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DISTRIBUTION OF INCOME AND AGGREGATION OF DEMAND

Francisco Marhuenda

ABSTRACT

We show that, under certain regularity conditions, if the distribution of income
is price independent and satisfies a condition on the shape of its graph, then total
market demand, F(p), is monotone, i.e., given two positive prices p, and ¢, one has
(p—1q)  (F(p) — F(¢)) <0. Similar assumptions on the distributions of endowments,
yield a restricted monotonicity property on aggregate excess demand, where, now, wealth
is determined by market prices. This is enough, however, to obtain uniqueness and

stability of equilibrium for our Walrasian pure exchange model.






1 INTRODUCTION

A satisfactory theory linking the known microeconomic features of consumers and
the assumed macroeconomic properties of aggregated systems is still missing. The major
stumbling block to fill the gap between these two fields, is how to find a way around
Sonnenschein’s indeterminacy theorem. Sonnenschein’s ([15, 16, 17]) result states that
any continuous, mapping that satisfies Walras’ law and is homogeneous of degree 0,

coincides with the excess demand function of a certain economy.

This has some unpleasant consequences. One of these, is that it permits the
theoretical possibility of many equilibria. Furthermore, it questions the regularity (in

terms of smoothness, like differentiability) of market demand and the stability of the

equilibrium prices.

The problem of smoothness of market demand was satisfactorily attacked in [4].
The authors there show that conveniently dispersed distributions of preferences and
wealth lead to a continuous or even (' demand function. The interested reader is
referred to [18] for a survey on market demand in large economies with non-convex

preferences and for instances in which aggregation has a smoothing effect.

Two main lines of research have dealt with the remaining issues, i.e. uniqueness
and stability of equilibrium prices. One of them was initiated by W. Hildenbrand ([9])
and developed by W. Hardle, W. Hildenbrand and M. Jerison in [8]. The gist of their
method is to put restrictions on the shape of the distribution of income. The upshot
of this approach is that one obtains that market demand is monotone (see Section
below). In particular, this implies that market demand for a particular commodity is a
decreasing function of its price, and that the weak axiom of revealed preference holds

for the aggregate.

However, the restrictions imposed are rather stringent: Firstly, income is price



independent. Moreover, it is assumed that the distribution of income has a continuous

non-increasing density with bounded support.

With respect to the first assumption, it has been extended to the case in which
individual endowments are collinear ([9],{13]). In [1], the second assumption has been
relaxed, to other types of densities for the case of identical consumers the Engel curves

of whom have a specific functional form.

A second line of argument has been put forth by J. M. Grandmont ([5]). His
approach is to impose restrictions on the shape of the agents’ characteristics rather than
on the distribution of income. In his work the use of a very particular linear structure

on the space of demand functions, named the a-transform, is essential.

As a result the author proves very nice properties of the aggregate demand: market
demand has a dominant diagonal Jacobian matrix and aggregate excess demand has the
gross substituability property. It follows then that there is a unique equilibrium which

is globally stable under the usual tatonnement process.

There are still some unsatisfactory features in the aforementioned viewpoint: One
of them is that the way the a-transform is used does not have a straightforward eco-

nomics interpretation.

Further, the so-called hypothesis ol aggregate desirability which also appears in
a critical way, in the said work, is not satisfed by many of the working examples of
demand models (e.g. CES, Diewert or Addilog). Even though one could argue that
it may not be met individually and yet hold in the aggregate, it certainly puts some

constraints on the type of demand functions allowed.

The present work goes back to the first formulation. The key idea is again to

control the “pathologies” of the income term in Slutsky’s equation

DE(p) = 5(p) = Alp),
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where DF is the Jacobian matrix of mean demand, S is the average Slutsky compensated
matrix and A is the average income matrix. We do this by way of conditions in the

shape of either income or initial endowments.

The novelty is twofold: First, in the case of price independent wealth, we allow
for some increasing densities while the Law of Demand still holds for all prices. In

particular, our result applies to some subfamily of lognormal distributions.

Secondly, for the case of pure market exchange economies, we obtain uniqueness of
price equilibrium and local stability for the unique equilibrium, when initial endowments

need not be necessarily collinear.

If one imposes a further restriction on individual demand functions, then it is

possible to obtain global stability of the unique equilibrium.

One further characteristic of our present work, already present in [5], is that the
matrix A does not need to be positive semidefinite, i.e. it may have some negative

eigenvalues. We do make use however of the hypothesis that S is negative semidefinite.

The paper is organized as follows. In Section 2, we study the problem of aggrega-
tion demand for a model in which income is independent of prices. We introduce the
notion of metonymy, which was already present in the work of W. Hardle, W. Hilden-

brand and M. Jerison ([8]) and is also essential in the present one.

We prove that il the the shape of the density of the distribution of income satisfies

a certain restriction, the Law of Demand holds for all prices.

Essentially the same proof shows that it is possible to obtain the monotonicity
of market demand for all prices by imposing that the second eigenvalue of the Slutsky
compensated term he strictly negative as prices go to the boundary of the positive

orthant, for at least one agent in the economy. This is a condition on consumers’



preferences. It is satisfied, for example, if there is at least one consumer with a CES

utility function.

In Section 3 we apply these ideas to the setting in which income is determined by
the market price of initial endowments. The Law of Demand cannot hold in this case.
However, a limited version of it can be shown, and this restricted variation is enough
to yield uniqueness. By strengthening the assumptions, the weak axiom of revealed

preference in the aggregate follows.

These properties of total market demand have a counterpart in the stability of the

model under a “Walrasian auctioneer” mechanism.

This research was mostly conducted during a stay at the U. of Bielefeld. Thanks
are due to the Institut fiir Mathematische Wirtschaftsforschung for their hospitality. I
am especially grateful to W. Trockel who introduced me into this interesting subject.

Without his help and advice this research would not have been possible.

Support from my colleagues at the University of Alicante is also gratefully ac-
knowledged. Particularly, from (. Herrero and L. Corchén, for advice and discussions.
One of the early drafts benefited, as well, from conversations with some of the partic-
ipants at the Bonn Workshop 92. I am glad to acknowledge very helpful suggestions

from J. M. Grandmont and M. Jerison.

In order to facilitate the reading all the prools are relegated to the Appendix. The

reader is referred there also for an explanation of the notation used through out this

work.

2 MARKET DEMAND

We consider an economy with 1 goods and a continuum of agents. Consumers will be



distinguished from each other by their preferences and income, which for the moment
will be assumed to be exogeneously given. Typically, the characteristics of each agent

in the economy will be determined by his individual demand function and income,

Definition 2.1 An individual demand function is a C* mapping f : R} x Ry — RY,

satisfying the following properties:

(1) Budget identity: p- f(p,w) = w;

(ii) Weak Aziom of Revealed Prcference: for every (p,w) and (p',w') in RY, x Ry,

P fp,w) < W' implies p- [(p',w') > w.

Here p € RY | denotes the vector of prices and w € R4 is the consumer’s budget.
[t follows from this definition that individual demand functions are homogeneous of
degree 0 in (p,w). We note that demand functions for consumers are defined only for

prices in the interior of the positive orthant.

It is also a well known fact that the axiom of revealed preference as stated above

*

umplies that the Slutsky substitution matrix, S(p,w), with entries given by

T dp; Ow

afi  df: .
8§ /i —j-i § (21)
is negative semidefinite, i.e. for every @ € R", < S(p,w)x,z >< 0. The rank of the

Slutsky matrix can be at most n — |, since S(p,w)-p =0,

Definition 2.2 An individual demand function is said to be regular if it is continuously
differentiable for p € Ry, and for every (p,w) € R x Ry, the Slutsky matriz S(p, w)

1 symmetric.

Apart from differentiability of the demand functions, f(p,w), the other conditions

can be derived if one assumes they arise from continuous, strictly convex and non-

saturated preference relations.



We will assume that the behavior of each consumer is deseribed by a demand
function as in the above definition (which may be taken as the solution to the usual
individual utility maximization problem) and an income level. Here we assume income
to be exogenously given and independent of prices. The general case, with income

depending on prices will be studied in the next Section.

A market economy, say E, is a triple, ((A, 1), {f(®,+,*) }aca,w), where (A, pu) is
a Borel space, f(a,-,-) is an individual demand function, and, for each p € R}, the
function f(-,p,w(:)), defined on A, is continuous and integrable, i.e., f(:,p,w()) €
L'(A) N C(A). The mapping w : A — Ry, which is also integrable and continuous,
represents the income level of each consumer. Thus, for each o € A, the relevant
economic features of consumer o are captured by f(e,-,) and w(«). We shall also

assume the measure u to be atomless and regular, assigning strictly positive measure to

open subsets of A.

In this context, at a given price system p, total demand is defined by

Fp) = [ flapwla))de (2.2)

We assume that this integral is finite, F'(p), is differentiable and, furthermore, for

p in the interior of the positive orthant we have,

OF r |
;)7—))(])) = /A (T)E(a,p,w(a))d/t < o0. (2.3)

We shall enote by DF(p) the Jacobian matrix of F at p.

Definition 2.3 An cconomy E is said lo be vegular if 2.3 holds and for all « € A, the

mapping f(a, -, <) is a reqular demand function.
The Law of Demand is said to hold for the economy E, if total demand F(p) is monotone,
i.e. if for each p,q € R, with p # ¢,

(p—q)- (I(p) = I"(q)) <0. (2.4)
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The Law of Demand is easily obtained if it holds for each individual o at all
budgets. This is the case, for example, if individual demand functions are derived
from homothetic preferences. Another instance in which the Law of Demand has been
obtained, [9], is for economies with identical consumers and a decreasing density of
income. These results have heen extended in [1] to an economy with identical consumers

in which the Engel curves can be written as Sh_q gr(p)¢r(w) and the functions ¢y(w)
satisfy certain restrictions. Economies with agents not necessarily identical have been

studied in [10], again under the assumption of a decreasing density of income.

These may however he considered to be very restrictive cases. Furthermore, they
do not seem to apply easily to the case of income dependent on prices, unless all endow-
ments are collinear. In this Section we will be concerned with other situations in which

the Law of Demand holds.

Recall now the
Lemma 2.4 Let G be a cone of prices. The following conditions are equivalent

(1) The Jacobian matriz DF(p) is negative semidefinite for each p € G.
(it) For all prices p,q € G, (p—q)- (F(p) — F(q)) <0.
The proof is similar to the usual case (see [12]), so we will omit it here. It is also a well

known fact that the negative definiteness of DF(p) implies the strict monotonicity of

total demand, F(p). We note, that the converse is not true.

For w € Ry, define B(w) = {a € A w(a) = w}. That is, B(w) is the set of
consumers whose wealth is exactly w. The measure p induces conditional distributions

Nw on B(w), for each w and a probability measure, v on IR such that for any function

he LYA, du),
/A/z,(l/z, = /R+ (/H(w) hen,, )do.

Il




Definition 2.5 ([8]) The measure p is said to be metonymic if:

(i) The measure v has an absolutely continuous density, p, with support contained in

R+

(1i) For each z € R™,

0 ,
w l :/ - / c Z 2 w
/R+ / ) dw 2)*dig) p(w)dw " 7 B(w)( [ 2)2dnw) p(w)dw

Condition (ii) in the above definition is fulfilled if the conditional distributions n,, do
not depend on w. This is the case if (A,p) = (C x D,n ® v) is a product space,
in which (C,7n) describes the distribution of types of consumers and (D,v) describes
the distribution of wealth. Thus, the simplest case in which metonymy holds is if the
distribution of types is the same at all income levels. This is not a necessary condition
though, and it is also valid in many other instances. We refer the reader to [8] and [10]
for a more detailed discussion of metonymy. Nevertheless, we remark that condition (ii)

is equivalent to:

d d
all i, j, gallelitntoide = [ o Rhdnpto)de
for all 4,5 /R+ /B(w) é)'w(‘/ S plw)dw Ry é)w( B(w) Jifidmo)p(w)dw

Fix now o« € A, p € IR", » > 0 and consider the quadratic form defined on S™!
3 ) b

n

,
Slayp,a) = > sijlo,p)pipsei;. (2.5)

ti=1
This function is continuous in all the arguments for p € RY . From the properties of

the compensated demand function, it follows that this form is negative semidefinite. In
fact, for xg = ﬁ(l oy 1), we have S(a,pog) = 0. The eigenvalues of S(«, p, x) have

the form,

An(a,p) < Aty p) <o < My p) < Aa,p) = 0. (2.6)



We define
AMa) = sup Ag(a,p) <0. (2.7)

PERY,

A — )\ (a4 l/‘l“

Assume that A < 0. Define also

Consider now the following quantity
1
€= min{;, A6} > 0, (2.8)

where, if 7y denotes the orthogonal projection onto the plane {z : 2o - z = 0}, then § is

given by

@ Y

§=inf{||mo(2)|]* : |lall =1, z-wx0>0, r— 2 >——;——
{Ilmo(2)]I” + ||| 020, | ol = 2ot 1)

[T

n

By means of the quantity ¢ we can make precise the statement that by imposing
certain restrictions on the shape of the density p(w) the Law of Demand for a range of

prices is obtained.

Theorem 2.6 Let £ = ((A, 1), {f(a,+, ) }aea,w) be a market economy and suppose the
following hold:

(i) The Economy & is regular.
(i) The measure p is metonymic.

(iit) Mc) <0 on a set of positive measure,

Let € be defined by 2.8. 1f
/ w?p (wldw < ¢, (2.9)
{wip!(w)>0}
then the Law of Demand holds for all prices p,q € Ry, with p # q.

13



Remark 2.7 The number ¢ appearing in Expression 2.8 depends on the density p
through integration. As stated, Theorem 2.6 gives only a sufficient condition (which has

to be checked in each particular case) for the Law of Demand to hold.

With further hypotheses it is possible to obtain a positive number ¢ which depends
only on the set of consumers, A and their demand functions but not on the possible

densities p, for which the measure p is metonymic. Namely, suppose
Ao = sup{A(a): a € A} <0,

and

wo = inf{w(a): v € A} >0
hold. Then Theorem 2.6 is still valid for

1
€= min{§, [Xolé} > 0, (2.10)

with
Wy

nz (2o + 1)}

§=inf{|lmo(x)|> : flell = 1, @ -20>0, [|lo—ao >

If this is the case, for a fixed set of consumers, A, with regular demand functions f(e, -, ),
in the sense of Theorem 2.6, it is possible to construct metonymic measures g, which

are not always decreasing and for which the Law of Demand holds.

Example 2.8 We present next an example of a function, p(¢), which gives an idea of

what kind of distributions we may expect theorem 2.6 to apply to.

The density distribution is piecewise linear as given in Figure 1. [t attains its peak
at the point t5. Suppose we require that the total population with income less than ¢,
be a < I, and assume that, for that sector, the distribution p is given by p(t) = af. A

3e - 8ad

simple computation shows that given & as in Theorem 2.6, we may take tq = A= o

and this distribution satisfies [i ..o, 12p'(1)dt < €.

[4



p(t)

to L

[Yigure 1:

Example 2.9 [t is possible to extend the above result to unimodal distributions. Namely,

let p(w) be a unimodal distribution, which attains its peak at the point o € R. Let

M = sup{p'(w) : w € [0,t0]}.

A simple calculation is therefore required to show that condition 2.9 in Theorem 2.6 is

o Lo M
verified if =t <&

Example 2.10 Finally, we apply Example 2.9 to the case of the lognormal distribution:

[ ( (Ina — ,u)‘2
—exp(————
ov2mrx l 207

ple) = ).

We find that this distribution attains its peak at the point g = ¢~ and condition 2.9

n 2.6 is satisfied for
e’

' : L
: ll+/t+02—/—,|<£
oVim o?
Remark 2.11 To compare the above result with the existing literature ([9],[10]) we note

that we are assuming here additional regularity conditions, namely, that all demand

functions be differentiable and preferences be strictly convex and non-saturated. In



contrast, we obtain the Law of Demand for a certain type of not necessarily decreasing

density distributions of income, without making strong assumptions on the Engel curves

as in [1].

As noted by M. Jerison, it is not really necessary in Theorem 2.6 that f(c,p,w)
be continuous in the first argument. It suffices to assume that f(o, p,w(«)) is integrable

as a function of the variable «.

In contrast, the next result does make use of this hypothesis and it follows from

Theorem 2.6 by taking into consideration the fact that A(«) is a continuous function of

.
Theorem 2.12 Suppose the following hold:

(1) The Economy £ is regular.
(1) The measure i is metonymic.

(1it) There is cg € A, such that Map) < 0.

Then there is € > 0 such that if

/ w?p (w)dw < e,
{w:p'(w)>0}

the Law of Demand holds for all prices p.q € R} .

We notice that Condition (iii), is a limitation on the consumer’s individual pref-
erences rather than one on dispersion. However, it is enough that it be satisfied for
one consumer. Because, by continuity of A\(«), it is then verified for a set of consumers
of positive measure. It is easily verified for CES utilitiy functions. Hence Condition
(iii) is fulfilled as long as there is one agent in the economy with CES-type preferences.

Remark 2.7 applies also here.



3 MARKET EXCHANGE ECONOMIES

We now apply the ideas in the preceding section to a competitive pure exchange economy.
Thus, each trader’s income is now given by the market value of his own endowment and

is, therefore, price dependent.

In this new context, a market exchange economy will be a triple

((Aa /‘)a {./‘(”, " ')}aEA,w)'

The only difference with the previous Section is that w € L'(A,IR}) N C(A, RY}), now
represents initial endowments, rather than income. In other words, we suppose that

each consumer o € A has an endowment w(a) € RY.

We let
W= /A w(a)dp
denote the mean endowment. Total demand is defined by
Fp) = [ [y wle)du, (3.11)
and the market excess demand function is then
Z(p) = [(p) — w. : (3.12)
As before, we assume Z(p) to be a C'! function and suppose that one may differentiate

with respect to p under the integral sign.

[t is immediately seen that Z(p) is homogeneous of degree 0, bounded below by

w and satisfies Walras™ law: p- Z(p) = 0. A positive price p* € R}, will be called an

equilibrium price il Z(p*) = 0.

We now introduce the concept of metonymy in this setting. For s € R} we let

((s) be the set of agents in the economy whose initial endowment is s, i.e.
G(s) ={ave A:w(a) = s}.

17



The measure g induces a conditional distribution, say 7 on each G(s) along with a

measure v on R}, such that if & € L'(A,RY), then
ndp= [ ([ i)
/A vy R’;( o) vdns )dv

Recall that the Slutsky equation now reads,

dp;

afi

() w l (pprw(a)):

(o, 2, w(@)) = Sijl(eppue) T (Wila) = fi) 5=
Definition 3.1 We say that the measure p is metonymic if the following conditions

hold:

(i) The measure v has an absolutely continuous density, denoted by g(s), supported
in RY .
(ii) Fork=1,...,n, for ally € R" and for all prices p,

/" / a—;—; < s — fry > )dyg(s)ds = /R’i %(/;(s) <s— [y >dn)g(s)ds

Note that if we assume that the measure i is a product-type measure of the form
= n X v, as in the preceding Section, then part (ii) follows from part (i). Namely,
(A, 1) = (Cx D,n®v), where, now (C,n) describes the “types” of consumers and (D, v)
the allocation of initial endowments among each type. As in the price-independent case,
it is easy to verify that condition (ii) is equivalent to the following one

‘ - ) ,
for all ¢, j, & /R“ / (M si—[i)(s=1;))dnsg(s)ds “/RL: a;(/("(s)(Si"fi)(sj".fj)dns)g(s)ds'

Our conditions on the shape of the distribution of initial endowments will be

expressed by requirements on the derivatives of the density ¢(s). Consider,

dg(s)
f)Sk

Bf = {s € Rl : > 0}.

138



We will make use of the following result,

Given a vector e € R} denote by H(e) = {x € R" : 2 - e = 0}. The following is a

variant of lemma 6.1 in [13],

Lemma 3.2 ([13]) Let " : R} — R" be a C' function, H a cone contained in RY,

and e any vector in RY. Then the following are equivalent:

(i) For every p € H the Jacobian matric DF(p) is negative semidefinite on H(e).
(it) (p—q) - (F(p) — F(q)) <0 for every p,q € H withp # q andp-e=q-e.

We can now state a restricted version of the Law of Demand. This will be enough,

though, to guarantee uniqueness and will also provide stability of equilibrium in a closed

cone of prices.

In order to exhibit the flexibility of our methods, we will consider now a slightly
different variant of hypothesis (iii) in Theorem 2.6. Namely, we suppose that, for all
consumers, the rank of the Slutsky matrix is the maximum it may have, 1.e. we assume

its rank is exactly n — 1. In this case, the eigenvalues of S(c,p, ) given by 2.5, now

have the form,

Ay p) < Aci(ayp) < -0 < Agayp) < A(ayp) = 0. (3.13)

Consider a closed cone of prices H C R} . We let now
Ma) =sup{\a(a,p) i p e HN SY} <0, (3.14)
since H N SY™is compact. Likewise, we define

A= /A Ala)dp

19



and

v= inf p-w.
7165” 1 .
Consider ¢ defined by
A
€= | _Iv > 0, (3.15)
nloll

where for z € R", ||z|l; = Xh=; |2|k. We have,
Proposition 3.3 If the following hold:

(i) The Economy is regular.
(1)) The measure p is metonymic.

(1ii) For every consumer, the Slutsky matriz has rank n — 1,

Let H C Ry, be a closed cone of prices. Let € > 0 be defined by Equation 3.15. If for

allk=1,...,n
)
/II HZ”/( s <e, (3.16)

then the excess demand function satisfies,
(r—a) (Z(p) = Z(q)) <0 (3.17)
Jor all prices p,qg € Hwithp#qandp-w=q - ©

Remark 3.4 The prool of Proposition 3.3 shows that condition (iii) in it can be replaced

by the following one:

(i) M) <0 on a set of positive measure.

Remark 3.5 The number € appearing in Proposition 3.3 is computed using data ob-
! I g

tained from the Slutsky matrix of all consumers. Hence, equation 3.16 restricts the

20



shape of the graph of the density distribution of income according to the consumers’

taste.

As observed in Remark 2.7, the quantity € depends, in principle on the density p.

It is also easy to verify from the proof of Proposition 3.3 that if
Ao = sup{A(a): € A} <0,

and
wp = inf{w(a): o € A} > 0,
then the Proposition holds for

- l/\ol’l)

 nfl@olh

which does not depend on p.

Remark 3.6 We observe ([13]), that 3.17 cannot hold for all prices. Indeed, let p €
R% . such that Z(p) ¢ R}. Thereis ¢ € R}, such that ¢-Z(p) < 0. For A € IR consider

Ap=a)(Z(Ap) = Z(q)) = Ip(Z(Ap) = Z(q)) — g (Z{Mp) = Z(q))
= Ap(Z(p) = Z(q)) — q- Z(p).

For small enough A the last term can be made positive.

However. we can still use this result to show that if the distribution of initial
endowments is consistent with 3.16, then there is a unique equilibrium. Let ORT

denote the boundary of R}, ie. IRY, = {p>0: for some 0 <i <n, p;=0}.

Theorem 3.7 Assume the [ollowing hold:

(i) The Economy is reqular.

(1) The measure pu is metonymic.

(3



(iii) If {pn}o2, C RY, converges to p € ORY,, then

im || F(p)]| = +oo.

n,—?(

(tv) For every consumer, the Slutsky matriz has rank n — 1.

Then there is € > 0 such that if for all k = 1,.

()(/( )4
Jo sl s <
there is a unique equilibrium price, p*.

Furthermore, there is closed cone of prices H C Ry, containing p*, such that for
all ¢ € H, which is not collinear with p*, we have that p* - Z(q) > 0 (the weak aziom of

revealed preference for the aggregate holds in H).

We are restricted to a closed cone to guarantee to ourselves that the substitution
effect is bounded away from 0 for at least one consumer. Thus, assuming this, we can

dispose of the cone H. Recall the definition of A(«) given in 3.13.

Theorem 3.8 Let the following hold:

(i) The Economy is regular.
(1) The measure yu is metonymic.
(iii) If {pn}n C Ry, converges to p € JRY,, then

F(Pn)“ = +00.

lim

nN—00

(iv) There is ag € A, such thal May) <0,

S
o]



Then there is € > 0 such that if for all k = l, 7}
/ )

there is a unique equilibrium price, p*. Furthermore, for all ¢ € R}, not collinear with

(l <e,

p*, we have that p* - Z(q) > 0 (the weak aziom of revealed preference for the aggregate).

4 STABILITY AND A TATONNEMENT
PROCESS

In this Section we suggest a price adjustment process which, for the economies consid-

ered, converges to the unique equilibrium. Consider the standard tatonnement process
s |

p(t) = Z(p(1)), (4.18)

where p = 2F i.e. prices move in the direction of excess demand.

It is a standard result that if the weak axiom of revealed preference as stated in
Theorem 3.8 holds the the aggregate, then the unique equilibrium price is a globally

stable equilibrium point of the system of differential equations 4.18. Thus we can state,

Proposition 4.1 [f the following hold:

(i) The Economy is regular.
(i) The measure ju is metonymic.
(iii) There is ag € A, such that AM(ag) < 0.

() If {pn}n CRL, converges Lo p € ORYy ., then lim, | F(pa)|| = +o0.

Then there is € > 0 such that if for all k. =1,...,n
J P < e




the unique equilibrium price given in Theorem 3.8 is asymptotically stable under the

tatonnement 4.18.

5 FINAL REMARKS

We have presented a model of a pure exchange economic system in which total market
demand is monotone in prices. This allows one to obtain results on uniqueness and

stability of the equilibrium price.

The aim of our work has been to do this through as realistic hypotheses as possible
on the distribution of total expenditure and, at the same time, without imposing too

restrictive conditions on consumers’ preferences. We will now compare our results with

the existing literature.

With respect to the line followed in [9], [10] and [1], the novelty here is that we
allow for some increasing densities of income without making assumptions on the Engel
curves.Our methods can be further extended to the more general setting in wich wealth

is determined by the market price of initial endowments.

The alternative approach to the problem of aggregation of demand, followed in
[5], makes rather strong assumptions on both, the consumers preferences (aggregate
desirability) and the distribution of ’characteristics’ (the conditional densities in each
class of a-transform are all the same, and all the agents in that class have equal wealth).

In return, the author obtains that one does not need to make any reference to individual

rationality other than homogeneity and Walras’ law.

In the near future, it is hoped that empirical estimates will be obtained in order
to test whether the observable distributions satisly the hypotheses proposed here. It is
also hoped that these findings will be extended so as to incorporate production, and a

temporal framework.



APPENDIX

Let S7~! denote the positive orthant of the unit sphere, St™' = {2 € R}, : ||z|| =

1}, where n is the number of commodities.

We will use the following conventional notation: IR‘+ ={zeR:2>0,z#0}
1R1++ ={z € R': 2z > Oforalli = 1,...,1}. Similarly, we denote the usual inner
product in R" by < z,y >= x-y. We will need the following norms in R™: ||z|| = \/¥; #?

and ||z]y = £i|z:]. The inequality ||z]}; < /n|z]] is a standard result.

We will also make use of the following,

Lemma 1 Let g € CY(IR™ R). Let GG be a convex subset of R" and let a,b € G with
g(a) = 0. Suppose for all v € G, and i =1,...,n, | 2] < «. Then

i

lg(O)| < av/nl|b = alf.

Proof of lemma 1:

Let h(t) = g(bt + (1 — t)a). Clearly, h(0) = g(a) = 0, A(1) = g(b), so

{
lall = () = Bl = | [ (0]
0
- ' dg
= || ;(bi—ai)/o (f)‘,_vill(b‘*'(]—t)ﬂ)dt“

(‘:

n 1
b=l 115

(t
n
< ay |lb = ail
=1
av/nllb — all.

(VAN

11t
€Xy

AN

S
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Proof of Theorem 2.6:

From the remark following lemima 2.4 we only have to show that the Jacobian matrix

DF(p) is negative definite. By the Slutsky equation, for each o € A,

0fi ()fz
5]—);(&’7)’“ = Sij(aap>t) - /j ot |(apt

Let y € R"™ and define

‘q(p)y) - Z/ 13 ,[)LU )JzJ](l/L (A2)

»Jl

- ()/z ‘
A(P> !/) = / /} cx,p,w(a))yiyjd//“ (AJ)
t,7=1

Thus, F(p) is monotone if and only if for all prices p € R}, and y € R", S(p,y) <
A(p,y). We will show this indirectly.
Let p € R, and a € A. Define
sijlayp) = pipisij(a, p,w(e))
afi
aij(a,p) = pipilim lwpwla
and the matrices,
Sla,p) = {siile,p)}y
Ala,p) = {agi(a,p)}iy.

We consider now the quadratic forms,

S(p,z) = /A < Sy p)e,a > du (A.4)
- Z / sij(a, pywl(a))aapipidp
Alp,z) = / (a,pla,z > du (A.5)
dJ;
= Z / (e, pyw (Y))(—}/-—(O’,]),w((\’)):I.'l'.‘l:‘,'])i])j(l/é
Slaypye) = < Sla,p)a,x > (A.6)
= Z a, Py w )ptpjl Ly



We first note that the theorem follows if we can show that for all p € R%}, and

z € R™, S(p,z) — A(p,2) < 0, where S and A are given by equations A.4 and A.5.

Because, given y € R"”, let 2; = I-};yi, then
S(py) = Alp,y) = S(p,&) — Alp,2) < 0.

It is also enough to prove that S(p,a) — A(p,z) <0 for w € S™ ! = {x € R™: ||z] = 1}.
For then, if z € R"™\ {0}, there is r = ||z|| # 0 such that » = 1z € S"!, and

S(p,z) — A(p,z) = r*(S(p,z) — A(p,)) < 0.

Since the eigenvalues of S(a, p, 2) in A.6 are given in Equation 2.6, we see that there
is an orthonormal transformation M € O(n), taking zo = \/Lﬁ(l, ..., 1) to (1,0,...,0)

and such that M.S(«,p)M ™! is the diagonal matrix

0 0 - 0
0 X -+ 0
0 An

Let A(a) = sup{Az{a,p) : p € R}, } < 0. Let y = Ma and denote by 7 and o,
the orthogonal projections onto the planes {z: z; = 0}, and {z : 29-2 = 0}, respectively.

Note that M o1y = m o M. For each (o, p) € A x RY ., we have,

> sl pyw(a))pipjeic; = < S(a,p)e,x >

ij
= <SM 'y, My >
= <MSM 'y,y>

= M, p)ys + -+ Mo, p)ys

IN

Moo, p)(ys + ...+ vh)

IN

M)y +... + y,f)
Ma) < 7(y), m(y) >
AMa) <w(Mz),m(Mz) >

Il

Il

= Ma) < Mmo(x), Mmy(x) >
= Ma) < mo(x), () > . (A.7)



Let
A= [ Maydp.
[ A
Since A(a) < 0 and AM«a) < 0 on a set of positive measure, we have that A < 0 By

integrating, we have that,

S(p, ) <A < mol(), mo() >= M|mo()]|”. (A.8)
We let
6 = inf Ozl =1, w2020, |lo—2a >-3—G)————
inf {[lwo(2)[|* : |l vowo 20, lo— o ot 1)}
and define € > 0 by
€= min{é, [Al6} > 0, (A.9)

where

W= /w(a)d/t.

el =1, and @29 > 0 then S(p,x ) —¢&.

Thus, for all p € R} | if ||a —wof| > 2(2 o

Suppose now that p satisfies [, ' < e.

We study first the term A(p, ). We have that

d/,
A(p,a) = Z/ fi— ()1‘ apwﬂ)l xipipsdpe

1,i=1
df;
= / Z /l 1]1 Z ot l (e ]J,w(a))‘l:ipi)d/l
l
= /A()I‘ Z Jiwin;) (l//,

= /R+ / o Z/, vip;) dn ) p(t)dt. (A.10)

In particular, we have that A(p,x¢) = 2.

n

Since the measure g is metonymic, twice the last term in A.10 equals

/R+ ot /((L Z/' 0 )2 ) p(t)dt.

23




By integrating by parts this 1s the same as,
- /R+ /_’,(t)(zj:./Zi-'L‘;in)Zd?h/J'(i)dt,
which can be decomposed into,
_/pl>0 /}(t)(; Fiip;)2dnp' dt
—/p/§0 /;(t)(;j}:z:jpj)'z(lmp'(lt. (A.11)

, we must have that A(p,z) > 0, because,

Now note that in case ||@—wol] <

K3
n? (20+1

from Equation A.Ll, forz=1,...,n,

0A
< DY : il Ilt—/ / . D 1
Iaajll - //J’>O /Cr'(t) |ZJ: A/J l"lp.l‘fp amp ¢ <0 Ja) |z]: j] 'E]p]lfp d'l]tp di
;) fipid /lt—/ / 0:) fip; '
/p,>0 /G(l)(;./gpy)./ pPianp a <o G(t)(;f]pj)j pidnp'dt

/ / t2dn, p'dt ——/ / t2dn,p' dt

p!>0 JG(1L) p' <0 JG(L)

= 2/ / t2dn,p'di —/ / t2dn,p' dt
>0 JG() Ry JG(1)

< 25—// t2dn,pdt
- Ry JG(1) hp ¢

= 20+ 2¢

2% + 1, (A.12)

IN

IN

IN

where we have used that
= / w(a)dp

A
= / / tdnpdt
Ry JG(U)

= / tp(t)dt
Ry
|

— —;/ 125/ (1)dt > 0.
2 JRy

&

Equation A.12 holds also for 2 in the open unit hall (we need this in order to apply

Lemma 1). Thus, il A(p,¢) =0, then, by Lemma [,
w .
A(p,wo) = o< (2w + 1)y/n]|ze — 2.

o2y



So, ”.’L‘o - :11” > m

_I{#@__

nZ(2w0+1)

t:p'(t) <0} appearing in A.1l is positive and will cause no problems. Thus we will
P Pl g 1

Hence, we may assume that o — o > The integral over the region

concentrate on the region {¢: p/(¢) > 0}.

Fix a price p € R}, and define

1 .
A*(p, @ :-/ / o) 2dn, ' ()dt
P2} =3 J o osor Gm(;‘f vipi)dnup'(t)e

1 .
A~ ), &L = —/ / ','.”,',izl /t l?‘
@2) =5 Jooco Gm(;f vipi) “dnep! (1)

Note, that A~(p,2) > 0. The theorem will follow if we can show that |A*(p,z)| <
|S(p, z)|, for appropriate z. Since the quadratic forms S and A* satisty S(p,—z) =
S(p,x) and A*(p, —x) = A*(p,x) it is enough to show that S(p,z) + A% (p,z) < 0 for

z in the half sphere S3~' = {z € 5" : 20z > 0}. Thus, we may restrict ourselves to

z lying on Sp7" and || — wqof > n%(;’ﬂ). But then,
1 . ‘
At (p,2)] = 3/ / O file, py t)aips) 2 dnup' dt (A.13)
L Jp'>0 JG(L) i
< / 2y < e (A.14)
p'>0

Hence, from the way ¢ was chosen, we have that |S(p,2)| > AT(p,x). Therefore,

S(pya) — A(pyx) = S(p,a)— At (p,a) — A~ (p, )

< S(pya) — AT(p, )

FAN

0\

and the proof is finished. a

We start, now the preliminaries to prove Proposition 3.3, Let

H,={z€eR": Zpi;z:,-a)[- =0,5%4... + :i = 1}. (A.15)

=1

Recall that my denotes the orthogonal projection from IR™ onto the plane {z : z-zq = 0}.

We have,
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Lemma 2 [f z € H,, then ||mo(2)] > —\/17—7

Proof of lemma 2:

First, mo(2) = 2z — (2 @p)wo, 50
lmo(2)]I* = 1 = (2 wo)*.

On the other hand, z - 2o = cos(z,®). Thus, the maximum of (z - z¢)? is attained

when the angle between z and ¢ is minimum, i.e. on the edges of the positive or-

thant. By symmetry we may assume that z = (0, 23,...,20-1,/1 — 2025 2%). A simple
computation shows that z - xg attains its maximum, for z, = ... =z, = n]_l. So,
. |
(z-w0)? <1 ——
n
and the Lemma follows. 0O

Proof of Proposition 3.3:

By Lemma 3.2 it is enough to show that for each p € H, DF(p) is negative semidefinite
on H(@). Since DF(p) is homogeneous of degree —1 in p, it is enough to show this for

peHNS

From now on, we fix p € HN .5'$“1, consider,
S50) = [ silaspp-wla))dy (A.16)
O f;
Ai.‘i(p) - /f‘(w"i(a) - ./j)Wl(a,p,pwm))d/" (A17)
S(pe) = Y Si(p)pipjix;
ii=1
Alp,x) = Z Aij(p)pipjeia,
ij=1

where s (e, p, p - w(@)) are the entries of the Slutsky’s matrix.

As before we let
AMa) = sup{Ay(evyp) i p € HN 5’1_'} < 0,
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since H N S¥~! is compact. Likewise, we define

/\:/A/\(a)du.

Then by Lemma 2 and Formula A.8 in the proot of Theorem 2.6, it follows that, for

z € H,,
A
S(p,e) < —
n’
Note also, that
v= inf p-w= inf |&|cos(p,w)>0,

=1 on—1
pes? peS]
because it follows from metonymy that © is in the interior of RY.

Let
[AJv

nflolh

> (0,

where for z € R", ||z|l1 = X}~ |z]x. The Proposition is a consequence of Claims 1, 2

and 3 below,

Recall the definition of H, in A.15,
Claim 1 For each x € H,, S(p,x)+ A(p,a) < 0.

Let @ € H,, yi = 2;p; and define
ap)=p-w>v>0.

From the remark before Claim | we see that a(p)S(p, ) < 22,
n

On the other hand, we have that,
a(p)A(p,2) = a(p) Z / r/,z/,d/t
(») / < fiy >< of > d
= ap w— f,1 =y > a
P/, oy >< 5oy > dp

‘3()

L



0
= Zu‘)k/ <w—j',y><pkf;-[,y>(lu
A ot

af
= Zw /r" /G(S) — [y >< )t,J>(lns g(s)ds

Note that
Of(a,p,p-s) = ()f( a, PP ‘5)
8sk P )t ’

so we can write the last term as

4]
Z(Dk/ / s— f,y >< —i L,y > dnsg(s)ds,
Z n Jais) 05y,

which is the same as

O c< s — [y > dnsg( l———// < s— [,y >%dn.g(s)ds).
wk(/x/a(s)?/k S / ) ansy s » Je(a Sk S fy) ng(s) S)

But the first term vanishes because
Yk =w -y =0,
&

since & € Hp. Using now metonymy and integration by parts, we get

/n/' qu < (s = f)yy > dpsg(s)ds = — /R" /' )y > d’?saa(i)ds’

and, as before, we have to worry only about the regions Bf = {s € Ry - %fl > 0}.

Define,

_ : dg(s
At (p, ) :Z ] @ /B+/ (s; — fi)psei) dns B(ﬁk)db'

We first bound the inner integrand. Note that

(Z( — filoy,pyp- 3))psa J)2 = Z Sipj; — Z/] P, PSP )

J J

(Z 5Pty Z/] a,p, P L")pJT"J)
Z / Wap P pJ)

= 2(7)-3')2, (A.18)

IN

A
M



because 0 < 2f < 1 and p- f(a,p,p-s) = p-s. Since we are assuming, p € Sl we

Thus,
dg(s)
b gy Nl s

< ||s]|.
ynt nzdgf : (A19)

have that p- s

At(p,z) <

5
5

Hence, if fB;L HSH'Z%"S-(%)(ZS < ¢, then

At(p,e) < ¢ Z@k

:
= ellall

o D

< a(p)S(p, )| (A.20)

It follows that a(p)(S(p,«) + A(p,x)) < 0. Hence S(p,z) + A(p, z) < 0 as advertised.

Claim 2 For all & € R" such that Y, piwio; = 0,we have that S(p,z) + A(p,z) < 0.

Let 2 € R" such that Y, p;x;00; = 0. Let z = “ “ v € H,. Then from Claim 1, we have
that S(p,z) + A(p,2) = [le[*(S(p, 2) + A(p, 2)) <

Let us define now the following quantities,

p ) Z Sii(p) Vil

i,7=1

(A.21)

and

n

Alp,y) = > Ay,
i,j:l

where S;;(p) and A;;(p) ave defined,respectively, by equations A.16 and A.17. We have

the following



Claim 3 For all y € R" such thal 3; y;0; = 0,we have that S(p,y) + A(p,y) < 0.

Let y € R”™ such that 3; y;0; = 0. Let z; = y;/pi. Then

> opwiw; = Y yiw; =0,

and, by Claim 2,

0> S(p,x) + A(p,2) = S(y) + Aly)

which finishes the proof of the theorem. O

Proof of Theorem 3.7:

It is a standard result (see [3]), that if Z(p) is continuous, bounded below, and

satisfies Walras’ law and property (iv), then there is p* € IR} such that Z(p*) = 0.

Next, we note that, by (iv), there is ¢ > 0 such that if d(p,0R} ) < §, then
Z(p) # 0. Let 'H be a closed cone, such that if p € R}, \ H, then d(p,0R},) < 6. In

particular, the set of equilibrium prices is contained in H.

[t follows from Proposition 3.3, that there is €, such that if for k =1,...,n

oy 1 < e

then the excess demand function satisfies,

(p—q)-(Z(p) = Z(q)) <0
for all prices p # ¢ € H with p-w = ¢ - w.

Fix an equilibrium price p* € H, and let ¢ € H, not collinear with p*. Let

A= L2 > 0. Then Ap* # q and

=" Z(q) = (Ap™ = q) - (Z(A") = Z(q)) <0,
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since Z(Ap*) = Z(p™) = 0, ¢ Z(¢q) = 0 and the restricted monotonicity property of

Proposition 3.3.

This implies that p* - Z(¢) > 0 for any other ¢ € H, not collinear with p*. In
particular, Z(q) # 0 for any other ¢ € H, not collinear with p*. Therefore, p* is the

3 Tl G , : n
only possible equilibrium price in X and hence in RY . 0
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