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PARETO OPTIMAL IMPROVEMENTS FOR SUNSPOTS:
THE GOLDEN RULE AS A TARGET FOR STABILIZATION

Subir K. Chattopadhyay

ABSTRACT

The stationary sunspot equilibria of a simple one good OLG economy are considered.
These equilibria are known to be suboptimal. We show that, for any such equilibrium allocation,
there always exists a Pareto optimal improvement which has the additional property of reaching
the Golden Rule in finite time, i.e., the monetary steady state acts as a target. We also show that,
in general, periodic allocations cannot be used as targets. The result is interpreted as a welfare
theoretical justification for stabilization policy.
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1. Introduction

Recent results show that a simple one good overlapping generations economy (OLG) with
deterministic characteristics can exhibit stationary sunspot fluctuations (see, e.g., Azari-
adis [1]). Following Cass and Shell [3], these are rational expectations equilibria in which
uncertainty matters only because agents believe that it does even though it does not affect
preferences and endowments; in addition, prices and allocations are random and depend on
only the current realization of the exogenous signal. These equilibria occur in large numbers
and, under a standard criterion of efficiency, they are suboptimal.

There is a growing literature dealing with the issue of “stabilizing” these sunspot equi-
libria (Grandmont [14], and [15], Woodford [17], and the recent Symposium in Economic
Theory [9]). The objective in these papers is to specify policies which lead to a determinate
and deterministic equilibrium, thus eliminating Stationary Sunspot Equilibria (SSE).! A
remarkable property of many of these policies is that, if they are announced before any
trading takes place, and if they are credible, then intervention is never actually required;
however, the policy induced allocation need be neither Pareto optimal nor need it improve
over the SSE allocation. Hence, even though the policies in these papers have some appeal-
ing properties, like non-intervention, it is not clear that they are desirable in terms of their
welfare implications.

In this paper, our focus is on allocations which are Pareto optimal improvements over the
SSE allocation, and on the extent of intervention required by the policies which induce these

allocations. We postulate that the economy is already in an SSE and prove the existence

In our framework, the government is in a position to aflect the allocations that agents receive by
exercising its right to angment or tax away fiat money, or make interest payments on money balances held.
A policy consists of a sequence of such taxes (subsidies) and interest rates, and generates a correponding
sequence of money supplies. A policy will be said to be interventionistin a period if the money supply in
that period is not the same as the money supply in the previous period.



of allocations that i) Pareto improve over the expected utility from the SSE, conditional
on the state in the decision period, ii) that are also Pareto optimal, and iii) that use the
Golden Rule allocation as a “target” which is reached in a finite number of periods. The
last property implies that these allocations can be supported as equilibria by policies which
require intervention in a finite number of periods, since the Golden Rule allocation can be
supported by a constant money supply.

We also show that, in general, deterministic cycles (which, like the Golden Rule, are sta-
tionary Pareto optimal allocations supported by a constant money supply) cannot play the
role of targets for optimal improving allocations in a sunspot environment. In other words,
for many economies, the objective of inducing an allocation which is a Pareto improvement
over the SSE allocation, leads to the conclusion that no “new” deterministic fluctuations
will be introduced by policy makers.

Taken together, our results imply that, for a robust class of economies, any policy that
induces a Pareto optimal improvement, satisfying a minimal regularity property, over the
SSE allocation, and which does not require monitoring the economy forever, must be a a
policy that treats the Golden Rule allocation as a target to be reached in finite time.? These
results show a new and important property of the Golden Rule, and we interpret them as
a rigorous welfare justification for “stabilization” policy.

The rest of the paper is organized as follows: Section 2 introduces the economy, its
perfect foresight equilibria, and the existence and welfare properties of SSE, and concludes
with a restatement of the policy problem. Some preliminary results are presented in Section
3 while our Theorem, together with an alternative optimal improvement, are presented in
Section 4. In Section 5 the possibility of treating periodic allocations as targets is considered

and the last section concludes.

2The regularity condition rules out allocations that are non-stationary in every subsequence of periods.
A Yy q

It is a desirable to impose such a condition since with it the information on marginal rates of substitution

(MRS) required for implementing the allocation is “finite”.



2. The Economy
2.1. The Model®

Consider a simple OLG economy. Time is discrete, t = 0,1,2,..., and there is one good
in each period. At each ¢ > 1, one agent is born and lives for that and the next period.
Agents are assumed to be identical across generations. Denote the consumption vector of
the agent of generation ¢ by (y;, ) and call it an outcome.* Let the preferences of every
agent be representable by a von Neumann Morgenstern utility function Uy, 2] defined on

Ri and let endowments be denoted by (w¥,w?).

Assumption 1: U : R — R is C? with DU >> 0 and D*U negative definite, on R} ;
the closure of every indifference curve which passes through Ri 4 s contained in Ri +

Assumption 2: (w¥,0°) € R .

Assumptions 1 and 2 are standard technical requirements and will be treated as main-
tained hypotheses. Also let the agent born at ¢ = 0 have a monotone increasing utility
function u(z), and second period endowment w°. Further assume that agent ¢ receives a
lump-sum transfer (possibly negative) of fiat money from the government when old, 7,.%> A
monetary policy will be given by a sequence of transfers. If 79 = M # 0, 7o = 0 for all

t=1,2,3,..., then we have a constant money supply.

2.2, Perfect Foresight
Under perfect foresight, where all the future prices and transfers are known with cer-

tainty, the consumers’ maximization problems are:

Agent 0 : maz w(zY)
s.1. ])120 = pw? + 70 29>0
Agent 1 : maz Ulye, 2

s.d. Py + Py = pw? + P’ + 7 ¥ > 0 2z > 0.

3We use the OLG model; since most of the results that we use are well known in the literature, we refrain
from giving citations. For details see, e.g., Geanakoplos [11] and Gleanakoplos and Polemarchakis [12]. The
latter reference gives a detailed bibliography.

*Notation used: for deterministic variables, subscripts indicate the generation that we are referring to,
and, in the case of prices, they identify the period.

®We do not allow the government to purchases goods, to account for unmodeled public goods, or to levy
distortionary taxes.



A sequence of prices such that agents optimize and markets clear at each date,
Yp1 +zm=w¥+w’ ¥V 1=0,1,2,3,..,
will be called a perfect foresight equilibrium (PFE) sequence.
Under Assumptions 1 and 2, PFE exist; in particular, there exists a monetary steady
state (the Clolden Rule). The Golden Rule is the allocation that gives maximal utility to
the representative agent in the class of stationary allocations; (yGR, 20F) will denote the

Colden Rule outcome. Note that the MRS at the Golden Rule is one.

Remark 1: In this economy, any feasible allocation can be supported as a PFE by some

sequence of prices and transfers; in particular, the Second Welfare Theorem holds.

2.8, Stationary Sunspot Equilibrid®
2.3.1. Euxistence
The SSE that we consider are based on a time-homogeneous Markov process with two

states, s € {«, B}. The transition matrix for the process is given by

Toe 1 — 7o
II= <1_7r/3ﬂ <68 )»
where 0 < 72> < 1, 0 < 778 < 1, and 788 = 1 — 7%, is the probability of being in state &’
in the next period conditional on being in state s in the current period. The realization of
this random variable does not influence any of the real fundamentals of the economy so that
preferences and endowments continue to be deterministic. But agents, nonetheless, believe
that this random variable does affect prices. They form one point conditional distributions of
the prices in each state and behave so as to maximize expected utility using their knowledge
of the current state and the transition matrix. An SSE is a pair of prices and associated
allocations such that agents beliefs about prices are fulfilled and their optimizing demands
clear markets. Stationarity of the equilibrium refers to the fact that the date of the period
is irrelevant in determining prices, only the current state of nature matters.
Given today’s state, s, the agents act so as to’
MATys ysa 2B ms w5y ys, 259 + noPU[y*, 2°P], s=a,p

s.t. Py’ + mf = pPwY, p¥2°Y = pPw° 4 mY, pPasf = pPuwe + my.

®Guesnerie and Woodford [15] provide a comprehensive survey of the burgeoning literature dealing with
endogenous fluctuations (of which sunspots are a special case). For a more technical treatment of results on
existence and the properties of the equilibrium set, see Chiappori and Guesnerie {7].

"Notation used: for stationary stochastic variables, superscripts represent the state.



Thus the agent must meet her budget constraint in each state separately, indicating the
lack of contingent claims markets imposed by the structure of generational overlap. Income
can be transferred across time only by using money which is a “nominal” asset.

We assume that the money supply is constant. Goods market clearing requires that
ys+z“8:wy+w°:ys+zﬁs, s =a,p.

Markets clear in each state, with the implication that 2%° = B &t 2%, s =a,p.

Definition 1: Given preferences, initial endowments and a constant money supply M # 0,
the siz-tuple (p®,pP; Y, yP, 2, zﬁ) will constitute an SSE for 11 if:

(i) the demands expressed by the agents at those prices clear the markets;

(i) y* # y° and;

1

(1) II # (2 0) .

The second restriction rules out a trivial sort of SSE an example of which would be
the Golden Rule. In effect, it prevents the identity matrix from generating SSE. The third
condition rules out deterministic cycles of period two from being labelled as SSE. We note

that sufficient conditions for the existence of SSE are well known (see, e.g., Azariadis [1]).

2.3.2. Welfare Properties

Turning to the welfare properties of SSE we note that various optimality criteria have
been proposed for OLG economies with uncertainty because the demographic structure
endogenously generates market incompleteness. We propose to use the weakest criterion
which renders SSE inefficient (see Cass and Shell [3], Dutta and Polemarchakis [8], and Peck
[16]); this ensures that the problem which we wish to treat is non-vacuous. Our criterion,
which is of the ex-ante sort and in the spirit of the atemporal Arrow-Debreu economy, treats
agents born in different sunspot states as identical (recall that preferences and endowments
are unaffected by the state of birth). We note that with a weaker criterion (for example,
one which treats the agents born in different sunspot states as distinct individuals) the SSE
allocation will turn out to be efficient.

Given the intertemporal nature of the economy, we need to specify a starting point from
which point onwards welfare comparisons will be made; without loss of generality we shall

label this point as period one, though it could be any arbitrary period. Also, we refer to



stochastic allocations in our definitions without defining them formally; it suffices to take
them to be contingent on the sunspot process (see Remark 2).8

. lef
We need some notation first. Let I, =

(I Y™ be the matrix which gives the prob-
ability, Wfsl, of being in state s' in period t given that the economy started in state s in
period 1, i.e., the conditional probability distribution.

Consider a particular stochastic allocation {(y1, 2)}i=1 = . We can define the sequence

of conditional ex-ante expected utility levels,

=400 def =400 "=+0°
BU{(ye, 2)HZT™ 1 2 BT {(yo, )12 2y

from this allocation where EU[ {(y:,2)}i=1™ ] is the expected utility of the agent born in
period j where the expectation is taken relative to the conditional distribution (conditional
on information available at ¢ = 1) generated by the process on which the allocation under
consideration is contingent. The stochastic sequence corresponding to the SSE allocation
will be denoted by s(.), while the sequence of ex-ante expected utility levels from the SSE

will be denoted by EU[s(.)] where
EU[s()] = n{x*Uly*, 2]+ 7PU[y*, 2P} + wP (77U, 2% + 7PPUTYP, 2P},

Definition 2: A feasible allocation is a sequence of (possibly random) vectors in R,
{(ys, zt)}i:“’o, and a scalar, zo € Ryy, such that y¢+z-1 = w¥+w®  for each realization
and¥Vt=1,2,3,...
Definition 3: A feasible allocation {(y:, zt)}ﬁzfoo and zg dominates the feasible allocation
(0 20YTE™ and 2o, if w(z0) > (o) and BU{(yes )} > BU (GG V]
Viji=1,2,3,.. with strict inequality for at least one j or agent 0.
Definition 4: A feasible allocation, {(yt,zt)}izi"m and zg, 1s Pareto optimal if there is no
other feasible allocation, {(§,%)}imy ™ and %, which dominates it.

We now prove the suboptimality of SSE following the proof in Cass and Shell [3] and

Peck [16]. Consider a given SSE and define the Ezpected allocation by

_ def _ def C a _ def . o
20 = zs; Ui = ntsay“—l-wfﬁyﬁ; Zt = Wfﬁlz“—l—ﬂfflzﬁ; Vt:1,2,3,...,

where 7['st = Qorl as the state in period one is known. Note that the Expected allocation

is a function of the state in period one, i.e., “history” plays a role in this analysis.

8Deterministic allocations are, as usual, special cases of stochastic allocations.
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Proposition 1: If s(.) is an SSE allocation then it is not Pareto optimal,
Proof: Market clearing implies that y* = —2° + w¥ + w® for s = «,. Hence, ¥ =
—Z%_1 +wY 4w, so that the Expected allocation, {7, Zt}if’o and Zg, is feasible. By A.1

(Jensen’s Inequality), and (ii) and (iii) in Definition 1, it is improving. Q.E.D.

Remark 2: In this framework, any feasible stochastic allocation can be dominated by the
corresponding “certainty” or “expected” allocation, as Proposition 1 clearly shows, so it
can never be Pareto optimal. Hence, the search for Pareto optimal allocations can safely

be restricted to the class of certainty allocations.

2.4 The Policy Problem

We shall assume that the economy under consideration is at an SSE. By Proposition 1,
such an allocation is not optimal and one could easily provide technical conditions under
which an optimal improvement exists. This would resolve the existence problem (by Re-
mark 1, also the policy problem) on paper; however, it would not tell us much about the
characteristics of what the government would have to do.

We approach the problem with a different perspective. Our goal is to show the existence
of a particular class of Pareto optimal improvements for which the Golden Rule acts as a
target which is reached in finite time. This lets us justify stabilization policy making on a

solid welfare theoretical footing.

3. Preliminary Results

In this section we present some preliminary results. Given an SSE, we characterize the
long—run behaviour of the expected utility levels conditional on the state in period one, as
well as the behaviour of the Expected allocation defined in Subsection 2.3.2.

We begin by showing that the sequence of probabilities defined in Subsection 2.3.2

converges to a limit stationary distribution which is independent of the starting state.

Lemma 1: lim 4o [I; = II*, d.e., it exists and it is given by

. : wsa def o 1—7PP . wxsf def 1— 7o
lim 75 = 79 £ 7% = —————; lim aif = o Epf = —
t—+oo 2 — oo — Bl 7 t—too 2 — oo — P

Proof: The behaviour of II;, as ¢ goes to infinity, is determined by the eigenvalues of

the matrix II. Since it is a stochastic matrix, 1 is always one of the eigenvalues. Also,

11



conditions (i) and (iii) in Definition 1 immediately imply that the other eigenvalue is smaller
than 1 in absolute value making II a fully regular matrix. From the Perron—Frobenius
theorem, the result follows. (See Gantmacher [10] pgs. 50-66.)

The stationary distribution is easily calculated from a pair of simultaneous equations.

Q.E.D.

Since the Expected allocation and the sequence of ex-ante expected utilities from the
SSE allocation (both conditional on the state in period one) are linear in the probabilities,
Lemma 1 implies that:

Proposition 2: (i)  limyjeo (¥t Zt) def (¥*,2%)
(i) 77 -w = - (-
(iii)  limgsteo BU[s(.)] = 7o{x*Uly*, 2] + T BU [y, 2P} +
+ o {mPoU[yP, 2] + aPPUYP, 271}
© BUs()).

Lemma 2: U[j*,z*] > EU*[s(.)].

Proof: Note that both the sides of the inequality in the lemma are well defined by virtue
of Proposition 2. Furthermore, the outcome (7*,2z*) is the expected value of the stochastic
outcome on the right hand side of the inequality (the statement of Proposition 2 contains an

explicit expression for EU*[ s(.)]). The result {follows from Jensen’s Inequality. Q.E.D.

These two observations imply that for some large N the Golden Rule outcome is
always preferred by all succeeding generations to the conditional expected utility from the

SSE allocation.

Proposition 3: There exists an N such that U[y®f,z0F) > EU[s(.)] ¥V t > N;

in particular, U[y®R, 200 > EU*[s(.)].

Proof: The definition of the Golden Rule allocation implies that U[y®F, 268 > U[g*, z*].
Also, the continuity of U and Proposition 2 imply that U[f;, 2] converges to the right
hand side of this inequality. The result follows directly from Lemma 2 and the continuity of

EUs(.)] in 75 and 7. Q.E.D.

Remark 3: Note that N could be zero. However, N need not be uniformly bounded

unless Assumptions 1 and 2 are strengthened to restrict the class of economies.

12



4. Optimal Improving Allocations
In this section we present our Theorem. But first we consider the possibility of using
the Expected allocation as a Pareto optimal improvement over the SSE allocation. The

section ends with a comparison of the policies that support the two allocations.

Proposition 4: The Expected allocation, {(§i,%)}imy > and Zo, is a Pareto optimal im-

provement over the SSE allocation if §* < yor,

Proof: From Proposition 1, the Expected allocation is a feasible improvement; therefore,
from Remark 1, it can be supported as a PFE. Also, from Proposition 2 (ii), the limit of the
Expected allocation is a feasible stationary allocation. Thus, Uy[y*,2*]/Us(g*,2*] > 1,
since 7* <y, by hypothesis, and by Assumption 1 (strict convexity of preferences and
smoothness). Now, using the convergence properties asserted in Proposition 2 (i), we can
easily show that the sequence of supporting prices must converge to 0, and optimality of the

allocation follows from an application of the Cass criterion (see [12]). Q.E.D.

We now state our main result. We prove the existence of an allocation which is always
Pareto improving and Pareto optimal, and which has a very simple and appealing structure

after a finite number of periods, namely, that of the Golden Rule.

Theorem: The Finite Intervention allocation, {(g’/},%})}ff_f” and Zy, constructed below,
is well-defined, is always a Pareto optimal improvement over the SSE allocation, and has
the property that it reaches the Golden Rule allocation in a finite number of periods.

Proof: Let N be the finite number defined precisely in Proposition 3. Consider the

allocation given as follows:

(Y1,2) = (T1s %), Vi=1,.,N,

&
[l
™

o

(i) and if Ufgny1, 297 > EUnga[s(.)] (in particular, when §ny1 > y@f ), then

(Ine1, 2nve1) = (Iny, 298),

and (B0, 21) = (yOF, 20R), Yt > N+1,

(il) otherwise, let UN+1 = UN+1,

and define Ner by Ulgn+1,2841) = EUna[s()];
let Uny2 = —ZN41 Hw¥ W,

and define Zvez by U[UN+2,2n+2) = EUngo[s()];

13



let UN4s = —ZN42 +w¥ w7,

etc., (so we maintain feasibility, make sure that no generation is worse off, and pass on the
surplus to the next generation) until, for some N, Ul§y,2%] > EUg[s(.)], after which,
as in case (i), (Ui, %) = (yOF,29) forall ¢t > N +1.

Now note that, under Assumptions 1 and 2, all the SSE outcomes lie in R%r 4+ so that
the closure of the set of outcomes corresponding to the utility level EUy[ s(.)] liesin R3
for all . This shows that the Finite Intervention allocation is well defined (see case (ii)
in the definition of the allocation where one has to find an outcome in the set of outcomes
which are certainty equivalent to EU[s(.)] for t = N +1,...,N).

That the proposed allocation is Pareto improving follows from Proposition 1 and the
method of construction; optimality will follow from Lemma 3 once we show that the allo-

cation does reach the Golden Rule in a finite number of periods.

Lemma 3: A feasible allocation which reaches the Golden Rule in finite time is Pareto
optimal,

Proof: Since the allocation is feasible, by Remark 1 it is supportable as a PFE. Pareto opti-
mality follows by applying the Cass criterion and noting that the Golden Rule is reached in a

finite number of periods. Q.E.D.

We now show that the allocation does reach the Golden Rule in finite time. We start

with a lemma.

Lemma 4: 7, > Vi=N+2,..N.

Proof: The Finite Intervention allocation has been shown to be well defined. Our proof of
the lemma. is by induction on t.

Since 41 = i1, UlON+1,2v41) > EUngal s(0) ], and as the utility function
has been assumed to be strictly monotone, the definition of Zy41 implies that zZy41 >
Zn+1.  Then, feasibility implies that  Yny2 > YNtz -

Now assume the assertion of the lemma to be true in period ¢,i.e., % > ¥, where
t=N+3,..,N — 1. Then, by monotonicity, U[%;,z] > Ul¥, %] and by Proposition 1,
Ulg, %) > EUy s(.)] so that the definition of the Finite Intervention allocation implies
that 3, < % (using strict monotonicity). But, by feasibility, Jit1 + 2t = feta + 2 =

w¥ + w°. Hence, Yyr1 > Y41 and the proof is complete. Q.E.D.

14



Now, using Proposition 2 and Lemma 2, we can choose an ¢ such that Ulg*,z*] -

EU*[s(.)] > 2e Define the set A¥ to be

Ar Y UY(BUAs()] - 6 BUMs()] + €)

a closed set in R3L_|_. By Proposition 2, there is an Ay such that, V ¢t > My,
BUs(.)] € [BU[s(.)] — & EU"[s(.)] + €.

By construction of A*, (7*,%%) ¢ A*. Hence, there is a closed ball B} around (7*,z*)
such that AY N Bf = 0. Again, there is an M, such that Vit > My, (31,%) € Bz
Choose the larger of M; and Ms, and call it Ms.

For the rest of the proof of the Theorem we shall refer to Figure 1.

Lemma 4 showed that Faz, > Y. Let § Dbe the smallest amount that is allocated
to an agent when young among all the outcomes in B}. Also let Bnd denote that part
of the boundary of the set A* which corresponds to the outcomes that are most preferred
in that set (see the figure). Clearly, it suffices to show that given any starting outcome in
B, the Finite Intervention allocation constructed using the set Bnd in place of each of
the indifference curves corresponding to EU[ s(.)] for t > Mz (as the construction
actually requires), reaches the Golden Rule in a finite number of periods.

Start at a point in the set Bg‘ by letting yas, > §. Since Bg* N Bnd = 0, the cor-
responding consumption when old will be defined by moving downwards (by convexity);
feasibility will require that we then move towards the diagonal (the set of feasible station-
ary allocations, denoted F) and then repeat the process (see the arrows in the figure).

We now show that these downward movements are uniformly bounded below by a pos-
itive number and this will complete the proof. So consider the two sets GH and IJ,
subsets of the diagonal and the set Bnd, tespectively, where G is identified with the
Golden Rule outcome. Since (y“F,208) ¢ A2, the segment JG is of positive length.
Hence, the sets GH and IJ are disjoint, and the the minimum vertical distance between
them is positive; this distance can serve as the required lower bound.?

Q.ED.

9The position of the sets in the figure is without loss of generality; if the set B lies below the Golden
Rule (relative to the diagonal), a much more direct argument can be given.

15



FIGURE 1
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Remark 4: It should be clear from the construction that N can be replaced by any
N > N and the Theorem will continue to be true; also, one could obtain a strict Pareto
improvement over the SSE and still reach the Golden Rule in finite time. This implies that

we have a continuum of alternatives to choose from.

Remark 5: Note that both the allocations considered in this section are robust in the sense
that small changes in the transition matrix and other characteristics of the economy would
still leave their potency (as optimal improvements) unaffected since they lead to strictly

superior allocations all of the time (Remark 4 applies to the Finite allocation).

Remark 6: Note that the results of this section do not depend on the economy being of
the Samuelson/Classical type. The sunspot literature, however, has concentrated on the

Samuelson, or “positive” money, case.

We now consider the kind of intervention required in order to support these allocations.
From Remark 1, we know that there exists a sequence of monetary transfers and a sequence
of prices (with one nominal degree of freedom) which will support a given Pareto optimal
allocation as a PFE. Hence, the implementation problem is trivial subject to the usual
caveat of finding the correct transfers and prices, But it is instructive to compare these
supporting prices and transfers across the results proved.

It is easy to show that in order to support the Expected allocation, when it is an optimal
improvement, the government has to siphon money out of the system (for large ¢) and the
nominal money supply and the nominal price level converge to zero (see Chattopadhyay [4]
(Section 4.1) for the details). So, unless the governnient keeps changing the units in which
its currency is denominated, there is the risk of making a small mistake in calculating the
transfers. This would destroy the optimality of the allocation. The Finite Intervention
allocation does not suffer {rom this defect. Since the Golden Rule is reached in finite time,
there comes a time after which the money supply and the price level are constant.

Also, implementation of the Expected allocation requires knowledge of an infinite num-
ber of marginal rates of substitution while, for the Finite Intervention allocation, beyond
a point, all the marginal rates of substitution are one. Since, the number N could well
be small (see Remark 3), this could amount to a quite a reduction in the informational

requirements as far as implementation is concerned.
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5. Cycles as “Targets”

In the previous section we saw that the Golden Rule allocation can act as a target for
optimal improvements and one might ask whether there are any other allocations, with
minimal regularity properties like stationarity, which could perform the same task. Since
periodic allocations (see Grandmont [13]) are Pareto optimal, and supportable by a con-
stant money supply, it is natural to conjecture the existence of an allocation which Pareto
dominates the SSE allocation, and which converges to a periodic allocation.

We now give a robust example of an economy for which the above conjecture is false.
This result, when combined with the Theorem, shows that, for a robust class of economies,
the only allocations which are (i) Pareto optimal improvements over the SSE allocation,
(ii) do not require perpetual intervention and (iii) satisfy a minimal regularity property, are
ones that converge to the Golden Rule in finite time.

So, consider an economy in which agents are relatively well endowed when young
(Samuelson case), and consumption when old is a normal good.!® This puts us in the
framework used in Azariadis and Guesnerie [2] and Grandmont [13].

Let (9,%) and (§,%) be the outcomes at a two period cycle, and say that if:

() Min {3,3} < {5°,9°) < Max {3,);

(i) Min {%,%} < {2727} < Max {3%,#}
then the cycle is “outside” the SSE. Now, careful inspection of Theorem 4 in [2] tells us that
if an SSE exists, then a two period cycle will always exist “outside” the SSE. But notice
that this implies that «ll the sunspot outcomes, viewed individually as certain outcomes,
are strictly preferred over the worse of the two cyclic outcomes. Therefore, the conditional
expected utility from the SSE is always greater than the utility from the periodic allocation
at one of the periodic points. Hence, this two period cycle could not possibly provide an
optimal improvement.

Now consider an economy for which an SSE exists, and for which there is: (i) a unique
two period cycle, which, by the observation above, must lie outside the SSE; (ii) the economy
has no other periodic equilibria. That such an economy exists can be seen as follows: as

noted above, we are now in the framework of [13] and the “backward perfect foresight”

ONote that without the normality assumption, there might be no two period cycle which would be a
candidate for a Pareto improvement even though an SSE does exist (see Chattopadhyay and Muench [6]).
There might, however, be other periodic allocations.
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dynamics are well defined. By Sarkovski’s Theorem, for these dynamics and a parameterized
set of economies, cycles of period two will appear first. It suffices to consider an economy
corresponding to a parameter value greater than the bifurcation value at which a two cycle

obtains, and less than the bifurcation value at which a four cycle obtains. We have:

Proposition 5: There exist robust examples of economies with SSE and periodic PFE for

which no periodic equilibrium can be a candidate for a Pareto improvement.

Remark 7: Note that there are robust examples of economies for which a periodic PFE
is an optimal improvement. To see this, note that for a given SSE the limiting expected
utility is bounded away from the Golden Rule utility level (by Proposition 3). Now modify
the preferences around the Golden Rule so as to generate a two period cycle with outcomes
uniformly close to the Golden Rule. This is a local perturbation and does not jeoperdize the

existence of the SSE. Such a cycle can clearly serve as a target for an optimal improvement.

6. Concluding Comments s

We considered a model in which the economy is locked into an inefficient SSE and then
solved the planner’s problem of designing policies leading to optimal improvements with
full information about the economy.!l We showed the existence of a (continuum) of policies
which achieve this goal and reach the Golden Rule in finite time so that policy intervention
is required for only a finite number of periods. So attempts to neutralize the effect of the
sunspot variable lead, in a very natural sense, to an effort to “stabilize” the economy around
a stationary allocation with some very nice welfare properties. Our results indicate that
stabilization policy could in fact have a rigorous welfare theoretical foundation.

In terms of generalizations, we note that Lemma 1 is the key to all our results. This
result will continue to hold in more general settings, so long as the process is “mixing.”
Therefore, our results extend immediately to the case with more than two sunspot states
or more than one type of agent. We conjecture that an analogue of the Theorem can be
proved for models with more than one good in each period and also heterogeneity among
agents (for an appropriate generalization of the equilibrium concept) so long as agents are
assumed to be risk averse. However, the informational requirements for implementing such

allocations will be very high.

11y Chattopadhyay [5] we consider the case in which the planner does not have full information.
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