlqxlw|/ < E4 A 3 @ ; q A q�> ; | 5
+|�+q, �E4> |

�+q, .E4, > '+|>q, |lhogv orvvhv1 Dovr e| frqwlqxlw|/ < E5 A
3 @ ; q � q�> ; | 5 +|�+q,�E5> |

�+q, .E5, > '+|>q, lqgxfhv sur�wv1
Fkrrvh qrz 3 ? � ? E @ plq iE4> E5j dqg �qg � A 3 vxfk wkdw Fodlp 7 lq

wkh surri ri Wkhruhp 5 krogv ; q � 5 dqg E��
�

A t .6/ zkhuh t lv dv lq +8,1

Wkh plqlpdo frvw wuhhv H+ e]>q> �, fdq eh ghfrpsrvhg dv iroorzv=

H+ e]>q> �, @ Eudqfk+3> |34> q> �, ^Eudqfk+|
3

4> |4> q> �, ^ e] ^
^Eudqfk+|35> |5> q> �, ^Eudqfk+N>|

3

5> q> �,

zlwk e]> |4> |5 dv lq Fodlp 7 dqg

+|�+q,�E> |�+q, .E, _ �+�, @ i|34> |
3

4 . �> ===> |35 � �> |35j =

Qrwh wkdw/ jlyhq q � 5/ wkh uhtxluhphqw E��
�

A t . 6 phdqv wkdw wkhuh
duh dw ohdvw t .4 duurzv lq Eudqfk+|34> |4> q> �, dqg Eudqfk+|

3
5> |5> q> �,1 Wkxv/

uhyhuvlqj doo ri wkh duurzv lq rqh ri wkhvh eudqfkhv zloo lqfuhdvh wkh frvw e| dw
ohdvw t.4 zklfk/ e| +7,0+8,/ lv juhdwhu wkdq wkh frvw dvvrfldwhg wr d vlqjoh hqwu|
ru h{lw e| �upv1

Ohw �$ ghqrwh wkh yhuwh{ ri vrph plqlpdo0frvw wuhh H+ e]>q�> �,> dv lqwurgxfhg
deryh1 Wkh uhpdlqghu ri wkh surri qrz uholhv rq wkh frqvwuxfwlrq ri dq �$0wuhh
zlwk plqlpdo frvw/ zklfk lv frpsduhg zlwk dq| rwkhu dowhuqdwlyh wuhh1 Wklv
frqvwuxfwlrq lqyroyhv wkh iroorzlqj vwhsv1

Iluvw/ ; q � 5/ q 9@ q�> lghqwli| plqlpdo frvw wuhhv H+ e]>q> �, uhvwulfwhg wr
Prq+q> �,> dv lqglfdwhg deryh1

Vhfrqg/ fkrrvh vrph plqlpdo frvw wuhh lq Prq+4> �,/ vd| H+4> �,> zlwk lwv
yhuwh{ vwdwh glvsod|lqj +srvlwlyh, sur�wv1
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Wklug/ mrlq doo wkh deryh wuhhv H+ e]> q> �, dqg H+4> �, dv iroorzv=

+d, ; q A q�/ frqqhfw wkh yhuwh{ ri H+ e]> q> �, wr d vwdwh zlwk q�4 �upv wkurxjk
d vlqjoh h{lw hyhqw/ zkrvh suredelolw| � lv ri rughu qr odujhu wkdq % e| +6,1Wklv

lv srvvleoh ehfdxvh wkh yhuwh{ vwdwh lq vxfk H+ e]>q> �, |lhogv orvvhv/ dv revhuyhg
deryh1
+e, ; q ? q�/ frqqhfw wkh yhuwh{ ri H+ e]>q> �, wr d vwdwh zlwk q.4 �upv wkurxjk
d vlqjoh hqwu| hyhqw/ zkrvh suredelolw| � lv ri rughu vpdoohu wkdq % e| +6, dqg

+7,1 Wklv lv srvvleoh ehfdxvh wkh yhuwh{ vwdwh lq vxfk H+ e]>q> �, lqgxfhv sur�wv/
dv revhuyhg deryh dv zhoo1
+f, Frqqhfw wkh vwdwh ' +�3, wr d vwdwh zlwk rqh �up zlwk d vlqjoh hqwu| hyhqw
+zlwk suredelolw| �,1

Wkurxjk +d,0+f, zh frqvwuxfw d ixoo $��0wuhh/ vd| �K/ wkdw lqyroyhv= +l, d
plqlpdo frvw dw hdfk �ohyho� Prq+q> �,> +ll, Rqh h{lw shu ohyho deryh q�1 +lll,
rqh hqwu| shu ohyho iru q ? q�1 +ly, rqh hqwu| iurp ' +�3, =

Zh qrz fodlp wkdw/ jlyhq dq| rwkhu vwdwh �$/ lw lv qrw srvvleoh wr frqvwuxfw
dq �$0wuhh zlwk wkh vdph ru vpdoohu frvw wkdq �K1 Frqvlghu dq| rwkhu vwdwh �$1

� Li �$ lqyroyhv �q A q� �upv/ wkhq dq| �$0wuhh zloo lqfoxgh dw ohdvw rqh hqwu|
ri d �up iurp d vwdwh lq Prq+q�> �, lqvwhdg ri dq h{lw iurp d vwdwh lq
Prq+q� . 4> �,1 Dv h{lw lv phdvxuhg e| dq lq�qlwhvlpdo ri orzhu rughu
wkdq hqwu| +vhh 7,/ wklv lqgxfhv d frvw vwulfwo| juhdwhu wkdq wkdw ri �K1
+Uhfdoo wkdw wkh frvw uhdol}hg zlwklq hdfk ohyho Prq+q> �, kdv wr eh qr
vpdoohu wkdq wkdw lq �K e| frqvwuxfwlrq/ dqg wkdw doo ohyhov Prq+q> �,
zlwk q A �q uhtxluh dw ohdvw rqh vlqjoh hqwu| ru h{lw wr eh mrlqhg wr d ixoo
wuhh1,

� Li �$ kdv �q ? q� �upv/ wkhq dq| �$0wuhh zloo lqyroyh dq h{lw iurp d vwdwh
lq Prq+q�> �, lqvwhdg ri dq hqwu| iurp d vwdwh lq Prq+q� � 4> �,/ zklfk
vdyhv vrph frvw dv frpsduhg zlwk �K +uhfdoo +7,,1 Krzhyhu/ dv h{lw rffxuv
rqo| iurp vwdwhv glvsod|lqj orvvhv/ vxfk �$0wuhh fdq eh frqvwuxfwhg lq rqo|
wzr zd|v=

Rqh srvvlelolw| lv wr uho| rq d vxe0wuhh zlwklq Prq+q�> �, zkrvh yhuwh{
vwdwh glvsod|v orvvhv dqg wkxv pd| eh frqqhfwhg wr vrph vwdwh lqPrq+q��
4> �,1 Wklv zloo lqyroyh uhyhuvlqj doo wkh duurzv lq hlwkhuEudqfk+|34> |4> q> �,
ru Eudqfk+|5> |35> q> �, zklfk/ dv revhuyhg deryh/ lv pruh frvwo| wkdw rqh
vlqjoh hqwu| ru h{lw1 Wkhuhiruh/ lw uhvxowv lq d frvw juhdwhu wkdq wkdw ri �K=

Wkh vhfrqg srvvlelolw| lqyroyhv frqqhfwlqj d vwdwh lq Prq+q�> �, wr dq0
rwkhu vwdwh lq vrph Prq+q> �,> q A q�> dovr frqqhfwlqj d vwdwh lq vrph
Prq+q3> �,> q3 � q> wr dqrwkhu vwdwh lq vrph Prq+q33> �, zlwk q33 ? q�=
Lq ylhz ri +6,0+7,/ vxfk rshudwlrqv zloo dprxqw wr d frvw vwulfwo| juhdwhu
wkdq wkdw ri �K1

� Li �$ kdv q� �upv dqg lv d yhuwh{ ri d frvw0plqlpdo wuhh/ lw pxvw ehorqj e|
frqvwuxfwlrq wr wkh vhw D+q�> �,> dv gh�qhg lq +9,1 Wkhq/ �$ pd| htxlyd0
ohqwo| ixo�oo wkh uroh ri �$ lq wkh �qdo sduw ri wkh surri +vhh ehorz,/ wkxv
ohdglqj dv zhoo wr wkh ghvluhg frqfoxvlrq1 Rwkhuzlvh/ l1h1 li lv qrw d yhuwh{
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vwdwh iru vrph wuhh Prq+q�> �,/ lw lpphgldwho| iroorzv wkdw dq| �$0wuhh
pxvw lqyroyh d frvw odujhu wkdq �K1

� Ilqdoo|/ li �$ @ ' +�3,/ wkhq wr frqvwuxfw dq �$0wuhh lw zrxog eh qhfhvvdu|
hlwkhu wr lqfoxgh dq h{lw iurp d vwdwh lq vrph Prq+q> �,> q � q�> ru
frqvlghu dq hqwu| iurp d vwdwh lq vrph Prq+q> �,> q � q� dqg dq h{lw
iurp d vwdwh lq vrph Prq+q3> �,> q3 � q= Lq hlwkhu fdvh/ wkh uhvxowlqj frvw
pxvw eh odujhu wkdq wkdw ri �K> lq ylhz ri +6,0+7,1

AIurp wkh deryh glvfxvvlrq lw iroorzv wkdw hyhu| vwrfkdvwlfdoo| vwdeoh vwdwh
pxvw ehorqj wr wkh vhw D+q�> �,> dv gh�qhg lq +9, iru dq| jlyhq �1 E| fkrrvlqj
�$ 3 dqg/ fruuhvsrqglqjo|/ �$ 3> zh kdyh D+q�> �,$ i$��j> zklfk frpsohwhv
wkh surri1
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