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CAPABILITIES AND UTILITIES

Carmen Herrero

ABSTRACT

In this paper we address the problem of looking for resource
allocation mechanisms which would be accepted as equitable from Sen’s point
of view, in a framework of economic environments. We simplify the idea of
equalizing capabilities by means of the equalization of a capability index.
Then, we analyze the relationship between capability and utility, and
provide characterization results on mechanisms giving us allocations which

are capability lexmin suprema.
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1. INTRODUCTION

Rawls (1971, 1982) and Sen (1980, 1985, 1992, 1993) have each put
forth theories in which a natural criterion for distributive justice relies
on guaranteeing everybody equality of oppontunity. The main underlying idea
is that as long as there is equality of access to education, positions,
jobs, and that all hiring is meritocratic, then the resulting distribution
of income is looked at as jusat. The crucial point is, then, to make clear
the meaning of the term equality of oppontunity. For Rawls, equality of
opportunity means equality of some specific primary goods which are
necessary for a person, independently of her conception of welfane on
utility. For Sen, goods or commodities are not important by themselves;
what is important is what goods can do for people. Some goods enable people
to {function in various ways: to move, to be healthy, to develop some
personal characteristics, to be happy, etc.. In this spirit, Sen calls the
set of functionings available to a person, her capabkility. Capability is
thus a set of vectors of functionings, reflecting the person’s freedom to
lead one type of life or another. Sen’s proposal of justice is, therefore,
to equalize capabilities across agents, so that a distribution of goods is
just, if it maximizes the set of functionings of that person whose set is
the smallest one, or, in other words, to maximize the capability of the

person having the smallest capability.

It seems clear that the well-being of a person depends upon the
functionings achieved. Whether a person is well-nourished, in good health,

etc., must be intrinsically important for the wellness of that person’s




being. Additionally, the capability of a person can be understood as the
"set of opportunities to have well-being", and so it is also related with

the well-being index the person achieves(l).

Summarizing, there are two different concepts we can associate to

every individual, namely, his capability oet and his wtility, related

between them, and both depending upon the commodities the individual

consumes (and probably also depending upon some other variables).

In this paper, we address the problem of looking for resource
allocation mechanisms which would be accepted as just from Sen’s point of
view. In so doing, we start by suggesting a way of simplifying Sen’s idea

of capability by using a capability index which measures the ability of a

! A point to be noticed is that, since the functionings of different

people are different, the equalization of capabilities is quite a strong
requirement. It is not enough to equalize access to education, jobs, etc,
but it is also necessary to compensate people for those differences they
are not responsible for, as is the case with natural talent, abilities,
handicaps, or even the environment in which they are born.

Equalizing capabilities across agents, nevertheless, does not mean
that we are equalizing the vector of functionings selected by those agents,
since the selection involves a particular decision of every agent. Even if
all the agents have the same capability set, their achieved functionings
can (and in general would) be different. Therefore, an interesting point
involves the relationship between the capability of a person and her
well-being (or utility). Sen mentions several interpretations of well-being
or utility indexes as wealth, happiness, standard of living or agency
achievement. Among those indices, the so called "agency achievement" has
also been used by Rawls under the name of degree of Life-plan {ullillment,
the idea being that happiness or personal well-being has to do with the
extent to which a person is able to fulfill her life-plan. Life-plans vary
from person to person, but this degree of fulfillment seems to be a
sensible way of measuring utility. Actually, wunder conditions of risk
neutrality, and Von Neumann-Morgenstern preferences, they can be identified
[see Roemer (1994a)l. It is also interesting to notice that these degrees
of life-plan fulfillment turn out to be interpersonally comparable.




person to function. This simplification relies on Sen’s suggestion of
providing an "elementary evaluation" of the capability sets [see Sen (1992,

pp. 50-51).

Then, we look for mechanisms providing allocations which could be
deemed as just, in pure distribution problems. Following Sen’s idea, an
allocation is just whenever its corresponding capabilities are lexmin
suprema. We provide a characterization result of this mechanism in a
framework  which ~mimics Roemer’s (1988) bargaining in economic
environments. In general, the allocations providing capability indexes
leximin suprema are not Pareto Optimal in utility terms, since there is no
general relationship between capability index and utility. Nonetheless,
under some specific circumstances, we may find Pareto Optimal allocations
in utility terms within the set of allocations that are capability lexmin
suprema. Finally, we suggest a way of obtaining Pareto Optimal allocations

respectful with a fair distribution of capabilities.

Section 2 analyzes the relationship among resources, functionings and
capabilities. Section 3 contains a formalization of Sen’s functioning
approach. Section 4 is devoted to the characterization of the capabilities
leximin suprema mechanism. Section 5 discusses conditions under which these
allocations are Pareto Optimal in utilities. Finally, some additional

remarks, suggestions and open questions are gathered in Section 6.




2. RESOURCES, FUNCTIONINGS AND CAPABILITY

Consider the case of a single agent, and a set of nelevant
functionings for this agent: life-expectancy, level of nourishment, level
of education, mobility, etc. Let us assume that we can measure the
achievements of these functionings by means of adequate indices. Vectors of
functionings belong to some space, which, for the sake of simplicity, is
assumed to be R". Let [Rf denote the commodity space, that 1is, a point

X € [Rf_ stands for a bundle of goods this agent may consume.

Commodity bundles influence the vectors of functionings the agent can
achieve. There will also be other variables reflecting the achievable
vectors of functionings, most significantly those related to personal will.
For the sake of simplicity, let us consider only one of these variables,
and call it effont; moreover, assume that effort takes values in some
interval E c [R+. Thus, the vectors of functionings available to the agent
depend upon the resources he/she enjoys, and the amount of effort he/she
decides to apply. In consequence, we may think of this relation as a
correspondence C:[Rf x E —> R™, where C(x,e) ¢ R™, and C(x,e) describes the
vectors of functionings available to the agent, under resources x and
effort e. In Sen’s terminology, C(x,e) denotes the capabkility oet of the
agent under resources x and effort e. In order to make the construction

minimally operational, we consider the following assumptions:

(1) Status-quo: C(0,e) is a singleton, C(0,e) € RrR™,



(2) Resources monotonicity(Z): If x > x’, then C(x,e} 2 C(x’e) for all

e € E.

(3) Comprehensiveness: V (x,e), C(x,e) is comprehensive, ie., if

f e C(x,e), and C(0,e) = f* = f, then f’ e C(x,e).
(4) Closedness: V (x,e), C(x,e) is closed in RrR™.

(5) Upper Hemi Continuity: V (x,e), {xp) -> X, (ep} -> e, fp € C(xp,ep),

if {fp} -> f, then f e C(x,e).
(6) Full dimension: 3 (x,e) € [R:‘ x E, f € C(x,e), f > C(0,0).

(7) Decreasing marginal capabilities: ¥V (x,e), ¥ 0 < A < 1, AC(xe) <

C(ax,e).

These assumptions deal with the way the capability set changes with
resources and effort. We assume (1) that under no resources a unique vector
of functionings is achievable for each level of effort. C(0,0) can be
looked at as the "natural capability of the agent". (2), If the resources
increase, then the capability set does not shrink; (3) any vector with less
level of functionings is also achievable (we may associate this property

with functionings free disposal); (4) any limit point of achievable

Vector inequalities: =, >, >>.



functionings is also achievable, (5) small changes in the resources and/or
in effort give raise to small changes in the capability set, (6), by some
specific amount of effort and some commodities, the agent can strongly
dominate the natural vector of functionings, and (7), the transformation of

commodities in capabilities presents "decreasing returns to scale".

It may be noticed that most likely some of the functionings will be
positively related, so, in looking for some minimal regularity, convexity
of the capability sets has to be avoided. Comprehensiveness seems to be a

more palatable assumption.

Notice that we do not assume effort monotonicity. In principle, effort
is costly in utility terms. Additionally, among the relevant functionings
we may include some positively related with the utility of the agent. Thus,
whereas bigger effort in principle may enlarge the level of achievement for

some functioningo, it possibly will decrease the level of achievement of

some others.

Thus, under our assumptions, the set C(x,e) looks like a non convex
but comprehensive bargaining set. This set increases with the resources and

possibly "balances" with the effort [see Figure 1l.
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x> > x
e’ > e

c(0,0) ' £

FIGURE 1

Let us now analyze the decision problem of the agent when he receives
the bundle of goods x. We may think that the utility of the agent depends
upon the resources he consumes, the functionings achieved, and the level of
effort, and for simplicity we may assume it is representable by means of a
function V:{Rgx R™x E —> R. Thus, given bundle X, he chooses a level of
effort, e*, and a vector of functionings f* e C(x,e*), such that he
maximizes v(x,f,e) within his accesible functionings and effort levels

[vix,f*,e*) = v(x,f,e), for all e,f, such that f e C(x,e)l.
Suppose now that we consider two different bundles of resources x, X’,

and the associated capability sets C(x,e), C(x’,e). If C(x,e) ¢ C(x’,e) for

all e € E, one can safely claim that the agent has higen capabkility unden «x

11




than unden «’. Nevertheless, this relationship does mean neither that the
achieved functionings under x’ are better than the achieved f unctionings
under %, nor that the achieved utility under x’ is bigger than the achieved

utility under x:

Example: Consider two goods, two functionings and an individual such that
X + X

C(x,e) = Comm { [ ! 2,(x+ X + e)],[(x+ x -e)x+x )] } .
> 1 T2 1 T2 1 T2

Suppose E = [0,1], x = (1,0), y = (0,.8). Then, C(x,e) > Cly,e) for all e

[see figure 2]. Let the preference relation of the agent be representable
by function v[x,f,e] = (f1+ xl)(f2+ 10x2). For bundle x = (1,0), e* = 1,
f* = (1/2,2), and v(x,f*,e¥) = 3, for bundle y = (0,.8), e¥ = 0, f* =

(.8,.8), and v(y,f*,e*) = 7.04 [see figure 3.

C(x,e)

C(y,e)

c(0,0) f

FIGURE 2

Com A denotes the comprehensive hull of set A.
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C(y)

C(0,0) f

FIGURE 3

Previous example is anything but pathological: we may think of
functioning 1 as increasing with effort, and functioning 2 as decreasing
with effort. Moreover, the agent cares not only about the level of
functionings achieved, but also about which particular commodities they
come from. This example also ilustrates the type of difficulties we are
going to face in this approach: (1) If we are concerned about
oppontunities, in terms of achievable functionings, in general we cannot
compare opportunities for different bundles of goods, even for a single
agent; (2) even in the case in which it is clear that some bundle of goods
provides the agent with a wider opportunity set (in terms of functionings)
than other bundle, it does not mean that the agent will end up in the first
case with a better vector of functionings; (3) The relationship between

opportunities and achieved utility is by no means straightforward.
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Problems (2) and (3) above have to do with the idea of nesponoibility.
Whenever the agent has at her disposal a set of vectors of functionings, it
is up ta hen which particular vector to choose (and also, it is her

responsibility the chosen level of effort).

Thus, a natural way of measuning the opportunities of the agent coming

from a particular bundle of goods X, is by considering C(x) = U C(x,e) as
e€cE

the capakility set of the agent unden bundle of goado «.

If effort is not observable, the maximizing procedure of the agent

gives raise to some f* € C(x), and we may think of f* as the prefered
element in the capability set C(x), [see figure 4]. In this case, we may

define u(x) = v(x,f*,e*), as a way of measuring the satisfaction of the

agent in terms of the goods he consumes.

o f

C(x)

c(0,0) f

FIGURE 4
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Remark: if vix,f,el = W(f)(4), or v(x,f,e) = =(f,e), and C(x,e) > Cly,e)

for all e, then C(x) > Cly) implies u(x) = u(y).

3. CAPABILITY INDEX AND FAIR ALLOCATIONS

So far, for a given bundle of resources, we attached to the individual
his capability set C(x), and suggested a way of obtaining his utility
function. By means of the utility function we can always compare the level
of well-being of the individual under two different bundles of commodities,
but this is not the case with the capability sets. In general, neither
C(x) > Cly), nor C(y) o C(x). Therefore, in capability terms, x and y are

in general non comparable.

Now suppose a planner has to allocate a bundle of £ goods among a
group of n agents. The planner’s target consists of equalizing the
capabkilities of the diffenent indisiduals, as a way of equalizing the
access to well-being. We may assume that the planner has complete

information about the capability correspondences of the agents, that is, he

¢ The idea of the utility function being dependent on the functionings

and not on the commodities goes back to Lancaster’s idea on the demand for
characteristics [see Lancaster (1966)]. We may think of the functionings as
characteristics of the commodities dealing with the way a person functions
in some particular respects. On a similar interpretation in the context of
health, see Pereira (1993).

15




knows the correspondences C: IRE x E —> [Rm, i = 1,...,n. Even in this
1 1

case, equalization of capability sets may be impossible, since we cannot in
general compare Ci(x) and C(y) [actually even C(x) and Ci(y) cannot
J i

be compared].

A way of avoiding this problem is by attaching some capabkility index
to the capability sets Ci(x). Assume that the planner considers some
specific combination of functionings as the ideal {functioning @eoton(S),
f*, Then, a way of calibrating the capability sets consists of looking at
those achievable vectors with identical proportion of functionings as that
of the ideal functioning vector(6). If the largest A such that Af* e Ci(x)
is larger than the largest A with Af* e Ci(y), we may say that agent i has
a highen capabkility index under x than under y. Similarly, we may compare

capabilities across agents, by means of comparing the achievable vectors of

a fixed functionings proportion.

Thus, we may define c (x) = max h[ Af* € C.(x). Notice that the chosen
1 1

vector of functionings is weakly optimal in C (x).
1

Depending upon the specific problem faced by the planner, it may be
not so difficult to construct the ideal functioning vector. For instance,
if we deal with problems of access to health care in different countries,
the relevant functionings may be associated with the way some services are
covered (hospitals or doctors per capita), or some demographic data (infant
rate of survival, life-expectancy), etc. Then, the ideal functioning vector
may correspond to the achievements in more developed countries. In relation
to these functionings, see Sen (1992).

6 The idea of choosing the direction of the ideal functionings vector as

a way of associating a number to any capability set is related to some
rules to choose a particular point in a bargaining set, and in particular,
goes back to the proponticnal sclution proposed by Chun & Thomson (1992) in

bargaining problems with claims.
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Some immediate properties of c are the followingm:
I

(1) c IRf_—> {R+ is well defined, increasing and continuous for all i1 =

1,...,n.

(2) c, is concave.

Whenever the capability sets are defined, for any feasible allocation,
X s X s the capability indexes Ci(Xi) are well defined. The problem the
planner faces is to look for a feasible allocation such that cl(xl) = =
cn(xn) [or to distribute the resources in such a way that the capability
indexes of the agents are equal]l. It may be that there is no allocation
solving the problem, and in such a case, we may look for an allocation
equalizing capabilities as far as possible, namely, attaching the highest
capability to that agent with the smallest capability index. Under our
assumptions, for any bundle of resources, the solution of that problem is

(8)
non empty .

7 Alternative proposals for attaching capability indexes with similar

properties can be obtained by considering some particular distances from
the ideal vector to the different capability sets, or by means of using
specific measures on the sets C(x) or by suitably adapting rules for
comparing sets. Ideas on preferences for {lexibility [Kreps (1979)], or of
extending orderings from a set to the power set [Puppe (1994)], may be
helpful.

8 In order to have the solution well defined, it is not necessary that

capability sets fulfill property (7). This property guarantees concavity of
the capability indexes, but it is not required for the existence of the

fair solution.

17



It may be noticed that the planner concentrates all the relevant
information about the capability set in the capability index. Thus, we may
think of the planner’s ordering over vectors of functionings as a leximin
ordering on the components scaled by the ideal vector. On the other hand,
the planner is only concerned about the accessibility of the agents to this
particular vector of functionings. It may be, nonetheless, that actual
choices of the agents deviate from the proposed target, due to agents’
freedom of choice between several ways of transforming commodities into
functionings. Since the planner’s concern is related to the accessibility
and not with the final realization of his proposed target, this way of
equalizing is respectful with the responsibility of the agents in their
choices. Even if the agents have identical sets of functionings, it could
be that their final wutility levels are different, and it does not go

against our concept of equity(g).

4. AXIOMATIC CHARACTERIZATION OF SEN’S FAIR ALLOCATIONS

Let us consider the problem of distributing a bundle of goods among a
group of agents in an "equitable way". We shall follow an axiomatic

approach, namely, to adopt some general principles the planner finds

? The most prominent idea in contemporary theories of distributive

justice is that personal responsibility justifiably restricts the degree of
outcome equality [see Arneson (1989), Bossert (1993), Cohen (1989), Dworkin
(1981), Roemer (1994b)l.

18



reasonable and require that the resource allocation mechanism considered
satisfies them. Moreover, these principles have to apply to any pasoible
problem of a certain type the planner could face. So, let us start by
considering the class of problema we are going to deal with. A particular
problem is identified by means of the relevant information available to the

planner. This information, in our case, is summarized by the following

list:

n: number of agents

£: number of commodities

w: available amount of the different commodities (w € IRf).

. L

c,i=1,..n(c: R —>R)

i i +
c, i = 1,...,n, constitute the relevant characteristics of the agents. c,
1 1

represents an index of capability agent i achieves whenever a certain
bundle of goods is attached to him. We assume that the planner has complete
information on the relevant data for any problem he faces. Thus, a problem
is completely specified whenever the planner knows the following list:
<n,f,w,c>, c = (C1""Cn)’ Let us now assume that the capability functions
present some regularities, namely, they are drawn from a particular family

. (10)
of mappings ™ :

For £ € N, consider 6’2 = f:[Rf--> IR| f are monotone, continuous and

concave}.

10 Notice that by means Oé" the construction suggested in Section 3, the

capability indexes belong to €.
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Consider now the class } of problems ¢ = <n,l,w,c> where w € [Rf,

c=(c,..,c), ce @E for all i.
1 n i

Let us interpret ¢ in the following way: We consider a group of n
agents and a bundle of £ goods. Take the units of the goods such that
prices are equal to 1. The agents are characterized by functions c the
capobkility index of agent i, which provides us with a measure of the
capability set of agent i, in terms of the bundle of commodities he
consumes. This capability has a certain ’initial value’ [ci(O)] which can
be associated with the natunal capakility of agent i, and measures the
capability achievable by the agent under no goods. c weakly increases with
x, that is, if we provide some goods to the agent, she increases her

capability (probably up to a point).

. I
From now on, let us denote for an allocation x (x,...,x ), X € R+,
I

c(x) = [CI(XI),...,cn(xn)].

For a given ¢ = <n,f,w,c> € },
2 n
Z(¢) = {x = (X1""’Xn)’ X € R, ! ¥ X =W }
i=1
is the set of feanible allocations of w among the n agents.
n 1

€lp) = { (El,...,En) e RO ! 3 x € Z(¢), cx) = (61,...,5n) } is the

capability poosibilities aet for problem ¢. 6(¢) is closed and convex.
PC(¢) ={xeZghifye [Rf", and c(y) > c(x), then y ¢ Z(¢) }

Pc(¢) is the set of c-Paneta aptimal pointa in Z(¢). Pc(qb) is a nonempty

closed set, for all ¢ € § (because of continuity of c).
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Definition 1: An aflocation mechaniaom F is a correspondence which

associates to each problem e € ¥ a set of feasible allocations F(¢) <

Z(¢).
The following are properties a mechanism can fulfill:

Fullness: Let ¢ = <n,f,w,c> € ¥, and x € F(¢). If for some y € Z(¢), c(x) =

c(y), then y € F(¢).

Fullness asks for the mechanism to choose all the allocations
associated with given points in capability space. The underlying idea is
that if we face two allocations which are indifferent in capabilities

terms, they are indistinguishable.
Capabilities Pareto Optimality (CPO): V ¢ € }, F(¢) c P (¢).
[o4

Anonymity (AN): Let ¢ = <nfw,c> € Y , and let m:N --> N be any
permutation. Consider now ¢’ = <n,{,w,mc>. Then, if x € F(¢), nx €

F(¢’).

Ordinal Level Comparability for Capabilities (OLCC): Let ¢ = <n,{,w,c>,
¢ = <nl,w,c’> € Y, where ¢ = glc] for all i =l,...,n, ggR —> R,
1 1

increasing. Then, F(¢) = F(¢’).

For a problem ¢ = <n,f,w,c>, we say that a good (k) is a perwcnal good
fon agent i, if i is the only agent obtaining greater opportunities from

b

being allocated good k& . That is, if for all j # i, and for all x, Xj
J

21




such that x, = x> s # Kk, cj(xj) = c(x’), then k is a personal good for
js js J ]

agent i.

Consistency (CON): Let ¢ = <n 4+, (w,w’),c> be a problem such that
(x*,y%) € F(¢), where any of the y-goods are personalized goods for at
most one agent each. Let di(xi) = ci(xi,y*:), and consider the problem

¢ = <nb,w,d>. If ¢ € 3, then x* € F(¢’).

CON asks for two problems related in a very particular way. If there
are some personal goods, and we allocate them under the prescription given
by F, when we move into another problem of the class, then the way the

mechanism recommend the distribution of goods x, remains still valid.

Individual Resource Monotonicity (I.R.MON): Let ¢ = <n,{,w,c>, ¢ =
<n,¢,w’,c> € ), with W, = Wl’{ for all goods k # i, w, < w; where i is
a personal good for agent j. If x € F(¢), then V y e F(¢’), cj(xj) =

c(y).
J ]

Consider now the problem ¢ = <n,l,w,c> in ), and let y € F(¢). Now,
assume that a part of the population leaves with the resources assigned to
it by y. Consider now the remaining agents, M < N, and the problem faced

when the remaining resources have to be divided. Let us call this problem
¢F,M,y'

Population Stability (PSTAB): Let M,N such that M ¢ N, and ¢ = <n,{,w,c>

€ ), y € F(¢). Consider now ¢’ = ¢ . Then, vy, € F(¢’).

M,F,y

22



A mechanism F satisfies PSTAB if, when a group of agents leave with
the resources assigned to them, the way the mechanism distributed the

resources among the remaining agents is still valid.

Previous properties have differing appeal: Efficiency is related
toCPO; AN and I.R.MON are fairness principles: the planner has to treat
identically those agents about whom he has identical information. On the
other hand, there is no reason for an agent to be punished if an additional

amount of a personal good for him becomes available; finally, CON and PSTAB

are consistency principles.

These properties were introduced in the context of axiomatic
bargaining in economic environments by Roemer (1988) as a way of

reinterpreting the usual assumptions in classical axiomatic bargaining.

Now consider the lexicographic ordering >Fin R™ x >F vy (x,y € IRn) if
there is an i € N with X > Y and xj = yj for all j < i. Let wR" -—> R
be such that for each x € R" there is a permutation m of N with a(x) = mx
and ocl(x) = txz(x) = ... = ocn(x). The lexicographic maximin ordering S on

R® is defined by x >™ y (x,7 € RY) if a(x) >" aly).
Consider now the following subset of Pc(e):

Definition 2: L (¢) is the set of those allocations such that their
c

associated capability indexes are leximin suprema.

L () = { z € P(¢)] if c(y) > c(z), then y ¢ Z(p) ).

23



If we take Sen’s point of view, those allocations in L (¢) are fair

[of
for problem ¢, since they provide equal capability indices up to the point
at which it does not come into conflict with optimality (in capability

terms).

Some properties of LC(¢) are worth noticing: (1) Lc(qb) # @ and closed;
(2) If z t € L(¢), then alc(z)] = alc(t)l. Actually, Lc satisfies a
C

stronger property:

Proposition 1.- For all ¢ € Zn, for all z Lc(qb), c(z) is unique in G(¢).

PROOF: Let zt € Lc(¢)’ and assume that c(z) # c(t). Since «lc(z)] =
alc(t)]l, the only possibility is that the permutations m, o:N --> N such
that mec(z) = alc(z)], coc(t) = alc(t)], are different (r # ¢). Consider
then d(A) = 2aclz) + (1-A)c(t). d(A) € B(¢), for O = A = 1, since E(¢) is
convex. So, we can find elements x(A) € Z(¢), with c[x(A)] = d(A). Now,

notice that d(A) = clx()] >™ c(z), for 0 < A < 1, against the definition

of L ().l

Proposition 1 says that we do not face problems in which there are
elements in Lc(¢) such that the individuals getting the minimal capability
level are different. As an immediate corollary, Lc(¢) turns out to be
convex: If z,t e Lc(¢], c(z) = c(t). Now consider x{(A) = Az + (1-A)t. Since
all the ci’s are concave, c[x(A)] = Ac(z) + (1-A)c{t) = c(z) = c(t). But

then, c[x(A)] = c(z), as otherwise z ¢ Pc(¢).

Now, the following result is obtained (see Appendix):
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Theorem 1.- If a mechanism F in }. satisfies fullness, OLCC, CON, CPO, AN,

P.STAB. and I.R.MON, then F = L .

[o]

5. Lc AND THE DISTRIBUTION OF UTILITIES

As we previously mentioned, in the general case no relationship can be
derived between the orderings ¢ and u, and it is possible that within
1 1

Lc(¢) we cannot find any (weakly) utility Pareto optimal allocation.

Example: Consider two goods, two individuals, and two relevant

functionings, such that:

X + X,
C(x,e)=Com{ [ ,(x+x+e)],[(x+x —e),(x+x)] }
1 5 1 2 1 2 1 2
C (x,e) =
2
0.64 x + x 0.64 x+ x 0.64 X+ X 0.64 X + X
1 2 1 2 1 2 1 2
Com{[ s +e],[ - € ]}
1.6 0.8 0.8 0.8

Suppose E1 = E2 = [0,1], w = (1,0.8), and z = (1,0), vy = (0,0.8). Then,
Cl(z,e) > Cl(y,e) for all e, and Cz(y,e) ) Cz(z,e) for all e. Moreover,
Cl(z) = Cz(y). Therefore, the allocation (z,y) e Lc, and it is the unique
allocation in Lc, independently of the ideal vector of functionings we

choose in order to define the capability index.
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Let v[x,f,el] = (f+ x)f + 10x), viIx(f,el = (f+ 10x)(f + x ). In this
1 1 1772 2 2 1 172 2
case, ul(z) < ul(y), and uz(y) < uz(x), and therefore the allocation (z,y)

is not Pareto optimal in utility terms.

It would be interesting to ask under what circumstances can we

guarantee a positine nelationohip between ¢ and u, for some individual,
namely, if it is possible that c(x) > c(y) implies u(x) > u(y). It may be
so if, for instance, function v depends on the commodities and effort only

through the vectors of functionings, or, alternatively, if the ordering

induced by v is lexicographic on the functioningsm).

Consider now the class V of problems ¢ = <n,f,w,c,u>, where <n,{,w,c>

n

€ ¥, and u = (ul,...,u ), u: [R+ —> R for all i = 1,...,n, and Ci(X) >

(12)

ci(y) implies ui(x) > u(y) ~. Then we obtain the following result:
1

Proposition 2: For all ¢ € V, Lc(¢) nP(g) # a.
u

1 An alternative would be to divide the commodities into two groups for

every individual: primary and secondary. A commodity is a primary good if
it increases the capabilities, and it is secondary if it only influences
the utility of the individual, but does not affect the functionings (in the
case in which the |utility is not a relevant functioning). Then, a
lexicographic ordering on primary and secondary goods would also provide
the required relationship. On this, see Roemer (1994a).

12 Notice that the evaluation by means of function v allows for a wide

range of possibilities. If "utility" is one of the relevant functionings,
then v(x,f,e) = fk, for some particular k, and the agent will choose that

level of effort e* wich maximizes that perticular component on C(x). Even
more, if utility is the only relevant functioning, then we are back in the
traditional analysis. If it is not so, then we assume that utility is
something different of one precise functioning, and depends upon several of
them. The positive responsiveness property relies then on the idea that
functionings are important in the evaluation of utility, and actually, they
are the only important parameters.
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PROOF: Suppose not. Then, there exists some ¢ € V such that for all z €
Lc(¢), there exists y € Z(¢), such that u(y) > ul(z), i.e., ui(y) > ui(z)
for some i, uj(y) z uj(z), for j # i. Then, ci(y) = ci(z). Moreover, for j
# i, it cannot be cj(y) < cj(z), for in that case, uj(y) < uj(z). Thus,
there are only two possibilities: either c(y) = c(z), and then z € Lc(¢),

or c(y) > c(z), which is impossible, since z e PC(¢)..

That is, whenever a positive relationship exists between the
capability indices and the utility functions for all indinviduals, some

allocations in L (¢) are Pareto optimal in utility terms.
(o}
Consider now the following assumption:

(A) For some i = 1,...,n, and for all X all € > 0, 3 y, € Ng(xi), such

that c(x) < c(y)
1 1 1 1

Assumption A asks for an agent whose capability index positively
responds to some increment of commodities. Let us call V* the set of

problems in V for which (A) holds. Then, we obtain strong implications:
Proposition 3.- If ¢ € V%, then Pc(¢) c Pu(¢)

PROOF: Let z € Pc(qb) and assume that 3 x € Z(¢) such that uk(xk) = uk(zk)

for all k, and u(x) > ul(z) for some j. Thus, c(x) = c (z) for all k.
Jo i k k kK k

If for some i, ci(xi) > ci(zi), then we reach a contradiction, for then

c(x) would dominate c(z), against the hypothesis of z € Po(e). Thus, the

only possibility is c(x) = c(z). Choose € > O small enough as to uj(yj) >
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u(z) for y. € N (x). Now, by (A), we find y e N (x), with c(y) >
JJ J £ j i £ i i1

c(x). Let us call y the allocation such that y = x, + X -y, y =X
i i j j i i k k

for k # i,j. Thus, c(y) dominates c(z), and we reach a contradiction since

zZ € PC(¢)..

Corollary: In V¥, . =L n P.
[o} c u

In V¥, we may provide a characterization of L by using a requirement
[+

weaker than fullness:

Weak Fullness: Let ¢ = <n,l,w,c,u> € V¥ and x € F(¢). If for some y €

Z(¢), c(x) = cly), u(x) = uly), then y € F(¢).

Theorem 2.- If a mechanism F in V% satisfies weak fullness, CON, CPO,
OLCC, AN, P.STAB. and I.R.MON, then F = L .
PROOF. In Theorem 1, steps 1 to 5, fullness is not used. Thus, we know that
F c LC. Suppose now there exists z € L (¢), such that z ¢ F(¢). Then, for
[}
any t € F(¢), z and t are u-Pareto non comparable, i.e., 3 i,j € N, such
that u(z) > u(t), and u(z) < u(t). But on the other hand, c/(z) =
i i i i J J b 1
c(t), cl(z) = c(t).
T A 3
Choose £ > O small enough as to guarantee both u(x) > ui(ti), and uj(vj)
1 1
> uf(z), for x. € N(z), and v, € N_(t). Simultaneously, c(x) =
Jj o i € i j £ j i i
c(t), and c,(vj) = cj(tj). Let us consider the agent k for which (A)
i i j
holds. Since i # j, k has to be different either from i, j or both.
Suppose k # i, and choose X € Ne(xk) such that c(xk) > c(zk). Now, take x,
1
=z +z - X, X =2, for s # i,k. Then, c(x) > c(t). Contradiction,

i k k ]

since t € P (¢). Therefore, L = F.JJj
(o} C
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In V we are unable to make any distinction among those elements which
are Pareto Optimal in utility terms. An alternative way of focusing the
problem of allocating resources in V consists on looking for the "cheapest"
way of guaranteeing the capabilities in Lc(¢), then choose one of these
allocations and distribute the remaining commodities in a way which could
be considered acceptable. Let us call c(¢) = clz), z € LC(¢), and consider

the following program:

[Pr(¢)] Min [Z ti]

s.t.  t e Z(¢)

c(t) = cl¢)

Program [Pr(¢)] always has a solution, since {te Z(¢)| c(t) = c(¢)}
is compact and nonempty. Let us call S(¢) = { t € Z(¢)| t solves Pr(¢)}.
Then, S(¢) ¢ LC(¢>), S(¢) # @, closed and convex. If LC(¢) c Pu(¢>) (as it is
the case under (A)), then S(¢) ¢ Pu(¢). Nonetheless, in general S(¢) is not

included in Pu(¢).

EXAMPLE: Let ¢ € V, ¢ = <2,2,(1,1),c,u>, with

1/2 1 1/2 X1Y.1
)] [Min(y,,-)] , ulx,y) = ———
i 3 1 1 1
1+xiy1

(ST

c(x,y) = I:Min(x,,
1 1 1 1

: : , L 11, 1
then, the unique solution to Pr{(¢) is X —(3,3), i =1,2. ui(3,3) = 15 and
u (l l) =1 that is, S(¢) is not included in P (¢)

12’2 5’ ’ u
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Some properties on S(¢) are immediate:

1) For all ¢ € V, for all t, z € S(¢), u(t) and u(z) are either Pareto
indifferent or non-comparable in #{¢).

2) If ¢ € V¥, then S(¢) = Lc(q)).

It has to be noticed that S(¢) is a convex set in Z(¢), but ul[S(¢)] is
not convex in «#(¢). Moreover, even though c(z) = c(¢) for any z € S(¢), and
therefore the agents are indifferent (in capabilities term) among the

elements in S(¢), it is not so in utilities term.

Consider a problem ¢ = <n,f,w,c,u> € V, and choose a particular
allocation z € S(¢). Take now the problem ¢z = <,w’,c’,u’>, where W = w

n
-rz,clx)=clx+z)-clz) Wix)=ulx+z)-ulz)
i=1 i i i i i i i i i i i i i i i

1=

Let us call WO the set of problems in V¥V such that c(¢) = 0. If ¢ €
WO, then S(¢) = { O }, that is, the unique allocation fulfilling c(¢) at a
minimum cost is that allocation not giving any good to any agent. We can
identify WO, therefore, with the usual bargaining in economic environments
setting, since the capabilities play no role in these distribution
problems. Notice that, whenever we face a problem ¢ € V , and if z € S(¢),

then the associated problem ¢ € WO.
z
Consider now the following property:

Separability (Sep.): Let ¢ = <n,l,w,c,u> € V, and X € F(¢). Then, x = z + t,

where z € S(¢), and t € F(¢Z).
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Separability deals with the way resources are allocated among agents
by the mechanism F. In a first step, we allocate resources as for
guaranteeing the "maximum equitable capability level”, in the cheapest way,
that is, by means of an element in S(¢), z. Then we face a new problem in
which resources have been diminished in 2z, capabilities "disappear" of the
picture, and utilities are the same as before by an adequate change of
reference point. Now, the mechanism allocates the remaining resources
taking into account only the information in the utility space .9d(¢z). A
mechanism satisfies Separability whenever the way it allocates the

resources can be viewed in this two steps manner.

In the case in which u(t) is unique for all t € S(¢), it seems
sensible to again improve the utilities of the agents by a lexical
procedure in order to reach a Pareto Optimal point in utility termsuS). Let

us call V the set of problems in V such that u(t) = u(z), for all t,z e

S(e). Now, consider the following mechanism:
L (p={zecP(@|z=t+v,tesS@),vel(9)}
cu u u z

Then, the following characterization result is obtained:

Theorem 3.- If a mechanism F in V satisfies weak fullness, CONRAD, CPO,

UPO, AN, P.STAB, I.R.MON and Sep, then F = L

cu

! A way of guaranteeing the uniqueness in utilities terms of elements in

S(e) is by considering the utility functions of the agents separable in
primary goods (not necessarily the same for all agents) and secondary
goods, in such a way that the capability index and the utility index
dependent on primary goods provide with identical ordering. Then, at points
in S(e) agents only enjoy primary goods, and the uniqueness of the
capability indexes implies the uniqueness of the utility levels
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6. FINAL REMARKS

In our model two different continuous and concave functions have been
attached to each individual. Both the capability index of individual i, C
and the utility index of individual i, u induce an ordering in the
commodities space. So, agent i "prefers in capability terms" bundle X, to
bundle ‘A iff Ci(Xi) > ci(yi), and '"prefers in utility terms" bundle X, to
bundle v, iff ui(xi) > ui(yi). In principle, both orderings are different,

even in the class V, when they are related by the implication:
c(x) > c(y) implies u(x) > ul(y)
1 1 1 1 1 1 1 1

Then, if ui(xi) =z ul(y), we obtain that ci(xi) = ci(yi). Nonetheless it
1 1
may occur that ci(xi) = ci(yi), and ui(x )# ui(yi).

i

EXAMPLE: Suppose there are two goods, and let

1 172 1/2 XiY.
= i - i - = ___—1_
ci(xi,yi) = [Mln(xi, 3)] [Mln(yi,3)] , Ui(Xi,Yi)

Under the additional hypothesis of (A), ci—or‘dering and ui—ordering
are the same. For in that case, suppose that X, Y, exist such that ci(xi)
= ci(yi), with ui(xi] < ui(yi). Then, we can find x? € N(xi,l/n) such that
ci(yi) = ci(xi) < ci(x?), and therefore, ui(xi) < ui(yi) < ui(x?). Now, by

letting n -> o, u(x) > u(y ). Contradiction.
1 1 1 1
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In Proposition 2 we saw that under (A), P (e) < P (e). Nonetheless,
] u
the reverse inclusion does not hold. Consider the following example:

e € V¥ e = <2,2,(1,1),c,u>, where

112 REE Xy
. . _ 1 P
cl(xl,yl) = [Mm(xl, 5)] [M1n(y1,§)] , ui(xi,yi) = , i=1,2

1+x y.

1 1
c(x,y) = xy. Then, the allocation z = [(1 l) (l l)] e P (e), but does
27272 272 ’ 2°277°2°2 u
not belong to P (e), since c (1 l) -1 c (1 l) -1 and if we consider the
c 12°2 3 22’2 4’

22 11 22, 4
),(§,§)], 01(3’3 c (§,§) = 5 and c(t) > c(z).

. 11
allocation t = [(5,:-3

It is also worth noticing that, even if (A) holds for all i = 1,...,n,

that 1is, if all the orderings induced by the utility functions Wseenl

coincide on X with those induced by the capability functions C1""’C s
n

respectively, the utilities associated to vectors in L (e) are not leximin
[o}

suprema [since the relationship between u and c_is ordinall.
1 1

EXAMPLE: Let ¢ € V, ¢ = <22,(L1,cu>, where c(x,y) = x:/z y:/z,
1 1

. _ _ /4 1/4

i=12, ul(xl,yl) XY uz(xz,yz) Xy, -

Then the allocation z = [(l l) (l l)] € L(¢); clz) = clz) = L
2’2722 c 11 272 2’

1 1 . . 22, ,11

ul(zl) = 3 uz(zz)— —21/2. Consider now the allocation t = [(:—3,5),(5,5]],

ul(t) = ﬂ; ul(t) = L ; and thus, u(t) St u(z).

11 9 "2 2 31/2
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If utilities associated to elements in S(¢) are not unique, the result
in Theorem 3 no longer holds. In such a case, agents are not indifferent
between the elements in S(¢). In such a case, an interesting property would

be the following:

Concavity (CAV): Let ¢ = <n,l,w,c,u> € V, z,t € S(¢), and assume 2z’ € F(¢z),

), ulAdz+(1-A)t+h]l = Aulz+z’) +

t’ € F(¢t). Then, if h e F(ehz+(1—h)t’

(1-2) u(t+t’).

Concavity is a version in economic environments of the axiom dicagneement
point concanity [D.CAV.], used by Chun & Thomson (1990) in the context of
bargaining with uncertain disagreement point. The idea wunderlying this
axiom is the following: suppose we choose at random a point (z) in S(¢),
and we use this point as a starting point of the corresponding associated
problem (¢Z). In capabilities terms, there is no any difference since all
the proposed solutions give rise to the common capabilities point cle).
Now, in utilities terms, some agents prefer specific points in S(¢). Under
CAV., agents prefer to solve the uncertainty by choosing a compromise point
Az + (1-A)t, than wait, since their utility in the first case is higher

than their expected utility in the second one.

Now, it seems sensible to identify those allocation mechanisms in V

fulfilling the aforementioned property. It is left for future work.
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APPENDIX

Some properties play an intermediate role in the characterization

result of theorem 1:

Welfarism (W): Let ¢ = <n,f,w,c> and ¢ = <n,L’,w’,c’> € } such that G(¢) =

G(¢’). Then, clF(¢)] = c[F(¢’)].

Welfarism says that the mechanism must treat identically (in terms of
capabilities) any two economic environments with the same number of agents

and identical capabilities possibilities set.

Contraction Consistency (CC): Let ¢ = <n,l,w,c> and ¢’ = <n&,w’,c’> two
problems in ¥ such that ©(¢’) < ©(¢), clF(¢)] c €(¢’). Then, c’[F(g)]

= c[F(¢)l.
Lemma 1.- CONRAD and fullness of F imply W.

PROOF: Let ¢ = <n,l,w,c>, ¢ = <n,&,w’,c’> such that G(¢) = €(¢’). We have

to prove that c[F(¢)] = c’[F(¢’)].

1. Construct ¢* = ¢ ® ¢'. ¢* = <n,+,(w,w’),d>, where di(xi,yi) = min
{ci(xi),c;(yi)). By Billera & Bixby (1973), G(¢*) = G(¢) = G(¢’).
We shall prove that d[F(¢*)] =c[F(¢)]. In a similar way, the analogous

relationships for ¢’ and ¢* are obtained, and the lemma follows.
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2. Consider now (?S = <n+0,(w,w’),c>, where E,(xi,yi) = c(x), i =
1 1 1
1,...,n. Obviously, €(¢) = €(¢). We can apply CONRAD to #,¢, and then we

get that if (x,y) € F(¢), then x € F(¢), and therefore c[F(¢)] = clF(p)].

3. Notice that Ei(xi,yi) = di(x,,yi), for all i = 1,...,n. Now, by Howe
1
o . . . L+0+1
(1987, prop.3), it is possible to find functions C_:R ---> R, such
1
that

C(x,y,1) = c(x,y), C(x,y,0) = d(x,y).
1 1 1 1 1 1 I 1 1 i

i i

Now, construct the functions D,:[R£+£ s R, such that D(x,y,z)
1 1 1 1

C(x,y.,z), for z € R®, i =1,...,n.
1 1 1 1

4. Consider now the problem ¢* = <n++n, (w,w’,1,1,...,1),D>. E(g*) =
€(¢) = 6(¢). By CONRAD, if (x,y,z) € F(¢*), (x,y) € F(¢), and therefore

DIF(¢*)] = clF(¢)].

5. Let now ¢** = <n+&+n, (w,w’,0),D>, 0 € R". Again, G(¢**) = G(¢*). By

CONRAD, DIF(¢**)] = d[F (¢*)].

6. From previous constructions, G(¢**) = €(¢*). Consider an allocation in
F(¢*), z = (Xi,yi,ci), where Ci is the ith vector of the canonical basis
in R". Then, there must be an allocation ti = (X;,X,O) in Z(¢**), inducing
the same capabilities point, D(z) = D(t). Thus, since t is feasible in o,
and because of fullness of F, t € F(&-S*).

Now, by CONRAD, (X’y;)i=1,.. € F(¢*), obtaining that d[F(¢*)] =

(2]

DIF(¢*)]. And therefore, dIF(¢*) = c[F(¢)].JJ]
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Lemma 2.- CONRAD and fullness imply CC.
PROOF: Let ¢ = <n,{,w,c>, and ¢’ = <n,f’,w’,c’> two problems in ) such that
G(¢’) < ©B(¢), with cl[F(¢)] < ©(¢’). To show: c’[F(¢’)] = c[F(¢)]l. Notice

that F satisfies W, by lemma 1, since SCONRAD implies CONRAD.

1. In the same way as in lemma 1, steps 1 to 5, construct ¢* = <n,d+0+n,

(w,w’,1,1,...,1),D> and ¢** = <n,+0+n, (w,w’,0),D>. We have that G(¢)

€(¢*), and ©(¢’) = €(¢**). Thus, by W, clF(¢)] = DIF(¢*)], and c’[F(¢’)]

DIF(¢**)].

2. DIF(¢*)] < ©(¢**). Consider an allocation in F(¢*), z = (Xi,yi,ci),
where Ci is the ith vector of the canonical basis in R'. Thus, there is an
allocation ti = (x’i,y’i,O) in Z(¢**), inducing the same capabilities point,
i.e., D(z) = D(t). Thus, since t is feasible in ¢*, and because of fullness

of F, t € F(¢*).

3. Let ¢’;* be the problem obtained by taking the CONRAD restriction of
¢** with respect to the last n components of t. Then, G(¢**) = @(gb’f*) =

6.

4. By CONRAD, DIF(¢)] = D[F(q)*’r)]. By previous step, and W, c’[F(¢’)] =

clF(¢)1. 1l

PROOF OF THEOREM 1:

1. L satisfies all the properties. Let us see that if a mechanism F
C

satisfies the properties, then F = Lc.
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2. Let us consider ¢ = <n,w,c> € ), and let z € Lc(e¢. Consider now
c(z) = cl(¢). By anonymity, we can rename the indexes in such a way that
cl(zl) = 02(22] = ... = cn(zn). Among the previous numbers, there are only
k (0 = k = n) different, a,...,8 . Call Nj ={i e N| 3, = ci(zi) }. Thus,

N cN c...c N =N.
1 2 k

3. Let us see now that ci(ti) = a for i € Nl, for any t € F(¢). Suppose
there exists t € F(¢), such that ci(ti) =b < a.
Construct ¢’ = <n,f+1,(w,1),c’> such that for i = Jj, C;(xj,yj) = cj(xj),
c;(xi,yi) = yici(xi); Thus, ©(¢) = 6G(¢’). By W, clF(¢)] = c’[F(¢’)]. So,
there exists (x,y) € F(¢’), such that c;(xi,yi) =b < a.

Since the last good is a personal good for individual i in ¢’, we can
construct ¢’ = <n,f+l,(w,a),c’>, with « < 1, and such that (x,y) € Z(¢).
Now, by CC, (x,y) € F(¢’’), against [.LR.MON. Thus, ci(ti)Z a .

If ci(ti) > a, there must be a point y € Z(¢), such that c(y) = 2Acl(t) +

(1-A) c(z). But then, c(y) >k c(z), against the definition of Lc(¢).

Therefore, Ci(ti) =a for all i e Nl.

4. Let us now consider the problem ¢M - where M = N\N1’ and the

b

individuals in N1 left with tN. By STAB. we know that tM € F(qbMF t)' For
1 sty

this problem, and since Lc satisfies STAB., we know that the smallest value

of C'(¢MFt) is a. By a similar argument, we arrive, in a finite number
1 Rl

of steps, to the conclusion that c(t) = c(¢), for any t € F(¢).
5. As a consequence, F(¢) < L (¢).
C

6. Suppose now we have z € Lc(¢). Then, c(z) = c(t) for any t € F(¢). Thus,

by fullness, z € F(¢).J]
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