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NUMERICAL REPRESENTATION OF ACYCLIC PREFERENCES

Begofia Subiza

ABSTRACT

In this paper, it 1is shown that, under certain conditions on a
preference relation defined on a set X, there exists a numerical
representation by means of set-valued real functions. This kind of
representation extends the wusual |utility function as well as the
representation by means of two real functions. The continuity of this

representation is also discussed.







1.- INTRODUCTION

Economists have wusually assumed that the agent’s preferences are
representable by means of a real utility function u, in such a way that x
is preferred to y if and only if u(x) > u(y). Assuming that this kind of

representation exists then the agent’s preference is a preorder.

Looking for a representation of preferences less restrictive than
preorders, Scott and Suppes (1958), Fishburn (1973), Chateauneuf (1987) and
Bridges (1983 a, b, 1985) analize the case in which the preference relation
is representable by means of two real functions u, v in such a way that x
is preferred to y if and only if u(x) > v(y). The existence of the previous
numerical representation implies that the preference relation 1is an

interval order.

In Herrero and Subiza (1991) a new numerical representation by means
of set-valued real functions is presented (utility correspondence). The
existence of a utility correspondence implies that the agent’s preference
is acyclic and, as we can see in the aforementioned work, this numerical
representation provides a characterization of acyclic preference relations

on countable sets.

The aim of this paper is to give simple conditions for the existence
of such a utility correspondence in more general sets. We also study the
continuity of this representation when X is a topological space. The paper

is organized as follows: in Section 2, we present some definitions and




known results, Section 3 1is devoted to the existence of utility
correspondence for acyclic preference relations on an uncountable set X,
and finally, in Section 4, the continuity of the representation is

discussed.

2.- PRELIMINARIES

Let » be a preference (asymmetric) relation on a set X. Then other

binary relations on X are defined from ):

X ) y if and only if not y ) x (the preference-indifference )
x » y if and only if there exist
X,X,..,X € X | x=X)X)..)xXx=y (the transitive closure)
1 2 n 1 2 n
x ~ y if and only if neither x » y or y » X

x &° y if and only if not x = y

The preference-indifference relation turns out to be reflexive and
complete ; when the initial relation ) is acyclic, the transitive closure

is a transitive preference relation, and if ) is transitive, then } = ».

Depinition 1

Let )} be a preference relation defined on a set X, and w:X—> R a
correspondence. We shall say that p is a utility correspondence for the
preference relation ) if:

(a) V x € X, p(x) is nonempty and bounded

b)) x>y «— wx)nuly) = @, and sup up(x) > sup uly)




When a binary relation can be represented by a utility
correspondence, this preference relation is necessarily acyclic for any
set of alternatives (Herrero & Subiza, 1991). In particular, when the set
of alternatives on which the relation 1is defined is countable, the

converse result also holds:

Proposition 1 (Herrero & Subiza, 1991)

Let X be a countable set, and ) an acyclic preference relation on X.

Then, there exists a utility correspondence for ).

In the case the opportunity set is uncontable it is not possible, in
general, to obtain a utility correspondence for an acyclic relation. To see
this consider the lexicographical order in Rx{0,1} and suppose a utility
correspondence p for this preference relation. Since this relation has no
indifferent elements, then u(x) = sup u(x) must be a utility function which
does not exist in this case. So, additional conditions are required in
order to get this kind of representation for uncountable opportunity sets.
Furthermore, when the preference relation is defined on a topological
space, it is useful to find conditions on the continuity of the supremum

function.

In order to get existence and continuity of numerical representations
for preorders or interval-orders on topological spaces, two different types
of conditions are wused in the literature. The first one refers to

continuity and the second one deals with separability.




Delinition 2
The preference relation ) defined on a topological space X is said to

be lower continuous if the lower contour sets are open, that is if

#2x)={zeX | z(x} isopenV x e X

On the other hand, several conditions on the separability of the
preference relation appear. The idea in all of them is based on the
existence of a countable subset D contained in X, in such a way that when x
is preferred to y there is some element of D between X and y. In order to

use uniform notation we consider the following definitions:

Delinition 3

The relation ) is weakly separable if there exists a countable set

D € X such that whenever x ) y there are dl,d2 € D such that

Depiniti 4

The relation ) is separable if there exists a countable set D € X
such that whenever x ) y there is some d € D such that

x)ryd>ry.

Obviously, separability implies weak separability. In particular,
when the relation is a preorder, both conditions are equivalent. In the
literature the property in Definition 3 1is sometimes called strong

seéparability (see for instance Chateauneuf, 1987). Definition 4 can be

found in Peleg (1970).




3.- EXISTENCE OF UTILITY CORRESPONDENCE

We obtain several results about the existence of the utility

correspondence, depending on the conditions imposed on the set X.

Theonem 2
Let » be an acyclic preference relation on a set X, with*’ ]XI = X
such that the transitive closure is weakly separable. Then, there is a

utility correspondence for ).

Proof

Since |X| = X, there is an injection o:XxX — [0,1] and we can take then

the correspondence p:X —>> R defined by
pux) = { ax,y)aly,x) Vy | y~x, y#x}u{ux}

where u(x) is constructed in the following way:
since the transitive closure )} is weakly separable, there is a countable

set B = {bk} € X providing the separability then, we define

_ 1
u(x) = 2 + Z —;;

b «( x
k

Therefore, if x ~ y, then

alx,y), aly,x) € ulx) n ply)

(1
) |X| denotes the cardinal of set X, andlx = IIRI




On the other hand, if u(x) n ply) # @ , then either u(x) = ul(y) or z2z’ in

X exist such that, z ~ X, 27 ~ y, in such a way that one of the next

possibilities holds true

a(x,z) = aly,z’) > X=y,z=2
alx,z) = olz’,y) > z=y,x =2
alz,x) = aly,z’) = z=y, x=72
alz,x) = alz’,y) > x=y,2z=2

In all of these cases X ~ y and then p is a utility correspondence for ).

As an immediate consequence of the former result we now obtain the
following one for separable Hausdorff spaces, since its cardinality is

smaller than X

Corallany 3

Let X be a connected and separable Hausdorff space and ) an acyclic
preference relation on X such that its transitive closure is weakly

separable. Then, a utility correspondence exists for ).

If we now consider stronger conditions on the preference relation, it
is possible to obtain an existence result without requiring any property

on the set of alternatives. Let wus consider, thus, the following

definition.
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Depinition 5

Assume an acyclic and separable relation defined on a set X. Then a
countable subset D of X exists such that if x ) y then there is d € D with

x > d » y. Let us consider the following sets:

Dix,y) ={deD | x»ndny})

$x,y)={deD | d~x,d~y)}

We will say that the relation satisfies property (P) for the set D if given

X, ¥, z, z' such that:

1) x~z, y~2 2y x»nz vy «z

(3) D(x,z) = D(z’,y) (4) ¥(x,2) = #y,2’)

then, X and y are indifferent.

Conditions (1) and (2) in the above definition consider elements X, z
and y, 2z which are indifferent under the initial relation, but not
indifferent under its transitive closure. Thus, property (P) is trivially
fulfilled for any D if the preference relation ) is transitive since, in
this case, conditions (1) and (2) may not be satisfied simultaneously

(notice that ) = »). Conditions (3) and (4) mean that for any d in the

countable set D

3) xndypz < Znydyny

(4) d~x,d~2z2 & d~2,d~y
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For acyclic relations, whether or not this property is fulfilled
depends both on the relation and on the countable set D. Let us now

consider two different cases in which we deal with the following relation

on a subset X of [Ri

x>y e x| >yl and |x-y| > 2.

This relation is separable; in fact we can choose several countable sets

b

which do the job. If D = X n @xQ , if conditions (1)-(4) hold, then x = z

and y = z because for all d in QxQ

Il > lldll > llyl| if and enly if |ly[| > [ldaf > ||=’]

|x-d|]| = 2 and ||z-d|| = 2 if and only if ||y-d|| = 2 and |z’-d|| = 2.

Thus, property (P) is fulfilled for D.

On the other hand, we can consider the countable set
DD={(x,x)e@xQ | x =x_or xXx_ =32x or x = 32X}
1’72 1 2 2 1 1 2

and in this case there are x,y € X satisfying conditions (1)-(4) which are
not indifferent (for example we <can take x = (4,11), z = (4,10),

y = (10,4), z’ = (11,4)). Thus, property (P) is not fulfilled for D’.
This property (P) also depends on the preference relation, as we can

see by means of the following example. Let )1 and )2 be preference

relations defined on the set X = {f:[0,1] —— R | f is continuous}

12




f ), & & max f(x) > max g(x) and [f(0) - g(O)] > 1

f ), 8 & max f(x) > max g(x) and max [f(x) - g(x)| >1
)1 and )2 are separable relations, where D can be taken as
D={r:01] — R |rx)=qgqx+q,q9 €0}

Y satisfies property (P) for set D, but v, does not do so it for the same

set.

If conditions (1)-(4) of property (P) hold for some D, then some

additional elements turn out to be indifferent, as we can see in the

following lemma.

Lemma 4

Let ) be an acyclic and separable preference relation and let D be the
countable subset which provides the separability. Then, if x, y, z, z’ are

such that:

Mx~z, y~2 Q) x» =z ¥y «=z

(3) D(x,2z) = D(z’,y) 4) Ix,z) = ¥y,z")

then, x ~ 2’, y ~ Z.

Proof

Since x » z, there is some d € D such that
x»ndy»z

Then, by condition (3), D(x,z) = D(z’,y),

zZ»ndny

13




If X » zZ’ there exists d1 € D such that x d1 y z’, and then
x))d1 »z ndyz

Thus, d1 e D(x,z), d1 ¢ D(z’,y), against condition (3). In a similar way,

we can see that it cannot be the case that x ( z’, and therefore

With an identical argument,

In order to get the existence of the utility correspondence for an
acyclic relation on a more general set X, we will see firstly that
separable partial order relations can be represented by means of a utility

correspondence,

Lemma 5

Let > be a separable partial order relation on a set X. Then, a

utility correspondence for ) exists.

Proof

Let D = { di , i € N} be a countable set, providing the separability of

the relation, and let

n

Dx) ={neN| d (x} Dx) ={neN| d (x}
We now define the following functions:
D! o =
} —_ if D(x)#o
n
o if D(x)=g

14




} 1 if Dx)#e
n

— - 5

flx) = neD(x)
0 if D(x)=o

u(x) = f(x) + 1

By using these functions, we define the correspondence p: X —>»> R as

ux) = { b(x) + bly), Vy~x%x, 5 # x}u{ux)}

Note, firstly, that

VxeX ukxclo2]
and p(x) is nonempty. Moreover, if x ~ y then
b(x) + b(y) € u(x) n ply)
and u(x) n uly) # @. Conversely, if u(x) n ply) # @, then either
f(x) = f(y)
or z,z’ can be found such that z ~ x, 2’ ~ y, and
b(x) + b(z) = bly) + b(z’)

In both cases we conclude x ~ y, due to the separability of the relation.

Finally, if x )y, then pu(x) n uly) = @, and, the relation being

transitive, if d (y , then d « x. Thus
n n

f(x) = f(y)

Furthermore, by the separability condition, 3 d]m e D X ) dm y y, and

then f(x) > f(y) that is,

u(x) = sup p(x) > u(y) = sup uly)

15




Therefore, u(x) is a utility correspondence for the relation ».

By using property (P), and the former lemmas, we can prove the

following result:

Theonem 6

Let ) be a separable preference relation on a set X, such that for the
countable set D ¢ X, which provides the separability of the relation,

property (P) is fulfilled. Then, there exists a utility correspondence for

y if, and only if, ) is acyclic.

Proof

Since ) is acyclic and separable, its transitive closure turns out to
be a separable partial order relation. Then, from the previous lemma, a

utility correspondence for ) exists

R X —> R such that ul(x) < [0,2]

Let now u: X — R be the correspondence defined by

px) = ul(x) V) uz(X) v {u(x)}
where

n(x) = { 3+ (175" + Yy (W) vy-x y»°x }
i[dieD(x,y) j|dje§(x,y)

u(x) = sup ul(x) + 6

Note that V x , u(x) € [0,8] , pu(x) # @, and

u(x) = sup u(x)
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If x>y, then X » y , and sup ul(x) > sup ul(y). Thus
sup p(x) > sup u(y).

It is then only necessary to prove that

X~y ¢ wx)n uy) # o
If x ~y then

X ®y = ”1(X) N ul(y) L]

or
x~y> w(x) nply) * o

and therefore, u(x) n uly) # @.

Conversely, if u(x) n ul(y) # @, one of the next possibilities must hold:

(1) ulx) = uly)
(2) ul(x) n ul(y) %o

(3) uz(x) n uz(y) * 2

If (1) or (2) hold, then x = y, which implies that x ~ y.

Finally, in the case whereby (3) holds, there are z,z’ € X such that:
R c
X ~Z,y~2 ,X% z,y% 2
(1/5)" + (/7)) = (1/5)" + Z (1/7)?

ildiefD(x,z) j|dje§(x,z) i[dieiD(z’,y) j|dje?(2’,y)

then,

(1/5)" = (1/5)!
i[dieiD(x,z) i|diefD(z’,y)

(7)) = (1/7)?
j]dje?(x,z) j|dje.?(z’,y)

17




and therefore,

D(x,z) = D(2’,y) ; Hx,z) = #H=2’,y)

From Lemma 1 and property (P) we have

X’“y -

4.- CONTINUITY OF THE SUPREMUM FUNCTION

As far as results which guarantee the continuity of the supremum

function u(x) are concerned, we have the following:

Theanem 7

If X is a topological space and ) is a preference relation on X such
that it is
i) acyclic
(ii) separable, fulfilling property (P)
(iii) its transitive closure is lower continuous

(iv) its transitive closure holds that clf £(y)] € 2(x) when x » y.

Then, there exists a utility correspondence whose supremum function is

continuous.

Proof

In order to prove this result, it is sufficient to modify the utility

correspondence of the former theorem in its supremum function, which is

18




then substituted for another one for which, by using the new conditions,

continuity may be guaranteed.

By wusing the above result, we have that there is a utility

correspondence u(x) = p (x) v p (x) v {u(x)} with
1 2

(8}

p, (x) [0,2]

N

uz(x) [3,5]

u(x) = sup ul(x) + 6 € [6,8].

Let § € DxD be, such that (dk,dl’() e § if, and only if, dk » d;(' Since »

is separable we can take the set
c ’

infinite countable, completely ordered by the relation ), with neither a

first nor a last element. Then, a one-to-one mapping can be defined
g Dk —> Q n (0,1)

such that V d,d’ € Dk dn d «— gk(d) > gk(d’)
Let now u: X — [0,1] be defined in the following way:

1 if there is no dke D such that d »)» X
uk(x) =

inf{ g (d) | d e D _, d» x} otherwise

Notice first that, if x } y, then

X (« d — y«d

19




and therefore

uk(x) z uk(y)

Secondly, we will prove that both uk_l(oc,wo) and uk_l(-oo,oc) are open sets

V a € R.

Let uk_l(oc,m) ={xeX| u(x) >a } If « =1, then,
U Noww) = o
k B
whereas if X € uk—l(oc,wo), then q,q° € @ n (0,1) can be found such that
lzuk(x)>q>q’>oc
If gk(d) = q, gk(d’) = gq’, then d » d’ and we have that
xgfd={weX| wwd}
since uk(x) > gk(d). Thus by condition (iv),

x ¢ clé(d’) € £(d)

and
x e V=X - cléd)

which is an open set. Furthermore, if z € V, then
= q >
uk(z) q «,
since if uk(z) < q there is d”’ » z, 4’ € Dk, such that
bR < b
gk(d ) gk(d )

and thus
z(d «d

which implies z € £(d’), against z € V. Then,
xe V¢ uk—l(oc,wo) , V being an open set

-1 .
and therefore u {o,+0) is open.

20




Let now the set uk_l(-oo,oc). If « = 0, this set is an empty set.

other hand, if x € uk_l(—oo,oc), then either

uk(x) =1, or

there is some d € Dk such that x «( d , gk(d) < a.

In the first case,

Il
e

-1
u (-o0,0t)

and in the second one,
x € ¥(d) which is an open set by condition (iii)

and if z € £(d)
uk(z) = gk(d) < o

then

1

x € £(d) € uk- (-o0, )

which is an open set.

Then the function uk(x) is continuous and satisfies that:

X >y — uk(x)zuk(y)

and

uk(dk) =1, uk(dk) =0

Let now the function G: X — [0,1] be defined by:

ax) = L u(x) 2"

and

u(x) = a(x) + 6

On the

As 0 = uk(x) 2% < Z"k, and uk(x) is continuous V k, then u(x) is also

continuous. Moreover, if

21




X)ry — uk(x) = uk(y) vk —> ulx) = uly)
But, by the separability condition, there exists some (dr,d;) € § such
that

xyd yd »yy
r r
Then, ur(x) =1, ur(y) = 0, and ulx) > l_l(y). We can thus take

px) = p(x) U p(x) v {u(x)}

as a utility correspondence for ), where u(x) = sup p(x) is a continuous

function.

When a preference relation allows for a utility correspondence, the
supremum function is a numerical representation of the type presented in
Peleg (1970): if x » y then u(x) = sup p(x) > u(y) . Thus we can ensure the
existence of such "weak" representation in all the cases in which the
utility correspondence exists. In particular, Theorem 7 is a generalization

of Peleg’s result below

Theonem 8 (Peleg, 1970)
If X is a topological space and the relation is a lower continuous and
separable partial order such that cl £(y) € £(x) when x ) y. Then, there

exists a continuous function u: X ——> R such that if x ) y then

u(x) > uly).
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