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THE EXTENDED CLAIM-EGALITARIAN SOLUTION 

ACROSS CARDINALITIES 

M: Carmen Marco-Gil 

A B S T R A C T  

We analyze the behavior of the extended claim-egalitarian solution for  

bargaining problems with claims, in situations involving variations in the 

number of agents. An axiomatic characterization of this solution is 

presented. 

Keywords: Equal-Loss Principie;, Bargaining Problems with Claims; 
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1.- INTRODUCTION 

Chun & Thomson (1992) introduced the bargaining prohlem with claims by 

adding an unfeasible point representing agents' claims to  Nash's (1950) 

formulation of bargaining problem. The bankruptcy problem is a clear 

situation covered by this model. Moreover, they showed that  the classical 

axiomatic theory of bargaining, which implies the formulation of 

"reasonable" properties for  solutions and the characterization of them by 

these conditions, can be adapted to  analyze these kind of situations. 

Different criteria have been used when proposing solutions for  

bargaining problems, but the consideration of principles based on losses 

from some reference point is particularly appealing when the reference 

point represents claims. In the words of Aumman & Maschler (1985): 

"In bankruptcy problems, for exarnple, the creditors will in the 

end receive checkc as  4 result of the court proceedings. 

Nevertheless, they are worse off than befope maklng the loa", 

and they may well concelve of the transaction as  a ioss rather 

than an award" 

On other hand, one of the recent developments of axiomatic theory of 

bargaining consists of evaluating the solutions dependence on the number of 

agents. This approach has been systematically analyzed, for bargaining 

problems, by Thomson & Lensberg (1989) and has been considered by Chun & 

Thomson (1992) for  bargaining problems with claims. 

In the present paper we focus our attention on a solution proposed 

for  bargaining problems with claims by Bossert (19931, and subsequently 



studied by Marco (19941, under the name of extended clairn-egalitarian 

solution. We analyze its behavior when the nurnber of agents involved in a 

problem varies. 

This solution divides losses from the claims point equally among al1 

agents, subject to  no agent losing more than that which corresponds to  the 

disagreement point. 

This is a straightforward adaptation for  the domain a t  hand of the 

rational equal-loss solution, proposed by Herrero & Marco (1993) for the 

classic bargaining problem, and it can be viewed as a "dual" of the 

constrained equal award solution presented by Aumann & Maschler (1985), for  

the "transferable utility case". 

Section 2 contains some preliminaries and definitions. Section 3 is 

devoted t o  the behavior of the extended claim-egalitarian solution when the 

number of agents changes. Section 4 presents a characterization of the 

aforementioned solution using axioms concerning variations in the number of 

agents. 



2.- PRELIMINARIES 

There is a infinite universe 1 = 1 2 ,  of "potential agents, 

although only a finite number of them are present a t  a given time. Let p 

the class of finite subsets of 1. Elements of p are denoted by P,Q, ... For 

P E p ,  let / P (  be the cardinal of P. Given P E p, IRP is  the Cartesian 

product of l P /  copies of IR indexed by the members of P. 

The group of agents P can face a bargaining problem with claims, or 

simply a problem, which is a triple (S,d,c), where S c IRP is the feasible 

set in utility levels, d e I R P  is the disagreement point, and the 

P coordinates of c E iR \S represent the agents' claims. Claims are not 

mutually compatible. The interpretation of (S,d,c) is as  follows: the 

agents can achieve any point of S if they unanimously agree on it. 

Otherwise, they end up a t  the disagreement point d. 

Let be the class of bargaining problems with claims (S,d,c) such 

that: 

(i) S c IRP, S # 0, convex and closed 

(ii) 3 x E S with x » d'l) 

P .  
(iii) S is comprehensive: V x E S, 'd y E IR , if y < x. then y E S 

P 
(iv) 3 p E íR++, r E IR / 'd x E S px 5 r 

(v)  c S, c > d 

1 
Vector inequalities 2, >, » 



Every element of f is a bargaining problem with claims that the group 

of agents P may face. Let 1 = U zP denotes the class of al1 bargaining 

problems with claims for  some admissible group of agents. 

A solution is a function F, defined on 1, that associates to  every 

P E 1) and every (S,d,c) E f a unique element of S, interpreted as  a 

compromise recommended for that problem. 

For any P E !p and (S,d,c) E xP, we shall denote the set of 

individually rational points by IR(S,d), IR(S,d) = {x E S 1 x 2 d}. PO(S) 

will denote the set  of Pareto optimal points, PO(S) = {x E S 1 if y > x, 

then y $ S), and WPO(S) the set of weakly Pareto optimal points, 

WPO(S) = {x E S ( if y » x, then y e' S). We will use 5 to denote the 

comprehensive hull of the set IR(S,d). 

In the axiomatic approach to  the bargaining problem, properties on how 

the division should be carried out are  formulated and rules that satisfy 

these properties a re  sought. The following axioms, which will be used in 

the remainder of the paper, a re  standard in the literature. 

(PO) Pareto optimality: For al1 P E ~ ,  for  al1 ( S , d , c ) ~ f ,  

F(S,d,c) E PO(S). 

(WPO) Weak Pareto optimality: For al1 P E !p, for  al1 (S,d,c) E xP, 
F(S,d,c) E WPO(S). 



(SY) Symmetry: For al1 P E p ,  for  al1 (S,d,c) E E', if for al1 permutation 

n:{l,.., I P ~ } +  {l,.., I P ~ } ,  S = n(S), d = n(d) and c = n(c), then 

F.(S,d,c) = F.(S,d,c) for al1 i , j  E P. 
I J 

(AN) Anonymity: For al1 P,Q in p with IPI = 1 Q 1 ,  for  al1 (S,d,c) E E', for  

al1 (S',d3,c') E zQ and for  al1 one-to-one function y: P +  Q, if 

S'= {X'E IRQ 1 3 x E S with X '  = x for al1 i E P), diíi,= di, and 
Ni) i 

c '  = c. for  al1 i E P, then F (S',d',c') = Fi(S,d,c) for  al1 i E P. 
yíi) i Oíi) 

(T.INV) Tranclation invariance: For al1 P E p,  f0r  al1 (S,d,c) E E', for  

al1 t E IR', ~({s+t},d+t,c+t) = F(S,d,c) + t 

(SC.INV) Scale invariance: For al1 P E p ,  for al1 (S,d,c) E E', for  al1 

A: IRn+  IRn such that for al1 x E IRn A,(x) = a.x + b. with a.E R++ and 

b . ~  IR, F(A(S),h(d),A(c)) = A(F(S,d,c)). 

V V v 
(CONTI Continuity: For al1 P E p ,  for al1 sequences {(S ,d ,c  )> of 

P 
problems of E and for  al1 (S,d,c) E if + S, dV + d and cV + c, 

V V V  
then F(S ,d ,c  ) -+ F(S,d,c) (convergence is evaluated in the Hausdorff 

topology). 

(IR) Individual rationality: For al1 P E p,  for al1 (S,d,c) E E', 

F(S,d,c) 2 d. 

(ST.IR) Strong individual rationality: For al1 P E p ,  for al1 (S,d,c) E f, 

F(S,d,c) >> d. 



P From now on, given A S IR , Com{A) will denote the comprehensive hull 

of set  A, ComCo{A) the comprehensive and convex hull of set A, and r.int{A) 

the relative interior of A. 

(INIR) Independence of non-individually rational alternatives: For al1 

P E 'jl and for  al1 (S,d,c), (S',d',c') E zP, if ( d , ~ )  = (dJ,c') and 

S'= Com{x E S 1 x 2 d), then F(S',d',c9) = F(S,d,c). 

(IUA) Independence of unclaimed alternatives; For al1 P E p and for al1 

(S,d,c), (S',dP,c') E f, if ( d , ~ )  = ( d ' , ~ ' )  and S'= {x E S 1 x 5 c), then 

F(S',d',cJ) = F(S,d,c). 

Pareto optimality requires no domination of the alternative selected 

by any other feasible alternative. Weak Pareto optimality only asks that  

there not be strict  dornination. Symmetry says that if al1 agents a re  

identical, they should receive the carne payoffs. Anonymity says that the 

names of the agents are  irrelevant when proposing the solution outcome. 

Translation invariance requires that the choice of origin of the utility 

functions does not matter. Scale invariance requires that the solution be 

independent of the choice of origins and scales of the utility functions 

representing the agents' preferences. Continuity says that "small" 

variations in a problem do not cause "large" changes in the solution 

outcome. Individual rationality says that the solution outcome always 

weakly dominates the disagreement point. Strong individual rationality 

asks the solution outcome to  provide strict  gains from the disagreement 

point to  al1 agents. Independence of non-individually rational alternatives 

says that the solution outcome is unaffected by the non-individually 



rational alternatives. Finally, Independence of unclaimed alternatives 

requires that  the feasible alternatives that are  not dominated by the 

claims point be ignored. 

Bossert (1993) introduced the equal-loss principie in bargaining 

problems with claims for the fixed population case by means of the two 

f ollowing solutions. 

Definition 1 [Bossert (199311: 

For a11 P E p, and for al1 (S,d,c) E f, the claim-egalitarian 

solution, E, selects the weakly Pareto optimal point y in S such that  

c -yi/ = Icj-y.l for  al1 i , j  E P. 1 i J 

The next definition will be used later on. I t  can be checked that  it 

is equivalent to  the definition of the extended claim-egalitarian solution 

that  appears in Bossert (1993). 

Definition 2 [Marco (199411: 

For al1 P E 9, and for  al1 (S,d,c) E xP, the extended 

claim-egalitarian solution, E*, selects the following alternative: 



3.- AXIOMS ACROSS CARDINALITIES 

In this section, by using different axioms which have been introduced 

in the literature, we analyze how the extended claim-egalitarian solution 

responds to  variations in the number of agents. Some conditions a re  

requirements of solidarity. Among those, the most important one is 

population monotonicity. Others a re  stability requirements, consistency 

being the main one. 

The population monotonicity principle has been applied to  several 

contexts and has played an important role in axiomatic analysis (see 

Thomson (1994)). I t  was introduced for  classic bargaining problems by 

Thomson (1983) and reformulated for  the domain a t  hand by Chun & Thomson 

(1992). We show that  the extended claim-egalitarian solution verifies 

population monotonicity, and note that i t  is incompatible with two standard 

conditions which are  presented above. 

In order to  formulate this property, we need additional notation. For 

P E p ,  let ep be the IPI-dimensional vector with al1 coordinates equal to  

1. Given P,Q E p such that P c Q, and y E tRQ, let yp the projection of y 

P Q 
onto IR , and given (S,d,c) E 1 , let t;(s) = {x E tRP 1 (x,y ) E S}. 

O\P 

Population monotonicity expreses  a form of solidarity among agents: 

the arrival of new claimants, when resources remain fixed, does not benefit 

anybody, that  is, the cost of an increase in the number of agents with the 

same opportunities is shared among al1 initially present agents. 



(POP.MON) Population rnonotonicity: For al1 P,Q (P, f0r  al1 (s,d,c) € xP 
and for  al1 (S',dS,c') E xQ, if PGQ, (d',c')=(d,c) and tpd'(sp)=s, then 

P P 

F (S',d',c'kF(S,d,c). 
P 

Proposition 1: E* satisfies population rnonotonicity. 

Proof: Let P,Q E (P, P S Q. Given (T,d>,c7) E zQ, iet (S,d,c) € zP with 

S = t:(~) and (d,c) = (d;,c;). NOW we take (g,d,c) E f and 

(T,d3,c') e zQ, so = t:(T) and since c'=c, c'-E (T,d',c9) is 
P P P 

proportional to  c - ~ ( S , d , c ) .  In addition ~ ~ ( T , d ' , c ' )  e 5 and since 

E(C ,~ ,C)  E WPO(S), i t  follows that E ~ ( T , ~ ' , c ' )  5 ~ ( S , d , c ) .  Now, taking into 

account that  d' = d, from definition 2 we conclude E * í ~ , d ' , c ' ) i ~ * ( ~ , d , c ) . ~  
P 

The next proposition shows that population monotonictty cannot be 

satisfied on the domain in conjunction with Pareto optimality and 

anonymity. Note that this result can be straightforwardly adapted to  the 

classic bargaining problem, where other incornpatibility results related t o  

this one have been reported (see corollary 3.2 in Thomson & Lensberg 

(1989)). 

Proposition 2: There is no solution on satisfying Pareto optimality, 

anonyrnity and population monotonicity. 

Proof (Fig.1): Let F be a solution satisfying PO, and AN. Let Q = {1,2,3), 

S' = ComCo{(Z,l,O), (0,1,2), (1,2,1)>, d'= (0,0,0) and c'= 2e Note that  
9' 

Q (S',d',c') E . By AN agents 1 and 3 must be equally treated. Since there 

is a unique Pareto optimal point with x = x that is the alternative 1 3' 



1 2 1 ,  F(S',d',c') = (1,2,1). Consider P = {1,2), then 

td'(s') = ComCo((Z,l), (1,2)}, d p  (0,O) and c'= 2e By PO and AN, 
P P P' 

~( tP ' (~ ' ) ,d; ,c ;)  = (3/2)ep in contradiction to  POP. MON because 

F 2 (td'(s'),d;,ci) P < FZ(S',d ' ,c9).N 

Next we consider two properties related to  population monotonicity, 

introduced for  classical bargaining theory by Thomson (forthcoming). 

The f i r s t  axiom says that the feasible alternatives of a problem a t  

which one of the agents is better off than he would be a t  the solution 

outcomes of any of the subproblems obtained af ter  the departure of come of 

the agents, are  irrelevant. Notice that  by assuming a commitment to  

population monotonicity, these alternatives would be out of reach. 

(TR.IND) Truncation independence: For al1 Q E p, for al1 (T,d,c), 

(T',dl,c') e c ~ ,  if T'= (x E T 1 for al1 P c Q xpi F ( ~ ; ( T ) , ~ ~ , c ~ ) }  and 

(dV,c ' )  = (d,c), then F(T',d',cJ) = F(T,d,c). 

Proposition 3: E" verifies truncation independence. 

Proof: Let Q E p, and (T,d,c) E E' with ES(T,d,c) » d, otherwise TR.IND 

does not apply. Let (T1,d',c') E zQ be such that T'= {x e T 1 
for  al1 P c Q x p i  F ( t d ( ~ ) , d  ,c  )} and (d',c') = (d,c). Since E"(T,d,c) » d, 

P P P 

E*(T,d,c) = E(T,CI,~), and because c2= c, cP -~(T ' , d ' , c ' )  is proportional to  

c-E*(T,d,c). In addition E*(T,d,c) e T'= T' since E* satisfies POP.MON 

(proposition 1). Moreover T'c and ~(? ' ,d ,c)  E WPO(T), so i t  follows that 



E ( T ' , ~ * , C ' )  = E ( T , ~ , c )  = E*(T,d,c). Therefore ~ ( T * , d ' , c ' )  » d = d', so 

E*(T~,~,,C~)=E(?",~,,C')=E(T,~,C)=E*(T,~,C).~ 

Notice that  truncation independence only applies when the solution 

outcome for the original problem is strictly greater than the disagreement 

point, so strong individual rationality and truncation independence imply 

population rnonotonicity. 

The second axiom, sequential invariance, was introduced for  bargaining 

problems with claims by Chun & Thomson (1992). Suppose that a problem is 

obtained on some agents departing from another one. This property says that  

the following is equivalent: to  take into account the agreement achieved 

when al1 agents were present, thus dividing among the final agents the 

additional available gains, or to  consider the initial agreement as  invalid 

and therefore solve the final by starting al1 over again. 

(SEQ.INV) Sequential Invariance: For al1 P,Q E p, for  al1 (S,d,c) E f and 

(S',d9,c') E xQ, if P Q, (d;,c;) = (d.c>, t:'(~') = S and 

(S,F (S9,d',c'),c) E zP, then F(S,d,c) = F(s,P(s',~',c'),c). 
P 

In order to  prove that the extended claim-egalitarian solution 

verifies sequential invariance we need a previous result which i s  contained 

in the following proposition. We omit its proof because it is closely 

related to  proposition 1 in Herrero & Marco (1993). 

Proposition 4: For al1 P E p,  for  al1 (S,d,c) E f, E* minimizes the 

function max{l c.-xi/} within the set IR(S,d). 



Proposition 5: E* satisfies sequential invariance 

Proof: let P,Q e p with PcQ. Given (S7,d',c'1 E xQ, let S = t:(~') and 

(d,cl = (d' c'), note that  (S,d,c) E xP. We assume that  
P' P 

(S,E;(S',d',c'),cP) E xP. Suppose that WPO(S') = PO(S9). By definition 2, 

E*(S',d',c') 2 d;= d, so IR(S,E*(S',d',cl)) S IK(S,d). Furthermore, given 
P 

tha t  E* verifies POP.MON (proposition l), we have E*(S,d,c) 2EP(S',d',c1), 

so that  E*(S,d,c) E IR(S,Ep+(S',d',c21). 

Let x* = E*(S,d,c). By proposition 4, and bearing in mind that S' i s  

strictly convex, we obtain: 

rnax {IcL- x+[}  < max { l c -  xil} b'x E 1R(S,dl 
i 

i EP i EP 

This inequality i s  verified for  any subset of IR(S,d) containing x*, 

in particular for  al1 x e IR(S,E;(S',d',c')). Now, again by proposition 4 

and the strict  convexity of S', we get x* = E*(S,EP(S',d',c'l,c). 

For an arbitrary element S d , c Q  we obtain the desired 

conclusion by applying C0NT.m 

I t  is obvious to  check that continuity, strong individual rationality 

and sequential irrvariance together imply population rnonotonicity. 

Now, we consider stability requirements. 



The consistency principie has been adapted to diverse areas because i t  

is an appeal stability requirement. See Thomson (1990) for an overview. In 

bargaining theory i t  was originally introduced by Harsanyi (19591, although 

he only asked for no renegotiation in subproblems facing two agents. 

Consistency says that  no member of a subgroup of initial agents, facing the 

subproblem that arises when the agents outside the subgroup receive the 

utility levels corresponding to  the solution outcome, would ever 

renegotiate. 

(CONS) Consistency: For al1 P,Q E p ,  for  al1 (S,d,c) E xP and for  al1 

(S',d3,c') E xQ, if P c Q ,  (d;,c;) = (d,c) and tX(s') = S where 
P 

x = F(S1,d',c'), then F(S,d,c) = xp. 

Proposition 6: E* does not satisfy consistency. 

Proof (Fig.2): Let Q = {1,2,3), T = ComCo{(1,2,2)}, c = 3e and d = O, then 
Q 
Q (T,d,c) E xQ. Note that E*(T,d,c) = e and therefore t (TI = ComCo{2e }, 

Q P P 
e 

where P = {2,3), so E * ( ~ ~ ~ ( T ) , ~ ~ , c ~ )  = 2ep * e,,.. 

The following property, which i s  a slightly weaker version of 

consktency, was introduced for  bargaining problems by Thomson & Lensberg 

(1989). We show that the extended claim-egalitarian solution verifies i t .  

Weak consistency says that renegotiations by subgroups of initial 

agents, keeping the rest a t  levels specified by the solution outcome, would 

benefit al1 agents in the subgroup, instead of being equal for them. Notice 

tha t  this requirement together with weak Pareto optimality implies 



consistency on the subdomain of problerns whose weak Pareto optimal and 

Pareto optimal boundaries coincide. 

P 
(W.CONS) Weak consistency: For al1 P,Q E P, for  al1 (S,d,c) E 2 and for  

al1 (S',d3,c') E zQ, if P c Q, (dp,cp) = (d,c) and t:(~') = S where 

x = F(S',d',c'), then F(S,d,c) 2 xp. 

Proposition 7: E* satisfies weak consistency. 

Proof: Let P,Q E p with P c Q and (T,d,c) E zQ such that (S,dp,cp) E zp 
where S = t X ( ~ )  and x = E*(T,d,c). Let Q1= (i E Q 1 Ei(T,d,c) > d.) and 

P 

QZ= Q\Q,. By definition 2, E:(T,d,c) = d for al1 t E QZ, ci- xi = c - x 
t J J 

f o r  i , j  E Q and c.- x. z c - x for  al1 i E Q . Now suppose that  E* does 
1 1 1  t t 2 

not verify W.CONS, then there is k E P such that  ER(S.dp,cp) < xk. Since E* 

verifies IR, k E Q1, therefore c - E*(S,d c ) > c - x = max c - x., then 
k k P ' P  k k i 1 

i EP 

max c.- E*(S,d ,c ) > max c.- x, which contradicts proposition 4.. 
1 i P P  I L 

i EP i EP 

The following condition we consider appears in Thornson (forthcoming). 

It is dual to consistency, and it allows us to  deduce the solution outcome 

of a problem involving a large group of agents by resolving the two-person 

problems obtained from the original one. 

Converse consistency says that  if for some problem, a feasible 

alternative, x, is such that  i ts restrictions on al1 subgroups of 

cardinality two constitute the solution outcorne of the subproblerns obtained 

by the departure of the rest of agents with the utility leve1 corresponding 

to x, then x is the solution outcome for  the problem involving al1 agents. 



Q (CONV.CONSI Converse consistency: For al1 Q E p ,  for al1 (T,d,c) E 1 , and 

for  al1 x E T, if for  al1 P c Q with IPI = 2, (~;(T),P,C~) E xP and 

x = ~ ( t ~ ( T ) , d  ,c  ), then x = F(T,d,c). 
P P P P 

Proposition 8: E* verifies converse consistency. 

Proof: Let Q e 9, (T,d,c) E zQ and x E T such that for  al1 P c Q with 

IPI = 2, (t;(T),dP,cp) E f and x = E*( tX(~) ,d  c 1. We assume c = e by 
P P P' P Q 

T.INV. Then we find two possibilities: 

(i)  if xi> d, for al1 i E Q, for al1 P c Q with IPI = 2, 

E*( tx (~ ) ,d  ,c = E ( t ; ( ~ ) , d ~ , c ~ ) ,  then x.= x for  al1 i , j  E Q. Since x E T, 
P P P 1 J 

c-E*(T,d,c) is proportional to  c-x. Now, since E* verifies WPO and T is 

comprehensive, there is no X'E T such that x'» x, otherwise 

x # E*(tX(T),d ,c  ), so by applying again WPO, E*(T,d,c) = x. 
P P P P 

(ii) if there is j E Q such that x.= d., then x.> d. for  al1 i E Q, 
J J 1 I 

i t j ,  since a t  x there is a t  most oue agent with the utility leve1 

corresponding to  the disagreement point. Otherwise, there is P c Q with 

IPI = 2 such that  ( t ; ( ~ ) , d ~ , c ~ )  e xP, or, since E* verifies WPO, 

x # ~ * ( t ; ( ~ ) , d ~ , c ~ ) .  Therefore for al1 P c Q with IPI = 2 and j e P, 
P 

E*(t;(T),dp,cp) = E ( ~ P ( T ) , ~ ~ , c ~ ) ,  then x.= x for al1 k # j, i,k E Q and ' k 

x 2 x i E Q, i f j. If x = x., by using the same argument as  in (i), we 
J 1 J 1 

get the desired conclusion. If x > x there is y E S with yj= x, for  al1 
J 1' 

i E Q, i f j and y.< d such that c-E(Y,d,c) is proportional to  c-y. Since 
J J 

E satisfies wPO and T is comprehensive, there is no y ' ~  S such that y'» y, 

because if i t  is the case, for some P c Q with IPI = 2 such that  j P, 

x = y # E * ( t X ( ~ ) , d  ,c ), so by applying again WPO, E ( ? , ~ , C )  = y. Then by 
P P P P P 

definition 2, E*(S,d,c) = x.. 



4.- CHARACTERIZATION OF THE EXTENDED CLAIM-EGALITARIAN SOLUTION 

In order to  characterize the extended claim-egalitarian solution we 

consider, as well as  some of the conditions presented before, the following 

independence requirement. 

Suppose that, the claims point being fixed, the set of acceptable 

agreements to  al1 agents enlarges and the solution outcome does not change, 

so that  the new alternatives have been "revealed" to  be irrelevant 

according to  an interna1 argument, that  is, to  the solution itself. In this 

case the axiom of f ixed claims independence revealed requires that  adding a 

subset of such irrelevant elements should not change the players' view of 

the situation either. 

(FCIR) Fixed claims independence revealed: For al1 P E p, for  al1 

2 2 2 2 (s1,d',c), (S ,d ,c) E xP with IR(S ,d C IR(s',~'), if F(s',~',c) = 

2 2 3 3 2 2 3 3 F(S ,d ,c), then for  al1 (S ,d ,c) such that  IR(S ,d ) G IR(S ,d ) S 

3 3 
IR(s',~'), F(S ,d ,c) = ~(s' ,d ' ,c).  

This condition i s  closely related to  the straightforward adaptation to 

bargaining problems with claims of the property independence of revealed 

irrelevant alternatives proposed by Mariotti (1994) for  the classic 

bargaining problem. The main difference is that  Mariotti's property only 

deals with changes in the feasible set whereas f ixed  claims independence 

revealed consider changes in the set  of feasible and individually rational 

alternatives, on which "rational" people agree. Other conditions which are 



close in "spirit" to  this one can be found for  the classic bargaining 

problem in Thomson (1981) and for bargaining with claims in Herrero 

(f orthcoming). 

Proposition 9: E* verifies f ixed claims independence revealed. 

1 
Proof: Let Q E and three bargaining problems with ciaims (S ,dl,c),  

2 2 3 3 Q (S ,d ,c) (S ,d ,c) in such that: 

By 121 and taking into account that  E* verifies IR, E*(S1,dl,c) E S'. 
-2 

Now by definition 2, EIS1,d',c) S E*(S1,dl,c), therefore ~ ( S l , d l , c )  E S . 
Since the claims point is fixed c-~(S' ,d ' ,c)  is proportionai to 

- 2  2 c-E(S ,d ,c) but because E verifies WPO, we get: 

- 2  2 -3 3 1 
BY [11 S2 c 33 G S', so that E(S ,d ,c) c- E(S ,d ,c) a E ( s ' , ~  ,c), and 

from [31 we get: 

3 3 -3 3 
Consider now E"(S ,d ,c). If E , ( S  ,d ,cl 2 dj,  by definition 2 

3 3 -3 3 -3 3 -1 1 
ET(S ,d ,c) = Ei(S ,d ,c). By [41 E,(S ,d ,c)  = E1(S ,d ,c), and since from 

I 1 

3 3 3 1 1  
definition 2 E*(S ,d ,c) = d. .  In this case ET(S ,d ,cl = d3 because on 

i i ' 



1 2 3  3 
the one hand, since d 5 d a d by [ll ,  ET(s' ,~' ,cI < di  contradicts 

2 
E*(s',~',cI r d , which i s  deduced from [21 taking into account that E* 

verifies IR; on the other hand, E ~ ( s ~ , ~ ' , c I  > d3 implies by definition 2 
i 

-1 1 3 1 that  E.(S ,d ,cl > d: since d r d by [II, and i t  contradicts 141.. 

Our characterization of the extended claim-egalitarian solution is 

given in the following theorem. 

Theorem 1: E* is the only solution on C satisfying weak Pareto optimality, 

symmetry, translation invariance, continuity, independence of 

non-individually rational alternatives, independence of unclaimed 

alternatives, f ixed claims independence revealed and population 

monotonicity. 

The following lemma is used in proving theorem 1. Its proof is a 

straightforward adaptation to  bargaining with claims of the proof of lemma 

1 in Herrero & Marco (1993). 

Lemma 1: If F is a solution on satisfying independence of 

non-individually rational alternatives, weak Pareto optimality and 

continuity, then F satisfies individual rationality. 

Proof of theorem 1: Obviously E* satisfies WPO, SY, T.INV, CONT, INIR and 

IUA. Furthermore, it satisfies POP.MON and FCIR (proposition 1 and 

proposition 9). In order to  prove uniqueness, let F be a solution 

satisfying al1 the axioms. Let P E and (S,d,cl E zP be given such that 

WPO(S1 = PO(S1. 



We will distinguish three cases: 

(i) E(S,d,c) E r.int{WPO(IR(S,d))}. 

By T.INV we can assume c = e so that  E*(S,d,c) = x = ae  with 
P' P' 

a F .  Let d1 such that for al1 i E P d: = min d = tl. Let 
j EP 

J 

1 1 
(sl,d',cf) S U C ~  that d'= O, c = c + (-t e ) = (1-t )e and S = S + {-t e 1, 1 P 1 P 1 P 

then Ef(~ ' ,d ' , c l )  = ole + ( - t e  ) = @ep with p E R. Consider 
P 1 P 

1 P 1 
S' = S n {x E IR 1 x 5 c }. Let q 2 IPI + 1 be the smallest integer such 

that  al1 x E S' fulfills the inequality xiEp xi i qf3. Let Q E with P c Q 

1 Q 
and 1 Q 1 = q be given. Now we define T = (X E IR I zieQ Xi 5 1 Q 1 B. 

x 5 (1-t )e }, and d*,c* E IRQ such that c* = (1-t )e and d* = O for  al1 
1 Q 1 Q i 

i E Q, SO (T1,df,c*) E z Q .  Then by WPO and SY, F(T1,d*,c*) = pe . Let Q 
2 

T2= Com{@e }, so that (T ,d*,c*) E zQ and by WPO and SY F(T2,d*,c*) = f3e . 
Q Q 

Let T3 = ComCo{SP,f3e }. Notice that  (T3,d*,c*) E z Q ,  IR(T',~*I C I R ( T ~ , ~ * ) ,  
Q 

3 
IR(T ,d*) S IR(T' ,~*)  and F(T1,d*,c*) = F(T',~*,c*). By applying FCIR we 

* 
1 

get F (T~ ,~* ,c* )  = pe Since tz (T3) = S' and (dp,cp) = (d',c 1, we obtain 
9' 

by POP.MON that F(s ' ,~' ,c ')  t Fp(T3,d*,c*) = f3e and since @e E PO~S' )  
P' P 

1 
once T.INV we get F(S,d ,c) = @ep. 

2 
(i)-(b) Let dZ such that for  al1 i E P  d = t  2 

and 
i 

t = min{t ( t .= d for  al1 i E P}. Let ( s ~ , ~ " , c ~ )  such that d"= O, 
2 J ~i 
2 2 

c = c + (-t e ) = (1-t )e and S = S + {-t e >, then E * ( s ~ , ~ " , c ~ )  = 
2 P 2 P 2 P 

a e  + (-t e 1 = rep with 7 E R. Now, reasoning in the same way as  (&(a) 
P 2 P 

1 2 1 2 
with the only substitutions being S for  S , d1 for  d2, c for  c , 6 for  o, 

2 
t for t and d' for d", we get F(S,d ,c) = a e  . 
1 2 P 



Taking into account i - a  (i)-(b) and that IR(s,~') G IR(S,d), 

IR(S,d) 2 IR(s ,~ ' ) ,  we can apply FCIR and conclude that F(S,d,c) = 

ole = E*(S,d,c). 

We can find a sequence {(sV,d,c)} c xP for which W P O ( S ~ )  = p0(sV) for  

al1 v, E ( S ~ , ~ , C )  E ~ . ~ ~ ~ { w P o ( I R ( s ~ , ~ ) ) )  for  al1 v and l i m  S" = S. Using 
V +m 

V v 
the same argument as above we get F(S ,d,c) = E*(S ,d,c) for al1 v, and by 

applying CONT F(S,d,c) = E*(S,d,c). 

For an arbitrary element (S,d,c) E xP such that WPO(S) r PO(S) and 

E(S,d,c) E IR(S,d), we obtain F(S,d,c) = ES(S,d,c) by CONT. 

Given P E and (S,d,c) E f, a!S,d) will denote the ideal point of 

the problem (S,d,c), a.(S,d) = rnax< xi 1 ( x ~ , ( ~ ) , x ~ )  E IR(S,d) } for  al1 

i E P. 

(iii) E(S,d,c) é IR(S,d). 

We apply mathematical induction. Let P 1 , P Z c Q  be such that  

P = {i E P I Ei(S,d,c) b di} and PZ = P\P1. 
1 

(iii)-(a) Let P = {j}. By T.INV we assume d = O. Let E*(S,d,c) = x, 
z 

so x = O. Firstly we will show that  F.(S,d,c) = O (Fig.4). Since F 
J J 

verifies IR (lernma 11, F (S,d,c) 2 O. Let q = I P /  + 1, Q E with P c Q and 
J 

I Q I  = q . Let Q\P = {k}. Now we can construct the problem (S*,d*,c*) E Q 

Q as  follows: S* = Com{ x E R 1 x E S, x = o }, d*= O and c*= (cp, o + E), 
P k 

o 
where E > O is chosen in order to  get E(t (S*),dfJ,k),c:j,k)) 2 O with <j,k> 

O 

E j (t<J,k>(S*)'dTj,k>'CTJ,k> 
) = 0, and o is selected in such a way that 



o c* ) 2 O and there is h E Q\{j> for which 
E(tQ\<j>(s*)'d;\tj)' Q\<j> 

E (tO ( ~ * ) , d ; \ ~ ~ > , c & ~ ~ , )  = ah(S,d). 
h Q\(j> 

(ii) 
O o 

BY F(ttj,k)(S*),d:j,k),~~j,kl) = E(t (j,k> (s*)>d:,,ir>9~Tj,k>)) SO 

that  and by construction F . ( tO.  c* ) = O. Now, by applying 
J t ~ , k >  (S*)'d?j,k>' <j,k> 

o 
POP.MON between (S*,d*,c*) and (t(j,k)(S*)>d:j,k)9~Tj,k>) we get 

F (S*,d*,c*) i 0, and by IR, F (SS,d*,c*) = O. By POP.MON on (S*,d*,c*) and 
i J 

and by using (ii) and taking into account that F verifies WPO we get 

F (S*,d*,c*) = a (S,d). Once again by applying POP.MON between (SS,d*,c*) 
h h 

and (S,d,c), Fh(S,d,c) 2 ah(S,d). By IR, Fh(S,d,c) = ah(S,d,c) and because 

Now, if IPI = 2 the desired conclucion is obtained by WPO. 

d 
If IPI > 2, by (i) ~ ( t ~  (S),d ,c' ) = F(tp (S),dp ,cp ) = xp . Then by 

P P P 
1  1 1  1  1 1  1  

POP.MON Fp (S,d,c) + x . Since F.(S,d,c) = x 
J' 

WPO implies 
P 

1 1  
J 

F (S,d,c) = x so F(S,d,c) = x. 
P P )  
1 1 

(iiil-(b) If IP l = k we assume that F(S,d,c) = E*(S,d,c). 
2 

(iii)-(c) Let J P  1 = k + 1. Let E*(S,d,c) = x and c' such that ci = c 
2 1 

for al1 i E P c' - x = cl - x for j E P2 and c' = c for al1 k ;t j ,  
i ' j  j r I ~r k 

k e P2. Then F(S,d,c') = x by i - b  Now, similarly to  (iii)-(a) but 

using several times (iii)-(b) we can get F.(S,d,c) = x = d.. Let 
J 1 J 

Q = P\{j>, then we know by (iii)-(b) that  



~ ( t ~ ( ~ ) , d  ,c ' )  = F(td[s),dQ,cQ) = x then by POP.MON Fp(S,d,c) 2 x . Since 
Q Q Q Q 9' Q 

F.(S,d,c) = x,, WPO implies F (S,d,c) = x so F(S,d,c) = x. 
J J Q Q' 

For an arbitrary element (S,d,c) e f S U C ~  that WPOíS) * PO(S) and 

E(S,d,c)élR(S,d), we obtain F(S,d,c) = E*(S,d,c) by CONT. 

I t  is worth noticing the independence among CONT, INIR, IUA, FCIR and 

POP.MON in the presence of the rest of axioms characterizing E* (theorem 

1): i t  can be checked that the solution that selects the restricted 

Lexicographic extended claim-egalitarian solution (see Marco (1995)) for  

the two person problem and the extended claim-egalitarian solution in 

another case, satisfies al1 axioms except continuity; the claim-egalltarian 

solution fails to be independent of non-indtvidually rational alternatives 
~. 

and it verifies the rect of the axioms; consider the solution E, such that  
A ,. 
E(S,d,c) = E*(S,d,c), where c i  = max <c.- d . )  for al1 i, this solution does 

I I 

not verify independence of unclairned alternatives, and i t  satisfies the 

rest of the axioms; the proportional solution satisfies al1 axioms except 

P 
f txed  claims independence revealed; finally the reformulations of the Yu 

solutions (Yu (197311, 1 < p < m for the domain a t  hand, that  is, the 

claims point playing the role of the ideal point, satisfy al1 axioms except 

population monotonicity. 
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