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A MODEL OF MULTIPRODUCT PRICE COMPETITION

Yair Tauman, Amparo Urbano & Junichi Watanabe

ABSTRACT

Strategic interaction in oligopolistic markets has been extensively studied in the
literature. This literature deals mostly with the case of multiple firms which produce a
homogeneous good or goods that are perfect substitutes. In this paper we provide a simple
model of price competition in a multiproduct oligopoly market. We find that a pure strrategy
equilibrium exists and that the equilibrium consumption sets are efficient since they maximize
the total social surplus. If the willingness to pay function of the consumer is convex, the set
of equilibrium prices coincides with the core of a related game and the firms extract total
industry surplus. If it is concave, the only equilibrium price of a product is its marginal
contribution to the consumer’s total willingness to pay. If the products are perfect substitutes
we obtain the standard Bertrand equilibrium.

Keywords: Multiproduct Oligopolistic Competition; Efficient Consumption Sets.



1. Introduction

Strategic interaction in oligopolistic markets has been extensively studied
in the literature, the Cournot (1838) quantity competition and the Bertrand
(1883) price competition models being the most well known. The literature
on this subject deals mostly with the case of multiple firms which produce
a homogeneous good or goods that are perfect substitutes (for an exten-
sive summary see Shapiro (1989)). Relatively little work has been done on
multiproduct oligopolistic competition.

Most of the literature on strategic multiproduct oligopolistic competition
deals with product differentiation where each firm produces a single product
with different characteristics. Hotelling (1929). d’'Aspremont, Gabszewicz
and Thisse (1979), Salop (1979) and others considered modes of spatial com-
petition where firms differ just in their location. Gabszewicz and Thisse
(1979, 1980) and Shaked and Sutton (1982, 1983) analyzed models of quality
differentiation where a number of firms produce substitute goods that differ
just in quality and sell it to a continuum of consumers, identical in tastes
but differing in income. Each consumer has a unit demand and either makes
no purchase or else buys exactly one unit from only one firm. In the spatial

models as well as in the quality differentiation models firms try to relax price



competition through product differentiation.

Another related literature on multiproduct competition is the theory of
contentable markets as summarized in Baumol, Panzer and Willig (1982).
Their formulation is essentially a model of price competition between mul-
tiproduct incumbent firms and potential entrants. They argue that the es-
sential features of a perfectly competitive market emerge even if the number
of incumbents is small. Baumol, Bailey and Willig (1977) showed that un-
der certain conditions, a multiproduct natural monopoly can set prices for
its products that are sustainable against competitive entry. The potential
competition between the monopolist incumbent and the entrants forces the
monopolist to charge zero profit prices. Mirman, Tauman and Zang (1985)
showed that sustainable prices are the Nash equilibrium outcome of a stan-
dard multiproduct Bertrand game played by the incumbent and by infinitely
many potential entrants. The main problem is that, in general, such sustain-
able prices do not exist.

Finally, Milgrom and Roberts (1990) and Milgrom and Shanon (1994)
showed that under certain restrictions on the demand and cost functions
pure strategy equilibrium in a standard multiproduct Bertrand competition

does exist. if the products are substitutes or if they are complements.

In this paper we provide a simple model of price competition in a multi-
product oligopoly market. The products can be of a very general nature, and
not necessarily substitutes or complements. To develop a tractable model,
we make some simplifying assumptions. We assume that every firm produces
one good and consumers are all identical. Unlike the literature on quality
differentiation, the products of the firms in our model are exogeneously given
and they are not strategic variables of the firms. Similar to Shaked and Sut-
ton (1982, 1983), each consumer consumes either one or zero units of each
of these products. A consumer is characterized by his willingness to pay for
every subset of products. Furthermore, the marginal cost of production is
fixed, but may differ from product to product. The firms are engaged in a
price competition in the first stage and consumers make their consumption
decisions in the second stage.

Our mode] resembles some of the features of the monopolistic competition
(see Spence (1976) and Dixit and Stiglitz (1977)). In both models there is
one consumer and every firm produces only one product — with constant
marginal cost. However, our model differs from the above two models in two
major aspects. First, a price change by one firm may have in our model a

significant effect on the demand for the other products. Secondly, the set of



firms in our model is fixed and thus we depart from the free entry assumption.
Firms in our model can make positive profits.

We find that a pure strategy equilibrium always exists and that the equi-
librium consumption sets are always efficient since they maximize the total
social surplus. That is, they maximize the difference between the consumer’s
willingness to pay and total production cost. The equilibrium prices depend
on the characteristic function of a consumer. This is the willingness of a
consumer to pay as a function of the subset of products he consumes. We
show that if the characteristic function is convex, the set of equilibrium prices
coincides with the core of that characteristic function and hence the firms
extract the total industry surplus. If the characteristic function is concave,
the only equilibrium price of a product is the marginal confribution of this
product to the total willingness to pay of a consumer. In this case the con-
sumer obtains a positive share of the surplus. If the products are perfectly
substitutes we obtain the standard Bertrand equilibrium, and the consumer
extracts the entire surplus.

The results of this paper are mainly driven by the fact that there is only
one tvpe of consumer who can consume each product in quantities of zero

or one. If one departs from these assumptions, then non-existence of a pure

strategy equilibrium can be obtained. Also, the equilibrium outcome, when
it exists, may not be efficient.

We believe however that the existence and the efficiency results of this
paper can be extended to the case where firms produce multiple products.

Unfortunately, we did not succeed to prove this.

2. The Model

Consider n firms and one consumer (or a set of identical consumers). Each
firm produces a single good, and different firms may produce different goods.
Let N ={1,2,...,n} be the set of firms; we will use the same notation for
the set of goods. The consumer, denoted by 0, consumes either one or zero
units.

A consumption set of the consumer is a subset S of N. The consumer
consumes one unit of each of the goods in S. For each S C N let v(S) be the
total willingness to pay of the consumer for the consumption set §. We will
refer to v as the value function of the consumer. It is assumed that v(¢) = 0.
The value function, v, can be derived by standard primitives. Suppose that
the consumer’s utility is given by u(zy,...,Zs,m) = f(z1...2,) + m, where
m is a monetary numerare and (z;...2,) is a consumption bundle. Then

f(zy...z,) measures the monetary value of the bundle (z, ... z,). Let S C N



be a consumption set and let z5 be the corresponding quantities consumed.
Namely, z{ = 1ifk € Sand 2§ = 0if k ¢ S. The value function v is defined
to be v(S) = f(z*).

For every firm i let ¢; be the (fixed) unit cost of production. The se-
quence of events is as follows. First, each firm 7 selects its price p; € R,
simultaneously and independently. Then, the consumer who observes p =
(P11 Pa) € RY selects a consumption set S as a function of p. The payoff

of each firm is its profit and the payoff of the consumer is his surplus. For-

mally, this can be described as a strategic game of n + 1 players 0,1,...,n.

The strategy set of every ieN is Ry and the strategy set of the consumer is

So = {S|5: R} — 2%}, The payoff function for i € V is given by

: pi—¢ 1€ S(p),
h,(p,g) = ~
0 i ¢ S(p),

where §(p) is the consumption set of the consumer corresponding to p € Ry

The payoff of the consumer is given by

ho(p, §) = v($(p)) = Zs(r)Ps-

~

Denote by .V'E the set of all pure strategy subgame perfect equilibrium points

of the above game.

10

Let (p, 5) be in NE. Then p is called an N E-price vector, S = §(p) an

N E-consumption set and (p, S) an N E-outcome.

Definitions
(1) v is monotonic iff v(S) < v(T) whenever S C T C N. It is strictly
monotonic if v(§) < v(T) whenever S Cc T C N. |

The monotonicity of v implies that the willingness to pay of a consumer
increases for larger consumption sets.

(2) v is convez iff
v(S+1) —v(S) < u(T + i) —o(T)

whenever SCT C N —1.

The convexity of v implies that the amount a consumer is willing to
pay for an additional product increases with the number of products he is
consuming. This reflects a kind of complementarity among product}s.

(3) v is concave iff
v(S+1)—v(S) > (T +1)—v(T)

whenever SCT C N —14.
The concavity of v implies that the amount a consumer is willing to

pay for an additional product decreases with the number of products he is

11



consuming. This reflects a kind of substitutability among products.
Remark: It is easy to verify that v is convex iff
v(SUT)+v(SNT)>v(S)+v(T),

for all two subsets S and T of V.
(4) v is additive iff v(SUT) = v(S) 4+ v(T) whenever SNT = ¢.

Definition. The core of v is denoted by cv and is defined as follows:
cv = {p € R*|Zspx > v(5),YS C N, and Iypr = v(N)}.

Example 1. A single product Bertrand competition. Let N = {1,2,...,n},

and suppose that
1 S#¢,

0 S=¢.

This is the case where the firms produce the same good as e’ach othef and
the consumer consumes one unit at most. Suppose that ¢ = (¢y,...c,) where
c; < ¢3 €...< ¢, and suppose that ¢; < ¢o. If ¢; > 1 then obviously no
trade takes place (i.e. S = ¢). If ¢; < 1 then the equilibrium consumption set
is § = {1}. A vector p = (p1,...,pn) which satisfies the following condition

is an equilibrium price vector:

p1 = min(cg,1), p2=c¢2 and px > cp forall 3 < k < n.

12

Example 2. Let N = {1,2,3}. Suppose that firm ! produces a product
which contains two ingredients A and B. Firm 2 produces a product which
contains the two ingredients A and C and firm 3 produces a product which
contains the two ingredients B and C. The consumer needs to consume all

three ingredients A, B and C. This is described by the value function

1 15|22,

0 otherwise .
Suppose that ¢ = 0. Because of the perfect competition between the three
firms the only equilibrium price vector which supports a nonempty consump-
tion set is p = (0,0,0). Hence, the consumer obtains the entire surplus.
The equilibrium price vector supports any consumption set S s.t. |S| > 2.
Note that p = (0,0,p3) together with S = {1,2} is not an equilibrium
price for ps > 0 since 1 (or 2) is better off raising its price slightly. Also
p = (1/2,1/2,1/2) together with § = {1,2} is not an equilibrium price,
since 3 is better off slightly reducing its price to become a seller. Finally,

observe that ((2,2,2),¢) is also an equilibrium outcome.

Example 3. A market of two righthand gloves and one lefthand glove, Here

13



N ={1,2,3} and
1 3eSand S| >2
v(S) =

0 otherwise

(player 3 is the lefthand glove producer). Let ¢ = 0. Then the only equi-
librium price which supports the consumption set .V is p = (0,0,1). This
price is the unique element of the core of v. The consumption set {1,3} is
supported by the prices p = (0, a,1) where a > 0 and {2,3} is supported by
p=(a,0,1),@ > 0. Note that in every equilibrium, firm 3 exploits the entire

willingness to pay of the consumer leaving him with a zero surplus.

Example 4. A market of four firms, the first two producing righthand gloves
and the other two producing lefthand gloves. The consumer consumes just

one pair of gloves. Let A = {1,2} and B = {3,4}. Then v is defined as

follows:

1 SNA#dand SNB#0,
v(S) =
0 otherwise.

Every equilibrium outcome with nonempty consumption set is of the form

(p.S) where S C N.SNA#0.5NB # 9, and p=0. Note that firms 1

“th

and 2 (and similarly 3 and 4) are engaged in a perfect competition since the
consumer needs just one of them. This competition drives the relevant prices

to zero leaving the entire surplus to the consumer.
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Example 5. Let N = {1,2,3,4},A = {1,2} and B = {3,4} and let ¢ = 0.

Definefor0 < a <1

1 SNA#¢and SNB#dand §S#N,
v(§)=14 14a S=N,
0 otherwise.
Let ¢ = 0. Then the equilibrium outcomes with nonempty consumption set
are (p, N), where p = (z,z,a~z,a~z)and 0 < z < a.

The firms in this example are less competitive since the consumer prefers
two pairs of gloves on one pair. Thus, there is a “room” for every firm. The
consumer obtains 1 — a and the firms obtain a total of 2a. If a = 1 the
firm extracts the entire surplus. As a decreases the competition increases
and the benefit of the consumer also increases. When a approaches zero the

consumer obtains the entire surplus.
Example 6. Let N = {1,2,3,4}, let ¢ = 0 and suppose that
1 S2{1,2},S#N,
v(8)=1¢ 15 S=N,
0  otherwise.

Then v is convex and monotonic. There is a multiplicity of equilibria, and

the set of equilibrium prices which support the consumption set N is cv, the

15



core of v. For instance if p = (1/2,1/2,1/4,1/4) then (p, N) is an equilibrium
outcome. Since every p € cv satisfies Sypx = v(V), the firms extract in every
equilibrium point the entire surplus. Note that ((1/3,1/3,1/4,1/4), N) is not
an equilibrium outcome. Since firm 1 could raise the price up to 2/3 without
losing its market. Observe that if p = (1/2,1/2,1/2,1/2) then (p,{1,2}) is
an equilibrium outcome. Actually, (p,{1,2}) is an equilibrium outcome iff
p1 + p; = 1 and either ps > 1/2 or p4 > 1/2 (or both)'.

Remark: Note that if v(i) > ¢ for some 1 € N then (p,¢) cannot be
obtained in equilibrium; ¢ will always be better off reducing its price p; below

v(1) but above ¢; to become a seller and to extract positive profits.
Proposition 1. (p,N) is an N E-outcome iff p > ¢ and
(i) Consumer Optimality. v(N) — Enpx > v(5) — Zspx forall S C N;
(i) Firm Optimality. For every j € N thereis S; C .V st j¢ S;and
v(N) = Zxpx = v(5;) = s, pr-

Note that the set S; in condition (ii) may be empty. In this case v(N) —

yvpr = 0 and the firms extract the entire surplus.

'Suppose that § = {1.2} and p3 < 1/2 and pg < 1/2. Then firm 3 which obtains zero
could set a price p3 s.t. 0 < ps < 1/2 — ps, to induce the consumer to switch to =N

and to obtain pesitive share of the surplus. In this case firm 3 will obtain positive payoff.

16

Proof. Suppose that (p, N) is an N E-outcome. Condition (i) is implied by
the subgame perfection requirement. Suppose next that (ii) does not hold.

Then by (i) for some j € N and for every S; C N st. j ¢S,
v(N) = Enpr > v(S;) — s, . (1)

Thus firm j is better off charging a price p; + ¢ provided that € > 0 is
sufficiently small s.t. (1) holds for all 5; ¥ j. The consumer observing the
price vector (p-;,p; + €) will again choose the consumption set N.
Conversely, if conditions (i) and (ii) hold then (p, N) is an N E-outcome
since N is a best choice for the consumer and no firm has the incentive to

either reduce or increase its price. 0
Proposition 1. Suppose that S # N. Then (p, S) is an N E-equilibrium

outcome iff px > ¢ for every k € S and
() v(S) = Zspx 2 v(T) = Zrpx . forall T C N;
(ii) for every j € S, there is S; C N s.t. j ¢ S; and
o(8) = Bopi = v(S5) ~ T,
(iii) for every ¢ ¢ S and for every T 3 1,

v(S) = Zspk = v(T) - Evipr ~ ci.

17



The proof of Proposition 1’ is similar to that of Proposition 1. Observe
that condition (iii) guarantees that no firm outside S benefits from a price
reduction, since S remains a best choice for the consumer even if 1 reduces
the price to its marginal cost level.

To motivate a certain restriction of the class NE let us consider Example 2
above. We wish to eliminate the equilibrium outcome ((py, p2. p3), ¢) where
pi > 1,1 = 1,2,3. The “problem” with this type of outcome is that all
three firms charge unreasonably high prices so that no individual firm can
benefit from a price reduction of its product only. To rule out this type of
equilibrium outcome we restrict the analysis to a certain subset NE~ of NE,
defined below.

Let p be in R™ and let S C N. Denote by p° the element in R” s.t.

)5 o pi 1€S5,

0 i¢S

Definition. For every triple (N, v, c) define
NE = {(p §)e NEip> cand ((p*V7,c7). ) € NE forevery T C _’\'\S(p)}

That is. (p. §) is in NE™ if it is a subgame perfect equilibrium of the game
and it remains so even if some of the nonproducing firms {outside S) set

marginal cost prices.

18

Proposition 1”. (1) Suppose that S # N. Then (p, S) is an NE"-outcome
iff p > ¢, conditions (i) and (ii) of Proposition 1' hold, and (iii) for every

AC N\S and for every T 2D A
v(8) — Zspe 2 v(T) — Zr\apk — Lack

(2) If S = N then (p, S) is an NE"-outcome iff it is an N E-outcome.

Note that p = (1/2,1/2,1/2,1/2) together with S = {1,2} is not an
equilibrium price in NE* for Example 6, above. If firms 3 and 4 jointly
reduce their prices so that p3 +ps < 1/2 then the best choice of the consumer

is to purchase all four products.

Proof of Proposition 1”. Suppose first that (p,S) € NE* and let us

~

prove that the three conditions hold. The first two conditions hold since
(p,S) € NE. Let A C N\S and let T 2 A. Since (¢,5) € NE where
q = (p%,c"\) we have by condition (i) that

v(S) — Zsqe 2 v(T) — Trgx.
Since g< pand ¢? = A

v(8) = Zspx 2 v(T) — Srvage — Zage = ¢(T) — Er\apk — Lack

and condition (iii) holds for (p, S).

~
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Suppose next that the three conditions (i), (ii), and (iii) hold for (p, S)

~

where p > ¢ and let us prove that (p,S) € NE". It is sufficient to prove

~

that ((p®,c"¥V%), 8) is in NE. By Proposition 1’ it is sufficient to prove that
((p5. ™), §) satisfies conditions (i) and (ii). Let us start with (ii). Let
q=(p5,c™) and let j € S. Since condition (ii) is satisfied for (p, S), there

exists 5; F 7 s.t.
v(S) = Zspr = v(S5;) — s,px S v(S;) — Ts,nspk — Zs\s¢k
Applying condition (iii) for (p,S) when T'= §; and A= Sj\S we have
v(S) = Zspx 2 v(S;) = Zs;nspx — Ts,\sCk-
From the last two inequalities we have
v(S) = Zsqr = v(S) = Lspr = v(5;) — Ts,nspx — Ts\sck = v(S;) — s, g,

and condition (ii) is satisfied for (g, S).
Next, suppose to the contrary that condition (i) is not satisfied for (g, S).

Then thereis T C N s.t.
v(8§) = Zspr = v(8) = Esqx < v(T) = Zrgx = v(T) — Srnspk — Tn\si.
Therefore

8y <o(T) + Es\rpx — 1 sci (=)

20

Applying condition (iii) to (p,S) we have for every A C N\S and for every
T2A4A

o(S) = Zspi 2 0(T) = Spypx — Sach.
In particular if A=T\S and T'=T

v(S) — Bspr 2 v(T) = Ernspe — Lr\scs,
contradicting (x). ' o
Proposition 2. (1) If (p,S) is an NE‘—outcomé then S # ¢, unless v(T') —

Trep <0forevery T C N.

(2) (p, N) is an NE*-outcome iff it is an NE—outcome..
Proof. (1) Let T C N s.t. v(T) — Ercx > 0. Suppose to the contrary that
(p. ) is an equilibrium outcome in NE*. By condition (iii) of Proposition
1" applying to the case where T'= A

0=v(¢) = Zopx 2 v(T) - Zrex > 0,

contradiction.

(2) Follows directly by the second part of Proposition 1”. 0

From now on we will restrict our analysis to equilibrium points in NE*
only. Hence, in the sequel whenever we refer to equilibrium outcomes we

mean outcomes of equilibrium points in NE~.
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3. The Zero Cost Case

In this section we assume that the unit cost of production is zero for
all firms in V. The consumer's value function can take positive as well as
negative values (unless otherwise is specified). This generalization plays an

important role in the analysis of the non-zero cost case in Section 4, below.

Proposition 3. For every value function v, there exists an equilibrium
in NE=. Furthermore, S is an equilibrium consumption set if and only if
S € argmaxgcyv(S).

Proposition 3 asserts that in the zero cost case any eduilibr;um consump-
tion set is efficient as it maximizes the social ‘surplus. This result is general-

ized to the non-zero cost case in Proposition 9, below.

Proof. Let
Se argmaxgcxv(S).
Denote
Yo={peR}p=0, Vig S5}
and

Y, = {p € Yo|Zs\spx < v(8) —(S) . VSC N}

1%
—
n

22

The set Y; is nonempty since 0 € Y. It is bounded since for every p € 1}
pe < v(5) = v(S\k) for every k € S and px = 0 for every k ¢ §.

Also observe that ¥} is closed and hence compact. Thus Y] contains an
element, p, which is maximal with respect to the lexicographic order on Yj.
We claim that (p, S) is an N E*-outcome. Since p € Y; it is sufficient to prove
that (p, S) is an N E-outcome. Since p € ¥}, condition (i) of Proposition 1’

holds. As for condition (ii) of Proposition 1’, suppose to the contrary that

there exists j € S s.t. v(S) — Zspx > v(T) — Srpx for every T C N\j. Let

€= Trélg,r{j{v(g) —o(T) = Zs\rpe}-

Then € > 0. Let g € R be defined as follows

Pk k#j
gk =
pi+e k=3
Since p is a maximal element of Y},q ¢ ¥;. On the otherhand we will show
that Eg\5gx < v(S) —v(S) for all § C N and hence g € Y}, contradiction. If
S # j then Dz sqx < v(S) — v(8) since g—; = p_; and p € Y;. Suppose next

that S 3 j. By the definition of ¢

v(8) ~ Sspx > v(S) — Tspr + €

23



Hence,

Ta\sqk = Za\spi + € S v(8) — v(8),

as claimed. Therefore (p,S) is an N E*-outcome.

To complete the proof of Proposition 3 let us show that if (p, ) is an
N E=-outcome then S € argmaxsg‘\-v(S). Indeed, suppose that (p, S) is an
NE"-outcome. Then (S,p%) is an NE*-outcome. Hence, by condition (i) of

Proposition 17

v(8) = Zspx > v(T) — Srnsps

for every T C N. Therefore
v(8) = v(T) > Sayrpx 2 0.

and v(S) > v(T) for every T C N. ]

Corollary 1. Suppose that v is a monotonic value function. Then there
exists an .V E™-outcome of the form (p,.N'). Furthermore, if v is strictly
monotonic then .V is the only .V E*-consumption set.

Next we define the notion of the T-core for any T C V. This definition
is applied to any cost configuration ¢ = (¢i,...,¢,) and not only to the case

where ¢ = 0.

24

Definition Let v be a value function and let T C N. The T-core of v is

denoted by crv and is defined by
erv = {p € R"Zrpx = v(T) ,Zsnrpx 2 v(S) — Tg\rex for every S C N},

Note that the N-core of v coincides with the core of v.

Let us elaborate on the T-core concept. Suppose that the equilibrium set
of sellers is T. Then, firms in N\T obtain zero and will be willing to join
the set of sellers, essentially if they just cover their production costs. Hence,

every subset S of T can actually achieve uz(S) where
- -¥
ur(S) = Ar&%{(T[v(S UA) - Zac).

It is easy to verify that the projection of crv on T’ coincides with the core of
uT.

Let us return now to the case where ¢ = 0.

The next proposition asserts that core payoffs form a subset of equilib-
rium payoffs. This is in sharp contrast to the Arrow-Debreu model of perfect
competition where the reverse inclusion obtains. There is an essential differ-
ence between our model and theirs. Producers are price-takers in their case,
who have no effect on the prices)whereas in ours they are price-makers.

In the event that the value function is convex, our model gives an equiv-
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alence result in line with Arrow-Debreu with a continuum of agents: core
and competitive payoffs coincide (see Proposition 5 below); otherwise the

equivalence generally breaks down (see Example 7 below).

Proposition 4. Let v be a value function and let S € argmaxgcyv(S). If

p € cst NRY then (p, 5) is an N E*-outcome.

Proof. Since p € csv,v(S) = Zspx and v(T) < Spnspx for all T C N. Since
pERY

v(8) = Tspr = 02 v(T) = Zraspr 2 v(T) — Erps

and condition (i) of Proposition 1" holds. Since v(S) — Zgp; = 0 condition
(i) of Proposition 1" holds for S; = ¢, for every j € S. Finally,let A C N\S

andlet ACT C.N. Since p€ R}
v(T) = Spvape < v(T) = Siraynspk = v(T) = Exaspr < 0= 0(S8) - Taps.

Consequently, condition (iii) holds as well and thus (p, S) is an ¥ E*-outcome.

0O

Remark: It can be easily shown that if p € cv N R} then p € czx NRE.
Thus, by Proposition 4 (p. ) is an N E™-outcome.

Next let us show that the converse of Proposition 4 does not hold.

26

Example 7. Let N = {1,2,3} and let

1 IS]=1or S ={2,3}
v(S)=< 9 §=1{1,2} or S ={1,3}
3 S=0N.

Here 5 = N and if p = (2,0,0) then (p, N) is an NE™-outcome. But p ¢ cv
(although cv # ¢).

Note that the set of equilibria price vectors is also not contained in the
¢-core? even when the e-core is non-empty. Applying Wooders and Zame
(1984) to our framework, for every € > 0 and for sufficiently large markets

the ¢-core is non-empty. Consider an extension of Example 2 above.

Example 2°. There are n firms, each producing one product with zero cost.

Let
1 |S| > m,
v(§) =
0 0S| m,
for some m, 1 < m < n. Then, in every N E™-equilibrium p; = 0 for every n

and for all i = 1,...,n. But for every € > 0 the zero price vector is not in

the £-core since it is not efficient.

2Let £ > 0. Then p € R" is in the e-core of v if and only if 3"\ pi = v(N) and

S s pi > v(S) —¢€|S] for every S C N.
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In Engle and Scotchmer (1995) and in Wooders (1994) the concept of
c-core is modified to allow e-core pavofls to be non Pareto-optimal®. Still,
the equilibrium price of Example 2’ may not be in the e-core. Let m =1,

then for p to be in the e-core it must be that for every i,
Pi Z L(l) —&.

But v(i) = 1 and p; = 0 contradicts the last inequality as long as ¢ is smaller
than 1.

Next we show that if v is convex then the converse of Proposition 4 holds.

Proposition 5. Suppose that v is a convex value function. Then (p,S) is
an N E*-outcome if and only if § € argmaxgcyv(S) and p € csv NRE. In
particular, in every equilibrium the consumer’s payoff is zero and the firms

extract the entire surplus.

The convexity of the value function v reflects complementarities among
goods and therefore it induces only weak competition among the firms. This
enables the firms to extract the entire consumer surplus. For simplicity

suppose that S = .\ (which is the case when the value function v(§) is

3The only change in the definition of e-core is that 3"y pi < (V') replaces 3y pi =

HANE
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increasing in S). Then in equilibrium )7 pi = v(N), and by the Consumer
Optimality condition (Condition (i) of Proposition 1) we also have v(T) —
2P So(N)=3 ypi=0forevery T C N. Thus, >, pi > v(T) for all T,
and therefore p is in the core of v. The difficult part is to establish that the

firms indeed extract the total surplus when v is convex.

Proof. By Propositions 3 and 4 it is sufficient to prove that if § € argmaxgenv(S)
and if (p, S) is an NE*-outcome then p € czv N RY.

For every j € S, let S; ¥ j be a minimal set with respect to inclusion

which satisfies

We will prove that S; = ¢ for all j € S. Suppose to the contrary that S; # ¢

Let k € S;. Since (p,S) is an N E™-outcome, by condition (i) of Proposition

17 and by the convexity of v,

U(S) - Lspi

v

U(SJ' U Sk) — ES,-US,‘P:‘

v

v(S;) + v(Sk) = v(5; N Sk)
~ Zs,pi — Zs,pi + Ls,ns,pi

= 2(v(8) = Zspi) — [v(S; N Sk) — Ts,ns,pi)s

where Sy C N\k satisfies Condition (ii) of Proposition 1" if k € S and Sy = §
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otherwise.

Therefore,

v(S; 0 Sk) = Ts,as.pi > v(S) — Tspi.

This is a contradiction to the minimality of S; with respect to inclusion,
unless S; N Sy = S;. But this is impossible since k € S; and k ¢ S. This
contradiction implies that S; = ¢, as claimed. Therefore, by condition (iii)

of Proposition 1" applied to A = T\§ we have for all T C N
0 =12(8) - Tspi 2 v(T) — Zrvapi = v(T) = Braspic
Hence, p € czu. ‘ o
Note that Propositions 3 and 3 imply that csvNRY is nonempty for every
convex function .
Our next goal is to characterize equilibrium points of concave value func-

tions. This is done in Proposition 6 below. To state the proposition, we need

the following:

Definition. Let v be a value function. Define its dual function w by w(S) =

o(N) = o(N\8) forall S C V.

Lemma 1 If (p. V) is an .\ E-outcome then ) ¢ px < w(S) forall § C V.
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Proof. Suppose that (p, N) is an N E-outcome. Then by Proposition 1

u(N) = Znpk 2 v(N\S) — Ewyspr, ¥SC N

Hence,
o(N) = v(N\S) 2 Enpr — Zn\sps
Therefore,
'U)(S) 2 ESPk:
for all S C N. 0
Let

where w(i) = v(N) —v(N\t), VieN.
Proposition 6. Suppose that v is concave and w™ € R}. Then, (p, S) is an
N E”-outcome if and only if p; = w(z) for all ¢ € S and v(S5) = v(N).

The concavity assumption of the value function v implies that the more
the consumer consumes, the less he is willing to pay for an additional product.
If the products are all perfectly substituted, then this means a diminishing

marginal utility of consumption. This is a standard assumption which usually

31



results in price equals marginal utility. It is therefore not too surprising that
the equilibrium prices for the concave case are the marginal values of the

products.

Proof. Step 1. Let us show that (w*,.V) is an .NE™-outcome. By part
(2) of Proposition 1" it is sufficient to prove that conditions (i) and (ii) of

Proposition 1 hold. Let S C N and suppose that S = {iy,...,1s}. Then,
v(N)=o(N\S) = v(N)=v(M\i)+ 5 [N\ {ir - - 1) —o(N\{in, ., 1541 })]
with the convention that E?._:l = 0. By the concavity of v,

d(Nir i) = 0N\ i) 2 2(Y) = 0( Vi)

Hence,

[we]
Ak
B
O~

o(V) = t(V\S) > S (N) = v(M\isar)] = Ssw(k).

Thus,

oV = Syw(k) 2 v(N\S) - Syysw(k). ¥SC N,

and condition (i} of Proposition 1 holds. Condition (ii) of Proposition 1 holds

for the sets §; = \'\j. for all j € N since

E(N) = Syw(k) = o(NV5) = S wlk).
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Step 2. Let us show that if (p, N) is an N E™-outcome, then p; = w(j) for

all j € N. To this end we need the following Lemma.

Lemma 2 Suppose that v is concave. Let p € R" be s.t. p < w"; then
v(N) = Znprx 2 v(S) — Esp for all § C N. Furthermore, if p; < w(j) then

v(N) = Znapx > v(S) — Zspx for all S C N\j.

Proof of Lemma 2. By induction on n. If [N| =1 then the Lemma clearly
holds. Suppose that it holds whenever [N| =n ~1. Let N = {1,...,n} and

let j € N. Then,
v(N) = Zwpe 2 v(N) = Enype — w(5) = v(N\j) = Ewpe. (2)

Let N' = N\j. Then |N’| = n — 1 and by the concavity of

pi < 0(N) = o(N\K) < o(N") = o(N'\K),

for all k € N'. Hence, by the induction hypothesis (applied to N')

v(N') = Znipr 2 0(S) - Zspr, VS C NV

This together with (2) implies that

U(N) - E;\’pk Z U(S) - Espk, VS g ;’VI. (3)

Since this is true for every 7 € N then (3) holds for all S C -V,
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Finally, if p; < w(y) then (2) holds as strict inequality and hence (3)
holds as strict inequality. O

Suppose that (p, N') is an N E*-outcome. By Lemma 1 p; < w(y) for all
7 € N. Suppose that for some j € N' p; < w(j). By Lemma 2, the consumer
strictly prefers V' to every S C N\j when the price is p. Hence, j has the
incentive to raise its price, contradiction. Hence, p; = w(j) and Step 2 is
complete.

Step 3. Let us prove that if (p, S) is an N E™-outcome then (p°, N) is also
an N E-outcome and v(S) = v(N). Indeed, by the definitionof NE*  (p%, S)
is an .V E*-outcome. Hence applying condition (i) of Proposition 17 to (p°, S)
we have

v(N) = Zspp 2 v(N) ~ Ixpi = v(N) - Sspf. (4)

Since v is monotonic (as w™ € RY)

o(N) - Zspi > v(S) - Tep;.- (3)

Trerefore. by (4) and (3)

i
8¢/
-
)
0
]
-
0
£

) - Sspi > v(T) - Srp}, (6)

for 2ll T C N, Hence (p°. N) satisfies condition (i) of Proposition 17. By (6)

it follows that (p%,.\) satisfies condition (i} as well. Consequently (p°,.V)

[o%)
W~

is an NE=-outcome. Also, since Typ; = Zspj it follows by (6) that v(S) =
v(N) and Step 3 is complete.

We are now ready to complete the proof of Proposition 6. Suppose first
that (p,S) is an NE*-outcome. Then by Step 3 (p°, N) is also an NE*-
outcome and v(S) = v(N). Hence by Step 2 p° = u".

Finally, suppose that p € R}, S C N, v(S) = v(N) and p; = w(i),i € S.
Let us show that (p,S) is an NE"-outcome. By the concavity and by the

monotonicity of v, for each j € N\S
0=v(N) =v(5) 2 v(§+7) —v(S) 2 v(N) —v(N\5) 2 0.

Consequently,

w(j) = v(N) = o(N\5) = 0.

Thus, p° = w™ and by Step 1 (p°, N) is an NE=-outcome. Hence for all
rcy

v(S) — Espx = v(N) - Tspi 2 v(T) ~ Trpi

and condition (i) of Proposition 1” holds for (p°,5). Condition (ii) holds
for S; = N\i. Therefore (p°,S) is an N E*-outcome and (p, S) is an NE*-

outcome. B
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Corollary 3. If v is concave but not additive and if w* € R} then the

consumer obtains a positive payoff.

The assumption that w™ € R} (which for concave functions v is equivalent

to the monotonicity of v) is crucial for the result obtained in Proposition 6.

Example 8. Let N = {1,2,3}, ¢ =0, and suppose that

1 1S| =1
v(S)=19 15 S={1,2}

1 otherwise .

Then v is concave and w* = (0,0,—1). It is easy to verify that if (p,S)
is an NE*-outcome then S = {1,2} and p = (p1, p2,0) where p; + p, =%
and p; > 0,i = 1,2. Therefore p # w*. Observe that p; = p, = } are the
marginal contributions of 1 and 2 respectively to S. However, p = ( %, %,0)
together with S does not form an N E™-equilibrium outcome since {3} is the

consumer’s best choice under p.

Definition A monotonic function v is 0 — 1 if for all S C N,v(S) = 0 or
v(S) =1 and v(N) = 1. A consumption set is said to be an admissible blend
if v(S) = 1. A commodity i € NV is essential if it belongs to every admissible

blend.
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Proposition 7. Let v be a 0 — 1 function. Let T be the set of essential
commodities in N. If T # ¢, then (p,S) is an NE™-outcome iff v(S) =
1,Srpx = 1 and p; = 0 for all j € N\T. I T = ¢, then (p,S5) is an
equilibrium outcome iff v(S) =1 and p = 0.

Note that if T # ¢, then the set of NE*-prices coincides with the core of v.

Also note that Proposition 7 does not hold for equilibrium points in NE.
Example 9. Let N = {1,2,3,4} and let

1 $24{1,2} and |S]| 2 3,
v($) =
0 otherwise .

The set of essential commodities is T = {1,2}. Let S = {3,4} and let

p=(14,11,0,0). Then (p,S) is an N E-outcome (though p ¢ cv).

The set of N E-prices in this example is {p € Ri|p1 + p» = 1,ps = ps = 0}.
Proof of Proposition 7. Let (p,S) be an N E™-outcome and let T' be the
set of essential commodities in N. Suppose first that T' # ¢. By definition
(p%,S) is also an NE™-outcome. Let j € T by condition (ii) of Proposition

1" there exists S; C N s.t. j ¢ S; and

0 < v(S) = Zspx = v(S;) — Ts,px-
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Since 7 € T\S; then v(S;) = 0. Hence Ts px = 0 must hold and therefore
v(S)~Tspx = 0. Next,leti ¢ T. Then there exists a subset $of N s.t. ¢ ¢ S
and v($) = 1 (this follows by the definition of essentiality). By condition (i)

of Proposition 1"

0= v(S) = Tspr = (S) - Tspp 2 v(5) - Typi = v(8) ~ Tnsp (7)
Since L(S) =1 > ¢(S5) it follows that (4) holds as equality, v(S) = 1 and
SsnsPk = Sspx = 1. Therefore p; = 0 for all j € S\S. But v(S) = 1 implies

that § O T and hence i € S\S and p; = 0. We conclude that Erp; = 1 and

pp=0foraligT.
Suppose next that T = ¢ and let 7 € .N. Since j is not essential there is

a subset $of Vst j¢ S and ¢(8) = 1. Similarly to (4)
2(S) = Zspr 2 0(S) — Sgrspr

and again it holds as equality. Thus, by condition (i) of Proposition 1”
v(8) = Sgaspe = v(N) — Sapas

Since v(N) = 1 we kave that Expy = YggPs- Consequently, p; = 0 for all
e N\(Sn §). Butj € N\(Sn S) and thus p; = 0. This holds for every

J € N hence p=1. o

38

4, The Non-Zero Cost Case
Throughout this section we fix the set N of firms to be N = {1,2,...n}.
Let

F={(v,c)pv: 2" = R,v(¢) =0 and c € R} }.

Every element (v,c) of F is identified with the model consisting of (i) A set
N of firms and one consumer, (ii) A vector ¢ = (¢;...¢s) of firms’ marginal

costs and (iii) 4 value function v of the consumer. Let

Fo={(v,0)|(v,c) € F and ¢ = 0}.

Notice that in Section 3 we dealt only with models in Fq.

The next proposition relates equilibrium outcomes of elements in F to those

in Fo. Let (v,c) € F and let v — ¢ be defined for all S C N by

(’U - C)(S) = U(S) e Esck.

Proposition 8. Let (v,0) € Fo. Then (p,S) is an N E*-outcome of (v, 0) if
and only if (p + ¢, S) an N E*-outcome of (v + ¢, ¢).

Proposition 8 asserts that it is sufficient to find the equilibrium outcomes
of the zero cost-models in Fo. To find the equilibrium outcomes of a general

model (v,¢) in F one finds first the equilibrium outcomes of (v — ¢,0). If

39



(p, S) is an equilibrium outcome of (v — ¢, 0) then (p+¢, S) is an equilibrium Furthermore, by Proposition 3 every NE"-consumption set of (v — c,0) is

outcome of (v,c). orie which maximizes v(S) — Escx over S C N. Hence, by Proposition 8 this
Proof. It is sufficient to prove that (p, S) satisfies condition () of Proposi- is also the property of every equilibrium consumption set of (v,¢). 0
tion 17 for (v,0) iff (p+¢, S) satisfies the same condition for (v +¢,c), where Proposition 10. Let (v,c) € F. Suppose that v is concave and w* > c.
€ = 1,i1,14t. As for condition (i) of Proposition 17 for every T C N Then (p,S) is an NE*-outcome for (v,c) iff pi = w(i) for all i € S and
v(S) = Tspx 2 v(T) = Srpx == v(5) + Escx — (Espx + sex) 2 v(S) = v(N)

v(T) + Ercx — (Srpx + Irck) Proof. Follows by Propositions 6 and 8.

= (v+)(S) — Zslpe + &) 2 (v + )(T) = Dr(pe + ci)- Example 10. Let N = {1,2,3} and let ¢ = (3, §,3)- Suppose that
The equivalence relation for the other two conditions (ii) and (iii} of Propo- 1 S| =1
sition 17 holds similarly. o 3/2 S={L.2}

v(S) = _
Using Proposition 8 we can now generalize the results obtained in Section 2 S={13}or §=1{2,3}

3 to the non zero cost case. k"9/4 S =N.

Proposition 9. For every (v,c) € F there exists an equilibrium in NE*. Observe that v is concave and hence so is v —c.

Furthermore, S is an N E*-consumption set if and only if 3/4 S={1}or §={2}
§ € argmaxgcy[v(S) — Tscu] 1/2 §S=1{3}
Proof. By Proposition 3 (v — ¢,0) has an equilibrium in .V E* with an out- (v=c)(5) =41 S={1,2}

5/4 S={1,3}or S= {2,3}

come of the form (5, 5) where S € argmaxgc [v(S) — Esci]. By Proposition

8 (v,c) has an equilibrium in .VE* with an outcome of the form (p + c. 5). 5/4 S=N.
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Note that v — ¢ is monotonic and concave hence by Proposition 6 the only
N E=-outcome for (v — ¢,0) is (p, N') where p = (0,0,1/4). That is, p is the
marginal contribution vector which corresponds to v — ¢.. By Proposition 9

the only NE*-outcome for (v,c) is (p+ ¢, N) where p + ¢ = (1/4, 1/4,3/4).

Finally,

Proposition 11. Let (v,c) € F where v is a convex value function. Then
(p,§) is an N E*-outcome if and only if § € argmaxSQN[U(S) —Zscil,p € cgv
and p > c.

Proof. Follows by Propositions § and 8. O

5. Conclusions and Discussion

The paper provides a very simple model of price competition in a multiple
product oligopoly market. The products are of a very general nature, but
we do need some special assumptions. Every firm produces one good with
a constant marginal cost. All consumers are identical and each consumes
either zero or one unit of each one of the products. The firms are engaged in
price competition in the first stage and consumers make their consumption
decisions in the second stage. We have shown that a pure strategy equilibrium

always exists and it is efficient as the total social surplus is maximized. If
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the willingness to pay of a consumer as a function of his consumption set is
convex, then an equivalence result is obtained: the core of the game generated
by the willingness to pay function coincides with the set of equilibrium prices.
In this case, the prevailing competition is weak and firms extract the entire
surplus. If the willingness to pay function is concave, the equilibrium price of
a product is its marginal contribution to the total williﬁgness to pay. In this
case, the consumers obtain a positive share of the surplus. If the products are
perfect substitutes the standard Bertrand equilibrium results, and consumérs
extract the entire surplus.

An important and nontrivial extension of the above model is to the case
where firms produce more than one product. - Proposition 1” above which
characterizes the N E*-equilibrium outcomes fails to hold in the multiproduct
firms case. -More specifically, conditions (ii) and (iii) are no longer valid.
Suppose that a certain firm, say 1, produces two substitute products X and Y
and suppose that the market prices of all products are such that the consumer
consumes X and not Y. Then firm 1 may possibly benefit from raising the
price of its product X if this will cause the consumer to switch from X to Y
and if the difference between the price of Y and its production cost exceeds

that of X. This rules out condition (ii) of Proposition 1*. Similarly, it may
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pay firm 1 not to reduce the price of Y if it will cause the consumer to switch
from X to ¥ and if the difference between the price of X and its production
cost exceeds that of Y. Hence condition (iii) of Proposition 1" is no longer
valid.

Let us provide a simple example to demonstrate how drastically the equi-
librium changes when firms produce more than one good. Consider Example
2 above, with one change. The two products, 1 and 2 are produced by firm
1, and product 3 is produced by firm 2 (firm 3 produces nothing). The value

function does not change and it is

115122,
0 otherwise .

Also, assume that ¢ = 0. The equilibrium outcomes are p™ = ((1-a,3), )
together with S* = {1,3} or p* = ((3,1 — @), @) together with S* = {2,3}
where 0 < a < % and B > 1 — a. The two firms therefore extract the entire
surplus. This is the opposite of Example 2 above. There the price vector is
p = (0.0,0) and the consumer extracts the entire surplus.

We strongly believe in the existence of a pure strategy equilibrium in
the case where firms produce multiple products. However we are less sure of

whether or not the equilibrium consumption set maximizes the social surplus
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as in our model.

Our model deals with one consumer only (or equivalently with multiple
identical consumers). A natural extension of the model is to the case where
there are consumers of different types. Suppose that there are two consumers
with value functions v; and v,. If the two consumers view the product quite
differently, a pure strategy equilibrium (with positive production) may not

exist,

Example 11. Suppose that N = {1,2,3},c =0 and

1 1S]>2,
(51 =
0 otherwise .
and
1 |§}>2 and3¢e S
’Ug( =

0 otherwise .

For consurner 1, any two products are perfect substitutes, if he has the third
product. For consumer 2, the two products 1 and 2 are perfect substitutes,
while 1 and 3 (or 2 and 3) are perfect complements. It can be verified that
there is no pure strategy equilibrium (with nonempty consumption sets).
Note that p = (0,0,1) together with S, = {1,2} and S; = {2,3} (or S, =

{1,3}) is not an equilibrium outcome since firm 1 is better off by raising its
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price. If p = (0,0,0), 5 = {1,2} and S; = {2,3} then firm 3 is better off by

reducing its price. If p = (0,1,1), 5y = {1,3} and S, = {1,3} then firm 2 is

better off by raising its price.
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