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ON MERGER PROFITABILITY IN A COURNOT SETTING

Ramon Fauli-Oller

ABSTRACT

In a setting where symmetric firms compete a la Cournot and costs are linear, the
degree of concavity is identified as the main determinant of merger profitability. This allows

to generalize the results in Salant et al (1983) and Cheung (1992).
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1. Introduction.

Salant et al. (1983) showed in the symmetric Cournot model where demand and costs are linear
that all mergers with a market share lower than 80% are unprofitable. It remained to check to
what extent the result depended on the linearity of demand. Cheung (1992) showed that for
demands satisfying that the marginal revenue of the industry is decreasing, the minimal market

share for a merger to be profitable is 50%.

I address the question why the above thresholds differ. I show that profitability of mergers
depends on the degree of concavity of demand: the greater the degree of concavity the lower the
profitability of a merger. Therefore, Cheung's threshold was lower than Salant et al's, because
he allowed for strictly convex demands. If he had enlarged the set of demands considered by
Salant et al.(1983) by allowing only for concave demands the threshold would not have
changed. The main result of the paper is a generalization of this result. Sets of demands are
characterized by fixing a lower bound of the degree of concavity. Then, I show that the minimal

market share is increasing in this lower bound.

Corchén and Gonzalez-Maestre (1994) demonstrated the importance of the degree of concavity
in a model where firms could create independently managed divisions. As divisionalization can
be seen as the opposite process to mergers they got that divisionalization is more profitable the

greater the degree of concavity.



2. Model and results.

A

Assume we have N firms competing 4 la Cournot, where 2<N < N, and N is as large as we
want but finite. They all have the same constant marginal cost (¢ > 0) and sell the same product.
The inverse demand function P(X) (price as a function of quantity X) is twice-continuously

differentiable and P'(X) < 0. Demand at price c is positive but finite and satisfies:

2P(X) +P"(X) X < 0. (D

(1) is equivalent to: $(X) > -2, where B(X) = P—Pg(XT)i(—is defined as the degree of concavity of

demand.

We consider the possibility that a group of firms merge. Like non-merging firms, the merging
entity produces at marginal cost ¢ and behaves a la Cournot. Cheung (1992) shows that the

equilibrium is unique and symmetric. Equilibrium sales (X) satisfy:

P@)§+Wm-c=0 (2)

The previous equation defines implicitly the equilibrium sales as a function of the number of
independent firms (X(n)). Following Salant et al. (1983) and Cheung (1992), I will assume
that the number of firms can be treated as a continuous variable. This must be regarded as an
approximation which sharpens the results. Differentiating (2) with respect to n we have:

X PX' PX

P X 4 ZiPX =0
n n n<

Rearranging we obtain the proportional increase in output due to a marginal increase in the

number of firms:
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Individual profits of firms in equilibrium are given by:

|P(X(m)-c] X(n)
n

n(n)=

Differentiating with respect to n we have:

wny= px Xy Be (PO X
n n n2

Rearranging we have the proportional increase in profits due to a marginal increase in the

number of firms (n):

x'(n) _ X' P'X
ni(n) -

Using (2) and (3) leads to:

®'(n) n-1 1

mn) n (Bm)+n+l) 0

By integrating the previous expression we obtain the following,
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Then we have that the proportional increase in profits due to a merger of k+1 firms amounts to,
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Definition 1: A merger of k+1 firms is said to be profitable if N
X

/
2+b
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Define F(b,N.k) =! . If the degree of concavity is constant

7t(N-k) -1 1
(B(n)=b), then we have that e = Exp| J (n—(FnJrn_+ﬁ + H) dn | = F(b,N,k). If the
N-k

m(N-k)

n(N)

degree of concavity is not constant but it is not lower than b, we have that < F(b,N,k).

Both results play a central role in the proof of Proposition I.

Before stating the general result, I show that the results in Salant et al.(1983) and Cheung

(1992) can be obtained from my calculations. The former considers demands that satisfy
n(N-k)

m(

B(X)=0 and the latter demands that satisfy B(X) > -2. If B(X)=0, then = F(O,N.k).

Therefore, if F(O,N,k):(1\1—1\_Jl(+:lT)2 < k+1, mergers are not profitable. This is equivalent to

N-k
equation (3') in Salant et al (1983). If B(X) < -2, then o N)) < F(-2,N k). Therefore, if F(-
T

2.Nk) = [Nl\_l—k}2 < k+1, then mergers are not profitable. This is the same condition studied in

Cheung (1992).

Definition 2: Given a set of demands, the minimal market share is the supremum of the

numbers j satisfying that in any market such that the demand belongs to the set, any merger

with a market share lower than j is unprofitable.

Proposition I: Assume that %)%— >b > -2 for any X. The minimal market share is increasing

in b.

N 1
1F(—1,N,k):[§I]2 Expl -



Proof: Appendix | shows that there exists a number k(N,b)& (0,N-1) such that:

F(Nk,b) < k+1 if 0 < k < k(N,b).
F(N.k,b) = k+1 if k = k(N,b).
F(Nk,b) > k+1 if k(N,b) <k < N-1.

Define f(N,b) = l_(%lﬂ Given N, a merger of k+! firms such that l—(-;I—l < f(N,b) is
. w(N-k) . )
unprofitable, because N < F(N,k,b) < k +1, given that k < k(N,b). Furthermore, if
T
e P"(X)X ) .
demand satisfies that X = b for any X, a merger of k(N,b)+1 firms with market share
N-k(N,b )
f(N,b) is profitable because E(—(—ﬁ = F(N,k(N,b),b) = k(N,b)+1. Therefore f(N,b) 1s

n(N)
the supremum of the numbers j satisfying that in any market with N firms such that the demand
belongs to the set, any merger with a market share lower than j is unprofitable. The minimal

market share requires that this condition be satisfied for any N.

glf f(N,b) exists because f(N,b) is bounded and the domain of N is compact. m(b) = %\?f f(N,b)

is the minimal market share, because:

a.- Any merger with a market share lower than m(b) is unprofitable, because m(b)< f(N,b) for
any N.

b.- A number g greater than m(b) does not satisfy the condition above. For definition of

infimum exist N such that m(b)< f(N,b) < g. Furthermore, in a market with N firms and

demand such that %& = b for any X, a merger with a market share of f(N,b) is profitable.

If by < bo, we have that F(N k,b2) < F(N,k,by). This implies that k(N,by) < k(N,b2). Then
f(N,b;) < f(N,b>) and we have that m(by) < m(bo). ®



Appendix L

Define g(k)=F(N.k,b).

o k- I
2= gk) (NNKsb7D + NK
o 6(N-K) (N-k+b)+2b2+b
g'0= e m N RN )

There exists a number k*(N,b)& (O,N-1) s.t. g(k(N,b))=k(N,b)+1, because g(0)=1,0 < g'(0)
< 1 and g(n-1) > n (monopolizing the industry is always profitable). I show that it is unique by
showing that whenever g"(k) <0, then g'(k) > 1. This follows from the fact that g'(n-1) = g(n-
1)>1and p'(k) =- 2 (N-k) -b< 0, where p(k) = 6(n-k) (n—k+b)+2b2+b.

From 0<g'(0)<1, follows that F(N k,b)<k+1 if k < k(N,b).

From g(n-1) > n, follows that F(N.k,b)>k+1 if k > k(N,b).
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