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ON THE COMPETITIVE EFFECTS OF DIVISIONALIZATION

Luis C. Corchén & Miguel Gonzilez-Maestre

ABSTRACT

In this paper, we assume that firms can create independent divisions
which compéte in quantities in a homogeneous good market. Assuming complete
information, identical firms and constant returns to scale, we prove the
following: 1) Subgame Perfect Nash Equilibrium (SPNE) implies Perfect
Competition if the number of firms is beyond some critical level. 2) This
level is small (sometimes one) under reasonable circumstances. Assuming a
fixed cost per firm, SPNE implies that even if this cost is arbitrarily small
and the number of potential firms is arbitrarily large, 3) the number of
active firms is small (sometimes a monopoly) and 4) the total number of
divisions is bounded above. This implies that the market under consideration
is a Natural Oligopoly. Next we study a model in which there is both a fixed
cost and an upper bound on the maximum number of divisions which can be
created. We show that 5) when this upper bound tends to infinity and the fixed
cost tends to zero, SPNE may imply either Perfect Competition or a Natural
Oligopoly. Finally 6) it is shown that the above results hold under incomplete

information.
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1. INTRODUCTION

In this paper, we analyze a model of oligopolistic competition in which
every firm can create independent divisions (see e.g. Milgrom & Roberts (1992)
chp. 16)")

sellers which compete in quantities in a homogeneous good market. In a

Once these divisions have been established they become independent

previous paper (Corchén (1991)) it was found that under complete information
and linear or unit-elastic demand functions, Subgame Perfect Nash Equilibrium
(SPNE) of a two-stage game (in which firms decide on the number of divisions
in the first stage and compete a la Cournot in the second stage) implies
perfect competition even if the number of firms is small(zz In this paper we
study the question of the attainability of perfect competition undér more

general demand, information and cost structures.

In Section II we assume zero fixed costs. We show that if the number of
firms is finite, but large enough in relation to the degree of convexity of
the inverse demand function, the SPNE of the above game implies perfect
competition (Proposition 1). If the inverse demand function is concave or the
industry profit function is strictly concave (resp. concave) and there are
more than one (resp. two) firms, SPNE implies perfect competition (Proposition

2). These results cover, as special cases, those obtained by Corchén (1991).

In Section III, we assume that in order to be active in the market, each
firm has to incur in a positive fixed cost. We show that if the degree of
convexity of the inverse demand function is small enough, the SPNE of a

three-stage game (in which the first stage consist of the decision on entering

(1) The terminology wused in this paper is different from that wused in Corchén
(1991). What he <called a group (or a corporation) 1is called here a firm and
what he «called a firm 1is called here a division. We adopt here the terminology
used in Schwartz & Thompson (1986) which 1is not only prior but it seem to |us

more descriptive.

(2) A similar result can be proved by using the Salop model in which firms are
price-setters and the product is differentiated (see Gonzalez-Maestre (1992)).



the market and the other two stages are the same as in the previous game)
implies that there will be a small number of firms in the market
irrespectively of the size of the fixed cost (Proposition 3). In fact, if the
inverse demand function is concave, SPNE implies monopoly and if the profit
function is concave (resp. strictly concave), then SPNE implies the existence
of, at most, two (resp. one) active firms (Corollary 2). Also, under an
additional assumption we obtain that the total number of divisions in
equilibrium is independent of the size of the fixed cost (Proposition 4).
These results imply that the market under consideration is a Natural Oligopoly
in the terminology of Shaked & Sutton (1983). This contrasts widely with the
Cournot model without divisionalization, in which equilibrium converges to
perfect competition when the size of the fixed cost goes to =zero,
irrespectively of the degree of convexity of the inverse demand function (see
for instance Novshek (1980) and the references therein). The explanation of
our result lies in the fact that under constant returns to scale, perfect
competition implies zero profit. Therefore, if the inverse demand function is,
say, concave (or the profit function strictly concave) the results obtained in
Section II imply that if two firms were to enter the market, they would obtain
negative profits. Thus only one firm can be active and, under our assumptions,
the need for divisionalization disappears. Therefore, the results obtained in
Corchén (1991) are robust to the consideration of more general inverse demand
functions, but they change dramatically when a fixed cost (no matter how
small) per firm is assumed and an extra stage is added (this feature is shared

-for the same reason- with the Bertrand model, see e.g. Sutton (1991 p. 32).

In Section IV we investigate the limit of SPNE outcomes when there is an
upper bound on the number of divisions which can be created and a fixed cost
per firm. The purpose of this Section is to analyze SPNE in the limit when
frictions disappear, i.e. when the upper bound tends to infinity and the fixed
cost tend to zero. We show that, for any positive fixed cost, the outcome of
any SPNE coincides, for a sufficiently large upper bound on the number of
firms with the SPNE analyzed in Section 3 (i.e. the natural oligopoly case).
However, for a sufficiently large given upper bound on the number of firms, if
the fixed cost tends to zero, SPNE is as close as we wish to the SPNE analyzed

in Section 2 (i.e. perfect competition almost occurs). Therefore convergence



either to perfect competition or to natural oligopoly depends on the rate of
convergence of the frictions, i.e. both outcomes can be considered to be
plausible in large economies. This contrasts widely with the standard limit
theorems in markets with quantity-setter firms and no divisionalization in

which convergence to perfect competition is always obtained.

Finally, Section V checks the robustness of the above results by
considering incomplete information. It is shown that the main conclusions
above still hold. We remark here that our results still hold under product

heterogeneity or increasing average costs (see footnotes (2} and (5)).

Summing up, the main message of this paper is that markets in which the
possibility of divisionalization exists, behave very differently to those in
which this possibility does not arise. This may be due either to a genuine
difference between both situations or to the wrong modelling. The robustness

of our conclusions suggests that the former reason may be the right one.

Our results can be compared with those obtained by Schwartz & Thompson
(1986) on the use of divisionalization to deter entry. They show that if the
incumbent decides on the number of its divisions before potential entrants do,
it will create a number of divisions such that entry is deter‘red(s? Thus they
conclude that "regarding welfare implications, the noninnovative entry that is
always preempted by permanently divisionalized incumbents in our model, would
be Pareto nonoptimal entry because of a pointless duplication of overhead
promotion costs .... These results support a laissez-faire policy towards
permanent divisionalization as an entry deterrent". (Schwartz & Thompson, p.
320). This comes from the fact that if the number of divisions equals the

number of equilibrium firms under non-divisionalization, welfare is higher

(3) The argument behind their result 1Is actually ldentical to the one wused by
Omori & Yarrow (1982), Corchén & Marcos (1988) and Vives (19838) to show‘ that a
Stackelberg equilibrium in quantities with the incumbent firm as the leader
implies entry deterrence if the number of potential entrants is large enough.
Actually  divisionalization can be thought of as a natural way to make credible

the commitment of the incumbent firm to its output.



under divisionalization since total fixed costs are smaller. However in our
model, under concavity of the inverse demand function or strict concavity of
the profit function, the incumbent does not need to create extra divisions in
order to deter entry since the entry of an extra firm will credibly trigger
negative profits for it. Therefore, the possibility of creating independent
firms might yield a lower degree of competition than in the model where such a
possibility does not exist(4.) This is because in our model, the incumbent can
decide on the number of divisions simultaneously with the potential entrant.
An extra implication of our model is that successful entry deterrence might be

connected to the degree of convexity of the inverse demand function and not to

the magnitude of sunk costs as suggested by traditional models.

The rest of the paper goes as follows. The model without a fixed cost is
studied in Section II and the model with a positive fixed cost is analyzed in
Section III. Section IV studies convergence matters when frictions vanish.
Section V analyzes the case of incomplete information. Finally, Section VI

gathers our final comments.

(4) In our case, the effect on welfare of the availability of
divisionalization is ambiguous: on the one hand, total fixed cost decreases,
since fixed costs are not replicated, but, on the other hand, the number of

independent sellers falls, which implies a lower degree of competition.



II. THE MODEL WITH NO ENTRY COSTS

We will consider a market in which there is a given number (possibly
infinite) of firms, denoted by k (> 1), which can create independent divisions

that compete in quantities in a market for a homogeneous good(s?

We will assume that there is an inverse demand function p(z), where z is
total output and p is the price of the product. The cost function for each

division given by C.Xy, where ¢ > 0 and X, is the output of division i.

If a given firm, say j , creates m divisions, and each of them produces

the same amount X then the total profits of firm j will be given by

Hj = m.[p(z).xi - C'Xi]’
where m is the number of divisions of firm j. All our results hold if HJ is
only a fraction of the total profit obtained by the m divisions. In this case,
each firm can be interpreted as holding a patent and deciding on the number of
independent sellers who are allowed to use the patent. These sellers pay the
firm a fraction of their profits (see Section V for a model in which divisions

pay in proportion to their output or their sales).

The following assumptions will be maintained throughout the paper (when

no confusion can arise derivatives will be denoted by primes, i.e. dp/dz = p’)

(5) If the product is heterogeneous, "prima facie", the incentive to
divisionalize is larger than under product homogenelty. This can be seen by

considering an inverse demand function corresponding to every good of the form

n
o -1
F():xj).xl , where 0 < O < 1 (see Spence (1976) or Dixit & Stiglitz (1977).
j=1
n
o 1700
Letting vy, = xi, profits for division 1 become F(Eyj)yj - c.yj . Thus, as
i
j=t
noticed by Yarrow (1985), the model is identical to a homogeneous product
model with decreasing returns. Therefore, in this framework there is an

extra incentive to divisionalize and all our results hold a fortiori.



A.l: There is a real number y such that for any z > y, p(z) < c.
A.2: p(z) € c?.

A.3: There is a real number y < O such that for any z =y, p’'(z) = 7.
A.4: There is a real number w > O such that p(w) > c.

A.5: The number of divisions can be considered as a continuous variable.

Assumption 1 (A.l1 in the sequel) means that for very large outputs, costs
are never covered. A.3 says that the slope of the inverse demand function is
negative and bounded away from =zero in the relevant interval. A.4 is a
feasibility condition. In conjunction with A.l1 it implies that the ana‘lysis of
the properties of SPNE can be restricted to a closed interval which will be
denoted by 3. Finally A.5 can be interpreted as follows: if a firm decides to
create, say, 3.25 divisions, then it endows divisions 1, 2 and 3 with the
capital necessary to produce the Cournot equilibrium output. Take this
magnitude to be one, normalizing if necessary. The fourth division is endowed
with 0.25 units of capital and it will produce one fourth of the output of
divisions 1, 2 and 3. If the reader is not completely happy with this
interpretation we urge her/him to look at Appendix I where it is shown that
our main results can be obtained assuming indivisible divisions.

"

Let us define B = B(z) = pp;z , where -B can be interpreted as a

measure of the degree of convexity of the demand function. The following Lemma

ensures that B8 is bounded below in 3.

Lemma 1: Under A.1, A2, A.3 and A.4, 3 B’ such that B(z) =z B’V z € 3.

Proof: The following minimization program
To min B(z) s. t. z € 3.

has a solution since B(z) is continuous (by A.2 and A.3) and 3 is compact

(by A.l and A.4). m

Let us assume that information is complete, i.e. every player -division
or firm- knows exactly all the relevant information, i.e. the inverse demand
and the cost functions. We will now investigate the properties of Subgame

Perfect Nash Equilibrium (SPNE) of the following game.

10



G.l: Stage 1: every firm decides (simultaneously) its number of divisions;

Stage 2: every division decides (simultaneously) its output.

Proposition 1: Under A, A2, A3, A4 and A5, if k > max (-p’, 1), Perfect
Competition is the only Subgame Perfect Nash Equilibrium of the game G.l.

Proof: Since if k is infinite the Proposition is true, we will concentrate on
the case of a finite k., In this case, it is clear that perfect competition is
a SPNE, so it only remains to be shown that any SPNE yields perfect
competition.

Under symmetry in the second stage (see Appendix II), total profits of

firm j are given by
I, =ml(x,z) = mlp(z) - clx,,
J i i

where Hi is the profit per division in the second stage, and m is the number
of divisions created by firm j.

In the second stage, every division maximizes its own profits given the
output produced by other divisions. Equilibrium at this stage, depends on the
total number of divisions, which will be called n. The equilibrium value of n
is determined by backward induction: every firm maximizes its total profits

given the number of divisions created by its competitors. Thus we obtain that

om aTl, dx, oll,
_l_ =T1. +m _':_ t +m __L_ _d_z_.
i ) axi * dn ‘8z dn

The first order condition in the second stage reads

6Hi 61'[i
Bxi * oz =0,

By substituting this in the above derivative, we obtain that

o, am. dx
om - T m B Taw = am ]

11



an,
On the other hand,

=p-c¢ and Hi =(p - c).xi , so that,

8x,
i

om , dx,

J o - daz _ 1
=(p - c){ x; m.[ an am 1} (1)

om

If p = c the allocation is perfectly competitive and thus the Proposition
is proved. p < c is impossible since in the second stage, the first order

conditions of profit maximization are given by
p’.xi +p-c=o0 where, 1 ..,n 2)

and since x; is positive for at least some i and p’ is negative by A3, p > c.
ol |

Now we will show that if k > max (-B’, 1), then &nJ > 0 and thus perfect

competition is the only SPNE of the game G.l. To show this, let us argue by

way of a contradiction. If (1) is not positive, it must be that

dz ax,
= m. -
x, = m [ a am 1 (3)
dz dx
Let us define 2z’ = T and xi = —am

Since equilibrium is symmetrical in the second stage (see Appendix II)
Z = n.x (4)
By differentiating in (2) and (4), we obtain the following conditions,

p”z’x. + p;xz + plzl =0 (2;)

i
z = x; + n.xi (4’)

From (2’) and (4’) we have,

A __L__ (5%)




Therefore, we obtain that

. X
z - x! = B+ 2n)

n(iB+n + 1)

Notice that k > max (-p’, 1) implies that B + n > 0, so the above

expression is well defined. Thus, inequality (3) implies

X,
i

. A B +2n) (3’)
niBg+n+1)

X, =m
L

which since B + n + 1 > 0, is equivalent to
Brn+1sm( L+2) (3)

Equilibrium in the first stage can be shown to be symmetrical (see

Appendix I), so n = k.m, and the previous equation is equivalent to

m(k - 2) = %—(3-1

Since m = 1 (by A.4), the above inequality implies that

< - —_1__ < -’ -_1__
k = - B(1 k)+1_B(1 k)+1 (6)

1

since 0 < 1 - * <1 for any k =22, and B =z B’. Now (6) can be written as

k -1

k-1 =-8% T

)

but, if k = 2, the above inequality implies that k = - B’, which contradicts
ol ,

that k > Max (-8’, 1). Therefore amJ > 0, so every firm can increase its

profits by increasing its number of divisions and the Proposition is proved. ®m

Proposition 1 says that if k is beyond some critical level, determined by
the degree of convexity of the inverse demand function, perfect competition is

the unique SPNE of game G.l. The intuition behind this result is that the

13



higher -B’ is, the more competitive the second stage is and therefore the
lower the incentive is to create divisions in the first stage. Thus, a high
value of -8B’ makes it less likely that perfect competition is a SPNE. Notice
that Proposition 1 includes, as special cases, examples 1 and 2 from Corchén

(1991).

Corollary 1: a) If p = A/z , then B’ = -2. Therefore k > max (-f’, D is
equivalent to k > 2 (see Corchoén (1991) p. 2, example 1).

b) If p = a - z, then B’ = 0. Thus k > max (-f’, 1) is equivalent to k > 1
(see Corchén (1991) p. 2, example 2).

It may be worth pointing out that the condition k > max (-f’, 1) implies
(but it is not implied by) the following results. First, that the entry of a
new firm increases total output and decreases the output of any incumbent (see
equations (5) and (5’) in the proof of Proposition 1). In other words, this
condition implies that the effect of entry on equilibrium outputs agrees with
our intuition about it. Secondly, that the Cournot equilibrium is unique. This
follows easily from the fact that the condition above implies that the first

order condition of profit maximization is strictly increasing on z.

We end this Section by identifying four alternative sufficient conditions
for k > max (-B8’, 1) to hold. These conditions are reasonable and imply that a

small number of groups may suffice for perfect competition to occur.

Proposition 2: Under A1, A2, A3, A4 and A5, any of the following

conditions imply k > max (-g’, 1.

a) p(z) concave for all z € 3.

b) p(z) having constant elasticity -denoted by €- and k > -& + L

c) T(z) is concave for all z € 3 and k > 2, where T(z) is the industry total
profits as a function of z, i.e. I(z) = p(z).z - c.z.

d) M’’(z) < 0 for any given z € J.
Proof: a) and b) are obvious. In order to prove c) notice that concavity of
N(z) implies that B(z).z = - 2z Yz € 3. Thus, B’ =z -2 and c) holds. d) is

proved in a similar way.a

14



III. THE MODEL WITH AN ENTRY COST

In this Section we will assume that firms have to pay a fixed cost in
order to enter into the market. We will consider the following game, which is

no more than G.l with an extra stage in which the fixed cost is incurred.

G.2: Stage 1: every firm decides (simultaneously) on entry. A fixed cost € > O
is paid by a firm if it decides to enter into the market.
Stage 2: every firm decides (simultaneously) on the number of divisions.

Stage 3: every division decides (simultaneously) on its output.

Let k* and m* be the number of active firms and divisions respectively

per firm in a SPNE of the game G.2. Then, we get the following

Proposition 3: If A1, A2, A3, A4 and A5 are satisfied, then any SPNE of
*
the game G.2 implies k = min(k, max(-p’, 1)).

Proof: Considering any SPNE of G.2, the number of firms k¥ > max(-f’, 1) can
never be a SPNE since, if this were the case, by Proposition 1 any SPNE price
would be equal to marginal cost and profits would be negative for every firm

entering into the market =

An obvious conclusion from Propositions 2 and 3 is the following
Corollary 2: Under A.l, A2, A3, A4, and A.5 we have that
a) If p(z) concave for all z € 3, k¥ =1 and m* = 1
b) If p(z) has constant elasticity -denoted by e-, k¥ = min(k, -¢ + 1).
c) If T(z) is concave for any given z € 3, k¥ = 2,

d) If ’’(z) < O for any given z € 3, k¥ =1 and m* = 1.

In other words: if the inverse demand function is concave, SPNE implies
that there will be only one active firm in the market, with only one division.

In the case in which the inverse demand function displays constant elasticity,

15



the equilibrium number of firms is no greater than minus this elasticity plus
one. An important implication is that if the elasticity of the inverse demand
is smaller than one in absolute value, monopoly will occur. Finally, if the
profit function is concave (strictly concave) there will be at most two (resp.
one) active firms in the market. It is important to remark that this result is
independent of the relationship between the fixed cost and the market size, as

happens in the Cournot model withoutdivisionalization.

Another interesting implication of Corollary 2 is that, contrary to the
conclusion obtained by Schwartz and Thompson (1986), in our case an incumbent
firm does not need to create more than one division in order to deter entry.
The intuition behind this result is the following: in our model, if p" = 0 or
if the profit function is strictly concave, then there is a credible threat
that, if another firm enters into the market, the only SPNE for the rest of
the game is perfect competition, which would imply negative profits for any
active firm. This suggests that the relevant aspect of the divisionalization
is not necessarily its effective realization, but simply the credibility of
its use in the «case of entry. Consequently, the welfare and policy
implications on the existence of this strategic instrument may be different to
those obtained by Schwartz and Thompson, when we consider that the decision on

the number of firms is simultaneous rather than sequential.

The next result extends Proposition 3 since it shows, under an additional
assumption, that there is an upper bound on the total number of active
divisions at any SPNE, and that this upper bound is independent of the fixed

cost as long as this is positive.

Proposition 4: Under A.l, A2, A3, A4 and A5 and if either B( ) is strictly
monotonic or B(z) = -2 V¥V z € J, the total number of active divisions in any
SPNE of G.2 is bounded above by a finite number which is independent of the

value of the fixed cost € > O,
Proof: First notice that in any possible SPNE of G2 the number of divisions

must be finite, since an infinite number of divisions would yield an

equilibrium price equal to the marginal cost and, therefore, losses for all

16



active firms. From expression (3’), obtained in the proof of Proposition 1, a
necessary condition in order to have a finite number of divisions in a SPNE of

G.1, is given by

m*(kx - 2) = B/k¥ - B - 1 (7)
8T
since this is equivalent to 6—mJ = 0,

If the above condition is satisfied with an strict inequality, then m* =
1 so (7) reads k¥(k¥ - 1) = -p(k¥ - 1) = -B(k¥ - 1), and K = -B’. Thus, the
Proposition is proved in this case.

Now, let consider the alternative case in which (7) is satisfiéd with

equality, that is,
X ¥ X ¥ *
m.k (k -2)=8-Bk -k (8)

We have two possibilities:

1) If k* = 2, and we define z* as the equilibrium level of =z, then the
previous equality implies B(z*) = -2, If B(z) # -2 ¥V z € 3 this case is
impossible, so let us assume that B( ) is strictly monotonic. This implies
that Z* = B-l( -2). Moreover, it must be the case that z* < y, since otherwise
p = c, which implies negative profits for any active firm. Also, symmetry and
first order conditions in the third stage of G.2 implies that p(z*) - c =
-p’(z*).z*/n* > 0, where n" is the total number of divisions in equilibrium.
Therefore, n* = p’( z*).z*/[ p(z*) - cl, which is a finite number independent of
e since z' = B_l( 2), and the Proposition is proved in this case.

2) If k* > 2, then from equation (8) and from the definition of B’, we have

marar -2 =k - -k =k -D - K

1A

X
— 4 —_— _ *
Thus, in this case n’ < P (k* 1) — k
(k =-2)

that sign dF(kx)/dk* = sign (B’ + 2). Then the maximum of F(k¥) is achieved at
the extrema, i.e. either at F(3) = -2B’- 3 or at F(e) = -’ - 1. Therefore n¥

1]

F(k*) say. It is easy to show

= max (-2B8°- 3), -B’ - 1) and the Proposition is proved. &

17



It may be worth pointing out that if the inverse demand function reads p
= A/x (and thus B(z) = -2 and B( ) is not invertible}, it is possible to
construct a counterexample to the above Proposition. This is due to the fact
that in this case under no fixed costs and k = 2, any number of divisions is a
SPNE (see Corchén (1991) p.2). Therefore, under a positive fixed cost, any
number of divisions compatible with non negative profits is a SPNE. Thus, if
the fixed cost tends to zero we can select a SPNE in which the number of

active divisions becomes unbounded.

Proposition 4 shows that markets in which the above assumptions hold and
in which there is a (possibly small) positive entry cost, are characterized by
number of active divisions which is bounded above, i.e. by being natural
oligopolies. This, of course, conflicts with the results obtained in the
previous Section where it was shown that under zero entry cost if k > max
(-B’, 1) perfect competition is the unique outcome in any SPNE. At a first
glance one would be tempted to say that Propositions 3-4 show that the result
obtained in Section II is not robust since by introducing a small friction
(i.e. a positive €) this result disappears. However, in the next Section we
will see that matters are more complex, since by introducing a second friction
(a bound on the number of divisions which can be created) perfect competition

might also be a possible SPNE outcome when frictions disappear.

18



1V. A MODEL WITH ENTRY COSTS AND AN UPPER BOUND ON THE NUMBER OF DIVISIONS

In this Section we will attempt to examine further the results obtained
in Sections 2 and 3. In particular, we want to explain why for a very small
entry cost, the SPNE outcomes of G.2 do not converge to those obtained in G.l.
In order to do this we will maintain the structure of the game G.2 but we will
introduce an upper bound on the number of divisions that can be created by
each firm, denoted by d. The motivation for this assumption is that the
creation of a new division by a firm takes time, and beyond a certain level,
might be prohibitively costly. An alternative assumption, which would produce
identical results, is that firms have to pay a cost for each created

division.

Markets under consideration contain two kind of frictions, namely d and
€. Both frictions depend on a parameter p e [1,0] so we can write d(p) and
e(p). We will assume that d’ = O and & = O, i.e. the fixed cost (¢) is an
increasing function of p and the upper bound to the number of divisions (d) is
decreasing with the degree of friction. A frictionless  market is one for which
p = O (i.e. the one analyzed in game G.1). The purpose of the analysis will be

to study the limit of SPNE in the game G.2 when p — O.

In the rest of this Section, we will assume that for any value of p there
exists a unique Cournot equilibrium. In relation to this Cournot equilibrium,
we will define T(n) as the industry gross profits (i.e aggregate profits
before subtractingb the fixed costs), as a function of the total number of

divisions. Also we will define R(p,h) as follows,

Mlh.d(p)]
h.e(p)

R(p,h) =

where h is the number of firms entering the market. That is, R(p,h} is the

ratio (total industry gross profits)/(total industry fixed costs) for h firms

and a given degree of friction, when every firm creates the maximum level of
dR dR

divisions. Also let R = —— and R = - . We obtain the following
ap h dh

19



Proposition 5: Under A1, A.2, A3, A4 and A5, if sign(Rp} is constant and
Rh < 0, then

a) If lim R(p,h) < 1 for all h > max{-B’, 1}, the only SPNE of the game
p—0 ¥
G.2 when p is small enough implies k = max{-B’, 1}. Moreover, under

X >
conditions a) or d) in Corollary 2, k =1and m = 1

b) If lim R(p,h) > 1 for some h > max{-B’, 1}, when p is small enough the
p—0 * *
only SPNE of the game G.2 implies k > max{-f’, 1} and m = d.

Proof: By using a similar argument as in Proposition 1, if h > max{-g’, 1},

¥
then SPNE of G.1 implies m = d. Now, let us consider parts (a) and (b):

(a) The assumption made in this part and the monotonicity of R(p,h) with
respect to p, implies that profits will be negative, for small enough p, if h
> max{-B’, 1}. Thus, SPNE of G.2 is inconsistent with k* > max{-B’, 1}). The

rest of this part is proved in the same way as in Corollary 2.

(b) Under our assumptions on R(h,p), in this case, if p is small -enough,

profits are positive for some h > max{-f’, 1}. Also, the monotonicity of
*

R(p,h) with respect to h and p, ensures that k > max{-B’, 1} for small enough

p, and this completes the proof.m

Notice that if for all p in the sequence d(p) = 1, part b) in Proposition
4 is the standard limit theorem with quantity-setter firms. In contrast this
Theorem, the main conclusion of Proposition 4 is that when frictions are
removed, i.e. when d —> o and € —> 0, the outcome of a SPNE may be either
very close to perfect competition (as in game G.1) or may be a natural
oligopoly (as in game G.2). In this sense, matters here are quite different to
standard limit theorems in which perfect competition is, under some regularity
conditions, the unique limit outcome. Therefore an important lesson is that
the possibility of divisionalization introduces subtle complications in such a
way that almost frictionless worlds yield outcomes which might be far away
from those perfectly competitive ones. Thus the SPNE outcomes of both G.1 and

G.2 are perfectly reasonable in frictionless economies.
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For instance, as an illustration, consider that both d and € depend on
the degree of complexity of the organization, i.e. a simple organization Iis
one with a low set up cost and a very large reproductive power and conversely
a complex organization is one with a high fixed cost and a low d. Then,
Proposition 4 asserts that depending on the interplay between d and & the
limiting market structure of a sequence of organizations in which complexity
tends to vanish might be perfect competition or duopoly or even monopoly. In
order to obtain a more precise statement, the analyst needs very precise
information about how these frictions vanish (see Giith & Ritzberger (1992) and
Corchén & Ritzberger (1992) for a similar phenomenon in the context of
non-cooperative models of bargaining). Therefore the convergence to perfect
competition or to a natural oligopoly when divisionalization is available
depends on how frictions vanish, and this also contrasts with the predictions

of the standard Cournot model.

21



V. DIVISIONALIZATION UNDER INCOMPLETE INFORMATION

In previous Sections, we have assumed that firms possess complete
information about costs and demand, so they know exactly how much profit
isobtained by each division. However, if firms have incomplete information on
demand or costs so that profits can not be monitored, they have to establish a
payment scheme in which divisions pay according to an observable variable. In
this Section we will deal with this problem by assuming the following
structure of information. On the one hand firms have some probabilistic
information on inverse demand and cost functions and they can only observe
either, the quantities sold or revenues accrued by its divisions. On the other
hand divisions are supposed to have complete infor‘rnation(é.) We will show that
in the game Gl the qualitative feature of the result obtained in Section II
holds in this framework, that is if the number of firms is larger than some
finite number, then perfect competition is the unique SPNE. It is left as an
exercise to prove that the flavor of the results obtained in Section III is

also preserved in this framework.

Let us describe the informational framework. A state of the world,
denoted by 6, is a pair (p( ), c), i.e. a specification of the inverse demand
and the cost function. The set of states of the world, which by simplicity is
assumed to be of finite cardinality, is denoted by ®. Firms have common priors
defined on ® and denoted by Py They are supposed to be expected profits
maximizers. Under conditions stated in Propositions 6 and 7 below the
equilibrium in the second stage (i.e. the quantity game among divisions) will
be unique. So let us denote by z(6, n), xi(e, n), etc the equilibrium values
of z, X etc in the second stage of the game when there are n firms and the

state of the world is 8. Also let B’ = min B’(8), 6 € @.

First, let us consider the case in which divisions pay in proportion to

the output sold by them. Thus profits of, say, firm j, in state of the world 6

(6) It may be worth pointing out that both cases are identical to the problem

of finding the optimal number of franchisees for an oligopolistic firm.
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when there are n divisions are given by Hj = mei(e, n), where v is an
exogenous constant and m is the number of divisions created by firm j. Thus

expected profits for firm j are given by E, = } P vrnXi(e, n) = EJ.(m, n). In
0l
this framework a symmetric SPNE (SSPNE) is a pair (m*, n*) such that n* = k.m*

and for all j Ej(m*, n*) = Ej(m, m + (k - 1) m*), i.e. m* maximizes the

expected payoff of j. Then we have our first result in this Section.

Proposition 6: Under A.1, A2, A3, A4, A5 and the informational structure
explained above if k > max (-~ 1, 1) Perfect Competition is the unique

SSPNE of game Gl when divisions pay to the firm a fraction of its output,
Proof: First notice that profits of a typical division, say i, are given by
Hi = px; - (c + v)xi

Thus by interpreting ¢ + v as a marginal cost, all results obtained in
the Cournot model go thru in this case. In particular, since k > max (-B”’- 1,
1) = max (-’ - 1, 1) equilibrium in the second stage is unique (since the
first order condition of profit maximization is strictly decreasing on z) and
symmetric (see Appendix II). Moreover z’ and x: are identical to those found
in the proof of Proposition 1.

Profits of firm j in state of the world 8 TIJ. = mxi(e, n). Thus the effect
on profits in state 8 of a change in m will be proportional to x, +m x; (we
will omit the dependence of z, etc on the states of the world when this is

clear from the context). Thus using symmetry (t = (k - 1)m) we obtain that

at ,

J =Sign(n(n+{3+1)—m({3+n))

dm n+1+f

sign

But k > max (-8~ 1, 1) =z max (-g’(6) -1, Dz -1, son+1+B =Kk
+ 1+ B > 0 and thus an increase in m increases profits in 6. Since this is
true for every state of the world expected profits are strictly increasing on

m and then any SPNE of the game G.1 implies an infinite number of divisions.m
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It should be remarked that the condition k > max (-p’- 1, 1) is weaker
than the condition used in the complete information case. In particular, if
the set of states of the world includes only those with inverse demand and
cost function fulfilling the conditions stated in Proposition 2 above, k > max

(-8’’- 1, 1) holds.

Next, let us consider the case in which the payment made by each division

™ Thus, profits of division i in state of the world

is a fraction of sales
6 = (p( ), c) are given by p(z)xi(l - q) - CX where 0 < q < 1. Expected

profits for firm j are given by Ej = ) P qmp(z(8, n))xi(e, n).
0l

Equilibrium in the second stage of the game must be understood as a Nash
equilibrium in quantities among divisions when payoff functions are as defined
above. Again under our conditions this equilibrium will be shown to be unique.

A SPNE is defined similarly to the previous case.

Let e(@, z) = p'(z) z /p(z) be the elasticity of demand valued at z if
the state of the world is 6. Let e'(8) = min e(z, 6), z € 3. An argument
similar to the one used in Lemma 1 shows that under assumptions 1-4 e’(8)

exists. Also let e’ = min €’(8), 6 € ®. Then we have the following result:

Proposition 7: Under A1, A.2, A3, A4, A5 and the informational structure
explained above if k > max (-B”, -e’’, 1) Perfect Competition is the unique
SSPNE of game Gl when divisions pay the firm a fraction of their sales.

Proof: The first order condition of equilibrium in the second stage is
(x) = (——) + px,= 0
p T-q pxy

Thus interpreting c/(1 - q) as the marginal cost, all results obtained in

the Cournot model go thru in this case. In particular since

(7) It is easy to show that given v, there is a payment based on sales which
ralses as much money as the one based on output. Thus if the market price is

observable by the firm, the former is preferable.

24



k > max (-B”, -e”’, 1) > max (-B’, 1) equilibrium in the second stage is
unique (as we noticed at the end of Section II) and symmetric (see Appendix
II). Also, the effects on xj and z of changes in m are the same as in the
previous model. In our case profits of firm j in state 8 when there are n

divisions are given by

TIJ.(G, n) = gp(z(e, n))xj(e, n)

And thus
dam (e, n) dx ,
J _ o 42 J
= q(p’( am )xj + p(xX am ))
am
ax dz
By substituting the values of and am in the expression above and

dm
taking into account that xj = zm/n and t = (k - 1)m we obtain that

dam (e, n) px.m
L =g L+te y4(k-DD

dm n n+ 1+

Since n + B + 1> 0, the sign of the above derivative equals the sign of
k +e+ (k -1 (n+ B) and this sign is positive if k > max (-p”, —-e”, 1.
Then a similar argument to the one used in the proof of Proposition 6 finishes

the proof.m

Thus under incomplete information SPNE yields perfect competition under

conditions similar to those used in the complete information case.

We end this Section by noticing that the results in this Section can be
easily shown to hold in a complete information setting in which firms,
forstrategic reasons, decide to raise money, not in proportion to profits, but

in proportion to output or sales.

25



VI. SUMMARY AND CONCLUSIONS

In this paper we have shown that if the number of firms is large enough
in relation to the degree of convexity of the inverse demand function and if
there are constant returns to scale, the possibility of divisionalization
implies that every SPNE yields perfect competition (see Proposition 1). In
many cases, a small number of firms is enough to obtain perfect competition
(see Proposition 2). These results generalize those obtained in Corchén (1991)

(see Corollary 1).

However, if there is a positive fixed cost, only a small number of firms
and divisions will be active in the market (see Propositions 3-4). In some
cases, duopoly or even monopoly arises as SPNE irrespectively of the magnitude
of the fixed cost (see Corollary 2). Also, it is important to remark that, in
our model, the equilibrium number of independent sellers depends on the shape
of the inverse demand function and not on the magnitude of fixed costs, as
happens in the standard approach. Another important implication of our results
is that, in the context of entry deterrence, the possibility of
divisionalization might not be desirable from the social welfare point of

view, and it may depend on the shape of the inverse demand function.

In Section IV we have considered a model in which there is an upper bound
on the number of divisions that can be created. We have seen that when this
upper bound tends to infinity and the fixed cost tends to zero the outcome of
a SPNE might be characterized by (almost) perfect competition or a small
number of active firms (sometimes monopoly). This shows that, when
divisionalization is possible, the limiting outcome of almost frictionless
markets depends on the rate at which frictions vanish, and therefore

convergence to perfect competition is quite a delicate matter.

Finally in Section V we have shown that our basic insights survive in the

consideration of asymmetric information between firms and divisions.
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Summing up, it seems to us that models in which the possibility of
divisionalization 1is explicitly modeled, bring fresh insights into oligopoly
theory, in particular to questions like entry deterrence or conditions under
which markets (large or not) are characterized by monopoly, duopoly or perfect
competition. In this paper, we have studied divisionalization in the simple
setting of a homogeneous product, even though, as we have remarked before, our
results still hold in models of horizontal differentiation (i.e. Spence and
Dixit & Stiglitz or Salop). It would be interesting to study divisionalization
in models of vertical differentiation or in models in which horizontal and
vertical differentiation occur simultaneously (see Fauli i Oller (1993) for a
model of divisionalization with complementarities)(g.) In a broader context

divisionalization means that agents control the number of their descendants.

It would be nice to consider evolutive models in which this feature is

incorporated.
(88 It would be very interesting to study acquisition games (see Kamien and
Zang ((1990), (1991)) when divisionalization is available. We conjecture that

in this case complete monopolization through acquisition is always possible.
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APPENDIX I

In this Appendix, we extend the results obtained in Proposition 1 and 2

to the case in which the number of divisions is an integer.

(k = 2)(k + 1)
k- 1

Proposition 1’: Under A1, A2, A3 and A4, if - B =
Perfect Competition is the only SPNE of the game G.L

anj
am
Jj with respect to the number of divisions, evaluated at a point in which all

Proof: Let ((k - Dm, m + i) be the partial derivative of profits of firm
other firms have (k - 1)m divisions and firm j has m + i divisions. We will
show that under the assumptions above, this derivative is positive V i € [o,
1]. This implies that profits of firm j are strictly increasing in this
interval. Thus, given the number of divisions built by other firms, firm j has
an incentive to built, at least, m + 1 firms. Thus, at any candidate
equilibrium with finite m (which must be symmetric), firm j has incentive to
deviate.

Reasoning in the same way as in the proof of Proposition 1 we have that
o1j ((k - Dm, m + i) > 0 implies that inequallity (3") holds with

am
m substituted by m + i, so that B + n + 1 + 1> (m + D{(2 + p/(n + D} If

condition

the Proposition were false then the previous inequality, the definition of B’
and symmetry would imply {m(k - 2) + (1 - DNkm + )/m(k - 1) = —B’. Since
the left hand side of this inequality is non-decreasing on m and m = 1, then
{(k - 2) + (1 - DNk + i)/(k - 1) = -B’. Again the left hand side of this

inequality is decreasing on i so

{((k -2+ -DKk +D/(k - D <(k~-1-UXk+1/(k-1=

-B’= (k - 2Xk + D/(k - 1.

Therefore we arrive at a contradiction, and the proof is completed ®

(k - 2)(k + 1)
k -1
2. Moreover, F(k) tends to infinity when k tends to infinity. That is, perfect

Notice that the function F(k) = is increasing in k if k =
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competition is ensured if k is large enough in relation to the degree of

convexity of the inverse demand function.

Proposition 2’: Under A.l, A2, A3 and A4, any of the following conditions

imply -B < (k - i)ik; 1)

a) p(z) concave for all z € 3.

(k - 2k + 1)

b) p(z) having constant elasticity -denoted by €~ and 1 - £ = R

c) T(z) concave for all z €  and k > 3.
Proof: Identical to the proof of Proposition 2, noticing that F(2) = 0 and
F(3) =2 m
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APPENDIX II

In this Appendix we will show that if equilibrium in the second stage is
not perfectly competitive, SPNE of game G.l is symmetrical. We will first show
that given any number of divisions, the equilibrium in the second stage of G.l1
is symmetrical. Indeed suppose it is not, and that there are two divisions,
say, i and r such that their outputs are different. Without loss of generality

let us assume that division i is active. Then

p’.xi+p—c=o and p’.xr+p—cso

It is readily seen that if division r is not active p - ¢ = o Which is
impossible since p’ < O and division i is active. Therefore both divisions are
active and first order conditions hold with equality. Then p’.xi = p’.xr and
thus X, = X, > 0 (by A. 4). Now we will show that SPNE in the first stage is

also symmetrical. If SPNE is not perfectly competitive we have that equation

(1) in the main text must be non positive for all j = I,..., k, that is,
SHJ. dz dxi
—5-Ifl_=(p—0)'(xi_m'[_dT__d—I;])so

Moreover, since p > c, all the firms will be active, which means that
each one will set at least one firm. Now we have two possibilities. First, if
the above condition is an strict inequality, m* = 1 and the symmetry holds.
Second, according to the calculations given in the proof of Proposition 1 if

the previous condition holds with equality it is equivalent to

X,
1

'n(B+n+1)

X, = m AB +2n)

1

where X is the (symmetrical) output in the second stage. Given that this

output is positive the above expression is simplified to

m=/ @+n+D /(L r2)

Since the right hand side of this expression is the same for every

firm, symmetry in the first stage must hold.
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