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CONDORCET CHOICE CORRESPONDENCES
FOR WEAK TOURNAMENTS

Begoia Subiza & Josep E. Peris

ABSTRACT

Tournaments are complete and asymmetric binary relations. This type of
binary relation rules out the possibility of ties or indifferences which are
common in different contexts, In this work we generalize, from a normative
point of view, some important tournaments’ solutions (top cycle, uncovered

set and minimal covering) to the context where ties are possible.
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1. INTRODUCTION

A tournament over a finite set of outcomes A (candidates,
decisions,...) is a complete and asymmetric binary relation T on A, where
aT b is interpreted as "alternative a beats alternative b". This kind of
binary relations arises in many different models: sport competitions,
biometric and psychometric models, collective choice (majority voting

rules), ... [see Moon (1968); Moulin (1986)].

If there is an alternative which beats every other, then it is clear
that such an alternative must be selected (the winner of the tournament).
But this is not the usual case, and in general it is not clear which one (or
ones) should be considered the winner of the tournament. Indeed, social
choice theorists have constructed several choice rules, but handle the

difficulty posed by the nonexistence of a clear winner in different ways.

From a normative point of view, a large number of solutions for the
problem of choosing from a tournament has been proposed: Copeland (1951);
Slater (1961); top cycle (Schwartz, 1972); uncovered set (Fishburn, 1977,
Miller, 1980); minimal covering (Dutta, 1988); equilibrium set (Schwartz,

1990); etc.

Moreover, from a positive point of view, other solution concepts for a
tournament have been introduced without characterizing them axiomatically:
Banks set (Banks, 1985); bipartisan set (Laffond, Laslier and Le Breton,

1993); matching solutions (Levchenkov, 1994); etc.



As Moulin (1986) points out, "a widely open question is the
generalization to any complete relation on A (not necessarily asymmetric:
indifferences are allowed)". There is an actual possibility of ties: two
football teams can tie; two candidates or alternatives can obtain the same

number of votes; ...

The aim of this paper is to generalize, from a normative point of view,
some of the previously mentioned solutions for tournaments to the case in
which ties are allowed. In particular, the top cycle, the uncovered set and
the minimal covering are extended. In some cases this extension is natural,
but in other cases there is not a unique clear way to generalize these
solution concepts; in this case we have tried to keep the properties
(axioms) which are satisfied by the original solutions. Then, we have
translated these solutions for complete (not necessarily asymmetric)
relations R (weak tournaments) in such a way that when R is a tournament the
definition coincides with the wusual one, and we prove axiomatic
characterization results which are quite similar to those of the case of
tournaments (in fact, in order to prove some of the results, the techniques
used are similar to those in tournaments). Of course, some of the axioms

have to be modified, and other new axioms must be introduced.

In the literature there are some papers which analyze what we have
called weak-tournaments. In particular, in Banks and Bordes (1988) four
extensions of the notion of the uncovered set in tournaments are introduced
and axiomatically analyzed. In Henriet (1985) the Copeland set is extended
to weak-tournaments and is axiomatically characterized. Later, we will

compare these solutions with the ones we will introduce.



The plan of the paper is as follows: in Section 2 some preliminary
definitions and properties are introduced. Sections 3, 4 and 5 are devoted
to the extensions of the top cycle, uncovered set and minimal covering

solutions, respectively. Some final comments close the paper.



2. WEAK TOURNAMENTS AND CHOICE CORRESPONDENCES

A weak tournament on A is a pair (R,A) where A is a finite set
containing all feasible outcomes, and R is a complete (that is V a,b € A,
aRb or b R a) binary relation on A. From this relation it is always
possible to define two new binary relations, P and I, the asymmetric and

symmetric part of R, respectively

V abe A, aPbif and only if a R b and not (b R a)
Vabe Ajalbifand onlyifa Rband bR a

A tournament is the particular case in which

Vabe A ,albif and only if a =D

in this case we will represent the asymmetric part of the binary relation by
T and we will use the notation (T,A) in order to distinguish this particular

case from the general one.

The statement a P b means that alternative a beats b in a pair wise

comparison, while a I b means a tie between both alternatives.

Given a binary relation V defined on A, we will say that an element
a* € AisV-maximalon Aifa* Vb,V b e A b # a* Given two non-empty

subsets of A, we will use the following notation:

BVB ifandonlyifbVb Vbe B Vb e B
-8 -



F(A) will denote the set of all non-empty subsets of A; 92 and 9 will

denote the set of weak tournaments and tournaments on A, respectively,

We will also make use of the transitive closure relation: given a
binary relation R on A, its transitive closure RR is defined in the

following way,

Y a,b € A, a RR b if and only there are a,8,..,4 € A

suchthata=a Ra R Ra =b
1 2 n

This relation depends both on the binary relation R and on the set where it
is defined. When necessary, we will denote this dependence by representing

the transitive closure of R in B < A as RRB.

A choice correspondence S is a mapping

S: BXP(A) —> B(A)

such that for every (R,B) € 9#x%#(A), S(R,B) is a non-empty subset of B.

S(R,B) is usually interpreted as the best outcomes of (R,B).

One of the main problems in choosing the best alternatives from a
tournament or weak tournament is that the choice is usually too large (in
some cases the whole feasible set). Thus it is usual to look for choice
correspondences fulfilling some properties which select as few elements as
possible. In this sense, given two choice correspondences S and S’, S is

said to be smaller than S’ (or S’ is said to be larger than S) if



V (R,B) € ?ZXPL(A), S(RB) c S’(R,B)

A choice correspondence S is said to be the smallest (respectively, the
largest) satisfying some properties (P), if any other choice correspondence

holding (P) is larger (respectively, smaller) than S.

In the case of tournaments, a great number of choice correspondences
has been defined, none of them having found universal acceptance. In order
to defend and compare different solutions, a multitude of properties have
been discussed in the literature. Some of these properties, in the known

case of tournaments, are the following:

CONDORCET CONSISTENCY
A choice correspondence S:IXZ(A)— L(A) satisfies Condorcet

consistency if for all (T,B) € IxL(A),

b* € B is T-maximal in B implies S(T,B) = (b*}

Such an element b* is called a Condorcet-winner.

This condition establishes that if an outcome beats every other element
in B, it should be uniquely chosen. Although we only will consider choice
correspondences  satisfying  it, usually named Condorcet choice
correspondences, this property gives little information about the solution
of a tournament because, in general, there is not a Condorcet-winner. The
next two properties are stronger than Condorcet consistency and try to solve

the problem of the non-existence of Condorcet-winners.

- 10 -



CONDORCET TRANSITIVITY
A choice correspondence S: I X Z(A)—> £(A) satisfies Condorcet

transitivity if for all (T,B) € IxXZ(A),

abe B,ae S(T,B), b ¢ S(T,B) impliesa T b

In other words, if an outcome beats some chosen outcome, it must be

chosen too.

SMITH’S CONDORCET PRINCIPLE
A choice correspondence S: I X F(A) — FP(A) satisfies Smith’s
Condorcet principle if for all (T,B) e IxXL(A), B = B UB and B TB,

then S(T,B) € B,

This axiom establishes that if we can split the feasible set in two
subsets in such a way that every outcome in the first subset beats all the
outcomes in the second one, then no outcome in this second subset must be

chosen.

In the following definition we translate, in a natural way, these

axioms to the context of weak-tournaments.

Definition 1.

A choice correspondence S: 98X #(A) —> P(A) satisfies

A) Condorcet consistency if for all (R,B) € % Xx%(A),
b* € B is P-maximal in B implies S(R,B) = {b*)

S 11 -



B) Condorcet transitivity if for all (R,B) € #xZ(A),
ab e B,ae S(RB), b ¢ S(R,B) implies a P b

C) Smith’s Condorcet principle if for all (R,B) € #ZxZ(A),

B = B1 U B2 and B1 P B2 implies S(R,B) ¢ B1

In Banks and Bordes (1988) several conditions, related to the Condorcet
consistency, are introduced in the context of weak-tournaments: let C(R,B)
the set of R-maximals on A, C(R,A) = (xe A | xRy Vye A}. Then a choice

correspondence S: 9% X #(A) —> P(A) satisfies

Inclusive Condorcet if C(R,A) < S(R,A)
Exclusive Condorcet if C(R,A) # & implies S(R,A) € C(R,A)
Strict Condorcet if C(R,A) # & implies S(R,A) = C(R,A)

All of these properties are based on the idea of "weak"
Condorcet-winner, that is the existence of an element which beats or ties
every other element. The Inclusive and Strict Condorcet principles imply
that such elements must be contained in the choice set. But sometimes this
fact can be seen as a "bad" property: imagine an outcome, say x, which ties
(is indifferent) to every other, and let y be an element which beats every
outcome different from x and himself. In this case, it is clear that x may
not be chosen as a winner of the weak tournament, contrary to Inclusive and

Strict Condorcet properties.

Next we introduce two new axioms; the first one analyzes the choices
when we can divide the feasible outcomes into three subsets of indifferent
elements with a dominance relation between them; the second one establishes
conditions for the choice consisting of exactly two elements.
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Definition 2.
A choice correspondence S:9% X Z(A) — F(A) satisfies Condorcet

dominance principle if for all (R,B) € 9 x%(A) such that
B=B uB UB;B IB Vi BPB Vi=12;B RB
1 2 3 i i i i+l 1 3

then
Bi+1 N S(R,B) # & implies B. N SRB)#©0 1i=1.2
This property establishes that if the subset B, is ahead of B, (in
the sense that every outcome in Bi beats any one in Bi+1) then if the choice
set contains any outcome in Bi+1’ it should contain someone in Bi. It must

be mentioned that, when the relation is a tournament, every Condorcet choice

correspondence satisfies this property.

Definition 3.
A choice correspondence S: % F(A) —> L(A) satisfies the binary
choice principle if for all (R,B) € #Z X %(A)

S(R,B) = {x,y} implies x 1y

In tournament theory (when indifferences are not allowed), the usual
solutions cannot contain exactly two elements (see, for instance, Moulin
(1986)). The idea is: if only two elements are chosen and one of them beats

the other, it seems "natural” to select only the winner.

Other usual axioms, used in general choice theory, analyze how the
choice correspondence changes when the binary relation (tournament or weak

tournament) changes.
- 13 -



ARROW’S INDEPENDENCE OF IRRELEVANT ALTERNATIVES

A choice correspondence S: #x A A) —> F(A) satisfies independence of
irrelevant alternatives (AIIA) if for every B € ¢ (A) and every RR’ € &%
such that R[B =R’ |B (that is, R and R’ coincide on B) then

S(R,B) = S(R’,B)
NEUTRALITY

A choice correspondence S: % X #(A) —> £(A) is neutral if for any
permutation o of A and every (RB) € %X Z(A) then

S(o(R),B) = o[S(R,B)]
where o(R) is the weak tournament defined from R as:
VY abe A, ao®R b if and only if o(a) R o(b)
MONOTONICITY
A choice correspondence S: 92X #(A) — (A) is monotonic if for every
RR’ € JZandevery B € £(A), suchthatR|B_{X} = R’lB-{x) andV b € B,
x P b implies x P’ b and x I b implies x R’ b, then

x € S(R,B) implies x € S(R’,B)

Finally, the following axioms (also usual in choice theory) analyze how
the choice correspondence changes when the subset presented to choice is

modified.

- 14 -



EXPANSION
A choice correspondence S: X #(A) — H(A) satisfies expansion if for

any class of sets [Bi, ie I), Bi € (A)Vieland any R e &%,
iQI S(R’Bi) < S(R’igl Bi)
AXIOM y*
A choice correspondence S: 92X Z(A) — L(A) satisfies y* if for any
class of sets {Bi, ie I}, Bi € #A)Vie Iand any R € &,
ae 0 S®RB) implies [ U B]- (a} # SR, U B)
STRONG SUPERSET PROPERTY
A choice correspondence S:9% X #Z(A) — %2 (A) satisfies the strong
superset property (SSP) if for any BB’ € %(A) and any R € 92, then
S(R,B) € B’ € B implies S(R,B) = S(R,B’)
AIZERMAN
A choice correspondence S: 92X $AA) — F(A) satisfies Aizerman if for
any B.B’ € %(A) and any R € 92, then

S(R,B) c B’ € B implies S(R,B’) < S(R,B)

The following result shows how some axioms determine the choice set in

some particular weak tournaments.
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Lemma 1.
Let S: BX P(A) —> P(A) a choice correspondence satisfying neutrality

and (AIIA). Then,

1) If B={abc},aPb,bPc,cPa, then S(RB) =B
2) If aIb for every a,b € B, then S(R,B) = B

Proof
1) See Moulin (1986), page 278.
2) Suppose a € B and a ¢ S(R,B). Let b € S(R,B) and consider the following

permutation:

o(@a =b,0() =a,06(c)=c,Vc#actb

Neutrality implies S(co(R),B) = o[S(R,B)], so a € S(c(R),B) and

b ¢ S(o6(R),B). On the other hand, as o(R) coincides with R on B, (AIIA)

implies S(o(R),B) = S(R,B), a contradiction.g

- 16 -



3. THE TOP-CYCLE

One of the basic solution concepts for tournaments is the top cycle
(Schwartz, 1972), defined as the set of maximal elements of the transitive
closure of T (see Moulin, 1986). In the context of tournaments, the top
cycle is the smallest choice correspondence satisfying Condorcet
transitivity (Schwartz, 1972) and the largest satisfying Smith’s consistency
(Moulin, 1986). Moreover, the top cycle is a singleton only when there is a
Condorcet winner; otherwise it is a cycle with, at least, 3 elements
(Miller, 1977). In the next definition we extend this concept to the context

of weak tournaments.

Definition 4.

The top cycle choice correspondence
TC: A X P(A) — FL(A)

assigns the set of RR-maximal elements on B to each weak tournament

(R,B) € A& xL(A),

TC(R,B)=[aeB|aRRBb,‘v’beB,b¢a}.

where, as we have mentioned before, RRB stands for the transitive closure of

relation R on the set B € Z(A).

The following result shows that the top cycle correspondence, defined
in the context of weak tournaments, satisfies the same properties as in the

tournament’s case.
- 17 -



Theorem 1.

1) TC 1is the smallest choice correspondence satisfying Condorcet
transitivity.
2) TC is the largest choice correspondence satisfying Smith’s Condorcet

principle.

Proof
1) TC satisfies Condorcet ftransitivity because if a € TC(R,B) and b € B,
b R a, then b RRB ¢, Vce Band b € TC(R,B).

Let S:9%2 X% (A)—> % (A) be a choice correspondence satisfying
Condorcet transitivity, If a € TC(R,B) and b € S(R,B), then a RRB b, that

is,

Eal,az,...,a e Bba=a Ra R-~Ra =b
n 1 2 n

and applying Condorcet transitivity successively, a € S(B,R), so

TC(B,R) — S(B,R)

2) Let B = B1 U B2 such that B1 P B2. If a e B2 N TC(R,B) then for all

b € B1 it is verified that a RRB b, that is

Elal,az,...,a € Bba=a Ra R« Ra =b
n 1 2

Then a € B and successively a € B, a contradiction because in this

case a, Paand aR a, is not possible.

- 18 -



Let S: X $AA) — ZL(A) be a choice correspondence satisfying Smith’s
Condorcet principle. Given (R,B) € #Xx#(A),ifa € S(RB)anda ¢ TC(R,B)
then there is some b € B, such that no(a RR_ b) which implies b P a and

moreover for all ¢ € B such that a RRB ¢, b Pc. Let

B1=(beB | no(aRRBb)}
B =B-B
2 1

Then Bl P B2 and Smith’s Condorcet principle implies S(B,R) C B1’ a

contradiction because a € B2..

The top cycle is usually a too large choice correspondence. Besides, it
has another drawback: it may select Pareto dominated outcomes when the
tournament is derived from a binary majority comparison (see Fishburn, 1977

and Moulin, 1986, for comments and examples).

- 19 -



4. THE UNCOVERED SET

In Miller (1977,1980) and Fishburn (1977) the notion of uncovered set
is introduced, which is a choice correspondence more discriminating than the
top cycle (in particular, in tournaments deduced from majority comparison,
the Pareto dominated outcomes do not belong to the uncovered set). An
outcome a is in the uncovered set if for every outcome b, a beats b, or a
beats some outcome ¢ which in turn beats b (two step principle, Miller,

1977).

Miller (1977) proved that the choice correspondence defined by the
uncovered set of a tournament is the smallest satisfying Neutrality, AIIA,

Expansion and Condorcet consistency.

In order to extend the definition of the uncovered set to
weak-tournaments, we use the following binary relation which is a
generalization of the cover relation used by Miller (1977). In the final
Section some comments will be made about other ways of generalizing Miller’s

cover relation.

Definition 5.
Let (R,B) € #xP(A) be a weak tournament and let a,b € B. It is said
that a R-covers b in B, if and only if
aPb, and

bPw implies a P w
VY w e B,

b I w implies a Rw

We will denote this fact by a CrB) b.
- 20 -



It is easy to prove that Crp) is a transitive (possibly not complete)

binary relation. It is also obvious that when B’ < B and a,b € B’,

a Crp) b implies a CrB") b.

As in the original idea of Miller, when an element b is covered by some
other element a, this second element is thought to be better than the first,
since a beats b and moreover, a has "better results" than b in a pairwise

comparison with the other elements of the alternative set:

if b beats someone, so does a; if b ties with someone,

a either beats it or ties with it,

From the covering relation it is possible to define a complete binary

relation in the following way:

a Cxp) b if and only if no (b C®,p) a)
As Cg,p) is a transitive relation, C?R,B) has maximal elements on every
subset B and we can define the following choice correspondence, which

generalizes the uncovered set in tournaments.

Definition 6.

The uncovered choice correspondence
U: AXP(A) — F(A)
assigns the set of all C?R,B)-maximal elements on B to each weak tournament

(R,B) € BxFP(A)
221 -



URB) ={aec B|aCrpb Vbe B, b#a)

It must be noted that if y ¢ U(R,B), there is x € B such that x € U(R,B)
and x R-covers y in B, x Cwrp y. The following result provides a

characterization of the uncovered choice correspondence.

Theorem 2.

The uncovered correspondence U: 92X %#(A) —> £(A) is the smallest
choice correspondence satisfying (AIIA), Neutrality, Expansion, Aizerman,
Condorcet consistency, Condorcet dominance principle and Binary choice

principle.

Proof
Let us see first that U satisfies all the properties. It is obvious that
(AIIA), Neutrality and Condorcet consistency are fulfilled.
N . =
Letae el U(R,Bi) and suppose a & U(R’igl Bi), let denote D igl Bi.
Then there is some b € D such that b CrpDp) a. But in this case, b C(R,Bj) a

for some j € I, a contradiction.

Suppose now U(R,B) € B’ ¢ B and a € U(R,B’). If a ¢ U(R,B) then there
exists b € U(R,B) such that b C®B) a, but then we obtain that b Crp) a,
which contradicts that a € U(R,B’).

Now let (R,B) € 92x2(A) such that
B=B uUB UB,BIB ViBPB Vi=12,B RB
1 2 3 i i i i+l 1 3

Given b € Bx’ there is not a € B such that a P b, so

bC’ZR,B)a Vaec B
920 .



and then B1 M U(R,B) # @. On the other hand, suppose B2 N UR,B) = &, and
let c € Ba' Then, for every b € B2, b P c and, as b is not in the uncovering
set, there is a € B such that a C®,p) b and then a P c. It is immediate now

that a Cr,B) ¢, SO B3 N UR,B) = &.

Finally, consider (R,B) such that U(R,B) = (x,y} and suppose x P y.
Then, there is w € B such that one of the following possibilities is
fulfilled,

y PwRx
yIwPx

In any case, UR,B’) = {x,y,w), where B’ = (x,y,w}. Thus, we have
URB) c B’ ¢ B
and U(R,B’) is not contained in U(R,B), contradicting Aizerman.,

To see that the uncovered correspondence is the smallest which satisfies
the above mentioned properties, let S: X F(A) — P(A) satisfying them and
let a € U(R,B). Consider the following partition of set B:

B+= (be B| aPb)
B =(beB | alb)
B_

=(be B | bPa}l

Let b € B ; then, since a € U(R,B), one of the next three possibilities must

occur;

- 023 -



[1] Elwbe B such thatanb and wbe
[2] Elwbe B such thatanb and wbIb

[31 4 w, € B such that a I W, and w, Pb

Consider the set C = {a,b,wb}. In the first case, Lemma 1 gives us that
S(R,C) = [a,b,wb}. In case [2], Lemma 1 ensures that S(R,[b,wb)) = [b,wb)
and, if a ¢ S(R,C), Aizerman implies S(R,C) = [b,wb} contradicting the
Condorcet dominance principle. In case [3], the Condorcet dominance
principle implies W, € S(R,C). If b ¢ S(R,C), Lemma 1 and Aizerman imply
S(R,C) = {a,wb) and if b € S(R,C), the binary choice principle implies
SR,C) # {b,wb}. So, in any case, a € S(R,C). Then,

¢ pap SR(abw,))

On the other hand, from Lemma 1 and Condorcet consistency

S bQB+UB_S(R’{a,b})

Finally, Expansion ensures a € S(R,B).g

The next property analyzes when the uncovered set contains a unique

alternative,

Proposition 1.

U(R,B) = {a} if and only if a C®rpB) b for every b # a

- 24 -



Proof
Consider b e B, b # a; then as b ¢ UR,B) there is b1 € B such that
b1 Cwrp) b. If b1 # a, by repeating this argument, as the R-cover relation

is transitive and B is a finite set, we obtain a C®B) b.g

Then as an immediate consequence of the definition of the R-cover

relation we obtain;

Corollary 1.

U(R,B) = (a} if and only if a is a Condorcet winner

.25 -



5. THE MINIMAL COVERING

The minimal covering choice correspondence was introduced by Dutta
(1988), in the context of tournaments, with the aim of defining a more
discriminating solution than the uncovered set. Dutta (1988) proved that, in
this context, the minimal covering is the smallest choice correspondence
satisfying Neutrality, AIIA, Monotonicity, Strong superset, condition y* and

Condorcet consistency.

In order to generalize the minimal covering to the context of weak
tournaments, first we introduce the translation of the notion of covering

set to this case.

Definition 6.
Given (R,B) € #x.%(A), a set E C B is a covering set of (R,B) if and

only if
a) URE)=E

b) be B - E implies b ¢ UR,EU(b})

If E is a covering set of (R,B), then E is internally stable in
accordance with the cover relation defined in the previous Section, since
condition a) establishes that all of the elements in E should be uncovered
within E. Condition b) requires an external stability in the sense that the

elements outside the covering set cannot cover the elements in E.

We denote the family of all covering sets of (R,B) by 6[R,B]. The next
property relates the covering sets with the uncovered choice correspondence

analyzed in the previous Section.
- 26 -



Lemma 2.

If E € G[R,B] then E ¢ UR,B)

Proof

Suppose b € Eand b ¢ U(R,B); then there isc € B such that ¢ Cg;p) b which
implies ¢ CrReU(e) b. If c e E, a contradiction with the internal
stability of the covering set is obtained. Then, ¢ ¢ UR,EU(c)) and so,
there is w € E such that w C®rpeU(c)) c. Transitivity of the covering
relation gives us w C®REU(c)) b, which in turn implies w C®E b, again a

contradiction to internal stability.g

The following results, Lemma 3 and Theorem 3, are devoted to proving

the existence of covering sets for every weak tournament (R,B).

Consider a weak tournament (R,B) and denote UO(R,B) =B.Forany t 2 1,
let U'(R,B) = U(R,U"'(R,B)). As B is a finite set, there is some k € N such
that US(R,B) = U*/(R,B). We will denote by U”(R,B) the set U(R,B) holding

this condition.

Lemma 3.

If b ¢ UT(RB), b € B, then there is a € U™(R,B) such that

a C(R,UOO(R,B)U(b)) b

Proof

Let b ¢ UT(R,B); then there exists t € N such that b € U(R,B) and

be Um(R,B), that is, there is ¢ € Ut(R,B) such that ¢ Ceu'®py b. If
- 27 -



¢ € UT(R,B) we have the result, because U™(R,B) c U'(R,B). In another case,
by following an analogous argument, we can found d € U’(R,B), s 2 t, such
that d CrRU'®pBy c. As UR,B) U {b) c U(R,B) for s>t and the
covering relation is transitive, then d CruU'®BU®B) b. By repeating

this process, as B is a finite set, we obtain the result.g
Theorem 3.
UP(R,B) € G[R,B]
Proof
By definition, UR,U”(R,B)) = U”(R,B). Now, letc ¢ U™ (R,B); Lemma 3 ensures
the existence of a € UT(R,B) such that a Cru~®BU(c) ¢ and then,

c ¢ UR,UTRB)U(c)).qg

As Lemma 2 showed, every covering set is a selection of the uncovered
set. In order to define a choice correspondence for tournaments (or weak
tournaments) as discriminating as possible, one way consists of selecting

the minimal covering set with respect to the set-inclusion (Dutta, 1988).

Definition 7.

The minimal covering choice correspondence

MC: B X P(A) —> L(A)

assigns the minimal (with respect to the set-inclusion) covering set of

(R,B) to each weak tournament (R,B) € 92X Z(A).
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The following results are devoted to proving the existence of such a
covering set and that it is unique. So, the minimal covering choice

correspondence is well defined.
Lemma 4.
Let EF € ¢[RB], then ENF # O
Proof
Let us suppose E N F = &, and consider e € E. As e € B - F, then there is
f1 € F such that
f1 C(R,FU(el)) e
As f1 e B - E, then there is e, € E such that

e, C(R,EU(fI]) f1

In this way, since B is a finite set, we obtain a chain

€l C(R,EU(fk]) fk C(R,FU(ek)) e C(R,EU(fk_l)) fk_1 . f1 C(R,FU(el)) e

From this, it is immediate that
fPe and ¢ Pf ,t=1.2,..
t t t+1 t
and then, from the definition of the covering relation,
e Pe and f Pf ,t=12,.. [1]
1 t +1 t

t+
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As B is a finite set, for a large enough k, i < j must exist in the chain

such that fi = fJ and then
f CrrUie)) e,
i i

This implies fi+1 P €, (otherwise fi R fi+l contradicting [1]) and, since

e., C(R,EU(fi+l)) fm, e., P ej which in turn implies e, P fJ 0 (in

another case, f Re, and e Crpuir, L implies e Re , a
j1 42 j J1 i1 ] i+2

contradiction) and fi+2 P fJ " By repeating this argument we obtain a

contradiction with [1].g

Theorem 4.
For all (R,B) € %#x %(A) there is a set MC(R,B) € G[R,B] such that for
every E € ©[R,B] then MC(R,B) c E.

Proof

First suppose that there is a Condorcet winner in (R,B); then the set
containing this element is the unique covering set and the result is true.
Note that, when there is not a Condorcet winner, a covering set must contain
at least two elements and, in the case where it contains exactly two
elements they must be indifferent.

Now consider (R,B) € 92X %(A) and choose a covering M with minimal
cardinality. Let E < B any other covering set of (R,B). Lemma 4 implies
M N E # & and then, if M is not contained in E, M M E is not a covering set
because of the minimal cardinality of M and UP(RM N E) is not a covering
set of (RB). As URUT(RM N E)) = UT(RM N E) then there is

b ¢ UT(RM N E) such that
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b e URUTR,M N E)u(b)) [2]

Moreover, as U°°(R,M N E) e GC[RM N E],thenb ¢ M n E. Without loss
of generality suppose b ¢ E; then, since b ¢ U(R,EU(b}), there is e € E
such that e Cwrpeupb) b and condition [2] implies e € UM(R,M N E). If
e, € MNE, by Lemma 3, there is c¢ U(RM N E) such that

c C(R,UOO(R,MﬁE)U(el)) e and, by transitivity

c C(R,UOO(R,MﬂE)U(b)) b

contradicting [2]. Then e ¢ MNE, so e ¢ M. As M is a covering set, there
is m € M such that m C(R,MU(eI)) e. If m € U°°(R,M M E) by transitivity
we obtain a contradiction with [2], and by reasonong in a similar way as

before, m ¢ M N E, so m ¢ E. By repeating this argument, we obtain

m € M such that m, C(R,MU[ei]) e, i=1,2,...
e. € E such that e = C®EUm)) m, i=1,2,...
i i+1 i i

e € E such that e CreUp) b

but this chain of elements is not possible as we have shown in Lemma 4.

Therefore we can ensure that M C E.g

Theorems 5 and 6 provide an axiomatic characterization of the minimal

covering choice correspondence.

Theorem 5.

The minimal covering correspondence MC: 92X #(A) — P(A) satisfies
Monotonicity, Neutrality, (AIIA), Condorcet consistency, (SSP), condition y*
and the Condorcet dominance principle.
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Proof
It is immediate that MC satisfies Neutrality and (AIIA). In order to

prove Monotonicity, let R,R’ € 9 and B € (A), such that

Rlp.(x) = R'lB (x)
V be B, xPbimplies x P b and x I b implies x R” b, and

x € MC(R,B)

Suppose x ¢ MC(R’,B); we are going to prove that MC(R’,B) is a covering set
in (R,B) and then MC(R,B) ¢ MC(R’,B), contradicting x € M(R,B). As the

uncovered choice correspondence satisfies (AIIA),
UR,MC(R’,B)) = UR’,MC(R’,B)) = MC(R’,B)

Let b ¢ MC(R’,B). If b # x, then as R|B-(x} = R’IB—(X}
b ¢ UR’ MC(R’,B)U{b}) = URMCR’,B)U(b})

Ifb=x x ¢ UR,MCQR’B)U(x}) and there is a € MC(R’,B) such that
a Cr’MCR’B)U(x}) X
that is, a P’ x, and for every w € MC(R’,B),

x PP w implies a P’ w

x I’ w implies a R w

From the relationship between R and R’, it is immediate that a also covers x
with the relation R, so x ¢ URMC(R’,B)u(x]}) and then
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MC(R’,B) € G[R,B].

In order to prove the strong superset property (SSP) consider

BB’ € #(A) and R € 92, such that MC(R,B) c B’ < B. This implies that
MC(R,B) is a covering set in (R’,B) and then MC(R,B’) C MC(R,B). Let us
suppose MC(R,B’) # MC(R,B); we are going to prove that, in this case,
MC(R,B’) is a covering set in (R,B), contradicting the minimality of

MCR,B).

Obviously, UR,MC(R,B’)) = MC(R,B’). On the other hand, if

b € B - MC(R,B’) we will distinguish two cases:

be B’ thenb ¢ URMC(R,B)U{b}), because MC(R,B’) is a covering
set in (R,B’).
2) b ¢ B’; in this case, as MC(RB) c B’, b e B - MC(R,B) and then,
b ¢ UR,MC(R,B)U(b}), so there is a € MC(R,B) B’ such that
a CRMCRBU(b) b
If a e MCQR,B’) then b ¢ URMCR,B’)U(b}). In another case,
a € B’ - MC(R,B’) implies the existence of d € MC(R,B’) such that
d CeRMCRB)Ufa)) a
and then by transitivity

d CeRMCRB)J(b) b

So, in any case, b ¢ URMC(R,B’)U{b}) and MC(R,B’) e CG[R,B].

Now, in order to prove that the minimal covering choice correspondence

satisfies condition y*, let Bi e %(A),ie I, and R € 92, such that

N
ae 1 MC(R,Bi)
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and suppose [igl Bi] - la) = MC(R,i(QI Bi); then, there is b € MC(R’&QI B],)
such that b R-covers a in MC(R’igI Bi)u{a). Let j € 1 such that b e Bj;
then, as Bj - {a) ¢ MC(R’igI Bi), b R-covers a in Bj which contradicts the

fact that a € MC(R,Bj) .
Finally, if (R,B) € %X %(A), and B = Bl U B2 U B3 such that
BIB VY, BPB Vi=12,B RB
i i i i+l 1 3

If B1 N MC(R,B) = ), then MC(R,B) B2 U B3 and for every b € B1 there is
c € B2 U B3 such that ¢ P b; but it is not possible. Now consider (R,B) such
that B2 N MC(R,B) = J; then for a € B2, a ¢ URMC(R,B)u{a}) and there is
b € MC(R,B) which R-covers a in MC(R,B)u(a}. In particular, b P a which
implies b € Bl. If c e B3 N MC(R,B), then a P ¢ and thus b R-covers c in

MC(R,B), a contradiction.g

We are now interested in proving that the minimal covering choice
correspondence is more discriminating than any other satisfying the axioms

of Theorem 5. First, we prove an auxiliary lemma.

Lemma 5.
Let (R,B) € 9% x4 (A), and B1’ B2 be any partition of B such that
B1 N MC(R,B) # . Then, there is a € B1 such that a € U(R,Bzu{a}).

Proof
Suppose a & U(R,Bzu(a)) for all a € B1 and call B3 = U°°(R,B2). We are
going to prove that B3 is a covering set in (R,B). From the definition, it

is immediate that U(R,BS) =B .
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Now consider x ¢ B3; if x € B1 there is b € B ) such that b C(R,B2U(x)) X.
Ifbe B3 then b C(R,83U(x)) x; in another case, there is d e B3 such that
d C(R,B3U(b)) b and the transitivity of the covering relation implies
d C(R,BIU(X)) X, SO X & U(R,Bsu{x}).

On the other hand, if x ¢ Bl, then x € B2— B3 and as B3 = U°°(R,B2),
Lemma 3 implies the existence of b € U°°(R,B2) such that
b C(R,U°°(R,B2)U(x)) X
and then x ¢ U(R,Bsu{x}).
So, B3 € G[R,B] which implies MC(R,B) c 83 C B2, contradicting that

Bl, B2 is a partition of B.g

Theorem 6.
The minimal covering correspondence MC: %X #(A) —> L(A) is the

smallest choice correspondence satisfying the axioms of Theorem 5.

Proof
Let S: X P(A) — £(A) be a choice correspondence which satisfies
all axioms in Theorem 5. If there is (R,B) € %X %(A) such that

MC(R,B) - S(R,B) # &
Let B = MC(R,B) - S(R,B) and B, = S(R,B). Then,
MC(R,B) B1 U B2 cB
and strong superset property implies MC(R,B) = MC(R,BIUBZ). Lemma 5 thus

ensures the existence of a € B1 such that a € U(R,B2u{a}). Consider the

following partition of B,
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(B2)+ ={be B2 such that a P b}

(B)_
(Bz)- = {b € B2 such that b P a}

(b e B2 such that a I b}

Condorcet consistency implies

S(R,(B)) Ula)) = (a),

and from Lemma 1, for every b € (B2)=

S(R,{a,b}) = {a,b)

On the other hand, as a € U(R,B2u{a}), for every b € (B2)_ there is ¢ € B2

such that one of the following possibilities is fulfilled:

(1) aPcPhb
2) aPclhb
3 alcPhb

In case (1), Lemma 1 ensures a € S(R,{ab,c}). In case (2), if
a¢ S(R,{ab,c)), then SR,{ab,c}) c {bec) < [a,bc} and the sirong
superset property, together with Lemma 1, implies S(R,{a,b,c}) = {b,c},
contradicting the Condorcet dominance principle. So, in case (2),
a € S(R,{a,b,c})). Finally, in case (3), if a ¢ S(R,{a,b,c}), sirong superset
and Condorcet consistency imply S(R,{a,b,c}) = {c} < {a,c], and then, again

applying strong superset,

S(R,{a,b,c)) = S(R,(a,c})
- 36 -



But S(R,{a,c}) = {c} contradicts Lemma 1,

Then,

a e SR(B) Ula) N[ AL SR (ab)] N[N SR (abe))]
2= 27 -

and condition y* implies
S(R,Bzu{a}) # B,

but, S(R,B) = B2 c B2 U {a} < B, and strong superset implies
S(R,Bzu{a}) =B

2

a contradiction.g
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6. FINAL COMMENTS

It is clear that, as in the case of tournaments, each of the three
choice correspondences introduced are more discriminating than the preceding

one,

vV (R,B), TC(R,B) o UR,B) 2 MC(R,B)

Moreover, the Copeland-winners (Copeland 1951; Henriet, 1985) are obviously
included in the uncovered set and there is no inclusion relation between the
Copeland-winners and the minimal covering set. Nevertheless, the Copeland
choice correspondence (and, in general, the scoring methods) does not
satisfy (AITA), which is very useful axiom since it implies that the choice
on every subset only depends upon the relationship between the outcomes in

the subset,

Althought the minimal covering is the most discriminating among the
solutions of tournaments we have analyzed, as Dutta (1988) points out, the
uncovered set has a special appeal: "it is easier to compute and has an
interesting interpretation in terms of a real world voting procedure"
&sophisticated agenda, see Banks, 1984). The uncovered set (and also the
minimal covering) depends on the cover relation which is used in its

definition. For tournaments, this relation is defined as
acoversb if and onlyif a Tb and a T w whenever b T w

There is not a unique clear way to translate this definition to the case
of weak-tournaments. In Bordes (1986) and Banks and Bordes (1988) two
covering relations are examined:

aCub if and only if a Pb and a R w whenever b R w
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a Cd b if and only if a Pb and a P w whenever b P w
and from these relations the following uncovered sets can be defined

UCU(R,B)z{xeB|yCuxfornoyeB)
UCd(R,B)=[xeB|yCdxfornoyeB]

From our definition of the R-cover relation in Section 4, it is

immediate to deduce that for every (R,B),

a R-covers b in B implies a Cu b

a R-covers b in B implies a Cd b

and then

UCU(R,B) U UCd(R,B) c U(R,B)

The covering relation we introduced in Section 4 (as well as the cover
relation in tournaments) deals with the idea of dominance: an alternative a
"dominates" some other alternative b if it has a "better" behavior with
respect to any other alternative w in pairwise comparisons. Nevertheless,
this is not, in general, the case of the cover relations Cu or Cd since we

may have, for instance, the following situations:

aCub and alw, b P w for some w

aCdb and wPa bl w for some w

In both situations it is not clear that a has a "better" behavior than b,

On the other hand, each of these covering relation requires a direct
strict preference between the two alternatives: that is, if a covers b then

aPb. A weak dominance relation could only ask for weak preference.
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Formally,
a CW b if and only if a R b and
() b Pw implies a P w
(2) bI w implies a R w
(3) there is some ¢ € B such that
3.) aPc,cRb,or
32)alc,cPb

The idea with this new covering relation is to ask for the minimum
conditions which preserve the intuition of dominance: it is clear that, if
we have two alternatives under the above conditions, the first one must be

selected before the second.

Again, it is clear that if a R-covers b, then a Cw b which implies
UCW(R,B) c U(R,B), where UCW(R,B) is defined in the usual way. In
particular, some alternatives which apear in U(R,B) as well as in UCU(R,B)
and UCd(R,B), have been eliminated from UCW(R,B). To clarify this fact,

consider the following example:

let B = {bl’bZ’m’bn} and the weak tournament defined as follows,

bl P bi i=34,..,n
1,2,....n

—
il

b Ib
2 i

As b2 ties with every other alternative, it can not be rejected and belongs
to U(R,B) as well as to UCu(R,B) and UCd(R,B) (see Theorem 5.2 in Banks and
Bordes, 1988). Nevertheless, it seems clear that b2 can be rejected in front

of bl. In this example, UCW(R,B) = [b1}'
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Note that in the above example there is not a Condorcet winner and the
uncovered set UCW(R,B) only has one element. So, althought Proposition 1 is
true when we use the cover relation Cw, in this case the result in Corollary

1 can not be obtained.

In order to characterize the elements in UCW(R,B), we will use the

following binary relations obtained from R:
Consider the weak-tournament (R,B)

A) we will say that a G b in B, if there is ¢ € B such that
(DaRc,cPhb, or
2)aPc,cRD
B) we will say that two elements a,b € B are indistinguishable in B,
a = b, if for any other alternative w € B,
aPw if and only if b P w
alw if and only if b I w

w Pa if and only if wPb

The first relation translates the idea that alternative a beats the
alternative b in the feasible set B, either directly or indirectly to the
context of weak-tournaments. From these definitions we obtain the following

result,

Proposition 2.

ae€ UCW(R,B) if and only if for every b € B
() aGb,or

2)a=b
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Proof
Let a e UCW(R,B), then for every b € B, no b Cw a. If a Cw b this implies
a G b. In another case, we may have a P b, in which case a G b, or b R 3;
but then, as a € UCW(R,B), we have the following possibilities:

(1) there is ¢ € B such thata Pc,c R b

(2) there is ¢ € B such that a Rc,c P b, or

(3) forevery we B, aPw iff bPw

alw iff bIw

The two first cases imply a G b, and the third one shows that a = b.

Conversely, consider a € B such that for every b e B,aGbora=b
and suppose a ¢ UCW(R,B). Then there is ¢ € B such that c Cw a. This implies
that a and c can not be indistinguishable, so a G b. But this possibility

contradicts ¢ C a. Thus a € UC (R,B).g
w W

Proposition 2 is a kind of two-step principle (Miller, 1977) for weak
tournaments; the difference is that we only ask for a strict preference and
a weak preference between the elements and it is only applicable if the
elements are not indistinguishable, The next result is an immediate
consequence of the definition of indistinguisable alternatives, and it is

true for every definition of the uncovered set.

Proposition 3.

ae€ UCW(R,B) and b = a implies b € UCW(R,B)

Moreover, it is not hard to prove that the choice correspondence

defined by UC (R,B) satisfies Condorcet-consistency, Neutrality, (AIIA) and

Monotonicity. Nevertheless, from an axiomatic point of view, UC (R,B) does
A4
not keep the properties of the uncovered set in tournaments: Aizerman and

Expansion are not satisfied.
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